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Functions of a real variable and drawing curves. 


Exponents , logarithms and their applications. 


Functions of a real 


variable and drawing 


curves. 


Unit Lessons 


* Pre-requirements for unit one. 


Real functions. 


Lesson 


(Determination the domain and range — Discuss the monotony). 


c 
; Even and odd functions. 


Graphical representation of basic functions and graphing 
piecewise functions. 


= 

3 Geometrical transformations of basic function curves. 
3 

5 

2 | Solving absolute value equations. 
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Pre-requirements for unit one 


* If X and Y are two non-empty sets › then : 


It is said that the relation from the set X to the set Y is a function if each element in X is 
related with one and only one element in Y 


The set X is called «the domain of the function». 
The set Y is called «the co-domain of the function». 
The set of images of elements in the domain X is called «the range of the function» and it is 
subset of the co-domain Y 
* The function f is written as f : X ——»* Y › and the rule of the function is written as у = f (X) 
* The set ((X » y): ХЕХ »y EY » y = f (X)} is called the set of ordered pairs of the 
function. 


* The function can be represented by an arrow diagram or cartesian diagram. 


For example : 

-НХ-11.2 354) » Y2 [1525354 55,6] and the function f : X — Y 
where f (X) = X + 1 »then the set of ordered pairs of 
the function = {(1 32) (253) (854) > (4 ,5)} 


Arrow diagram Cartesian diagram 


Notice that : 

* Not each relation from X to Y is a function but all functions from X to Y are relations satisfy 
that : 
- Each element in X appears once as a first projection in one of the ordered pairs of 


the relation. 


[10] 


- Pre-requirements for unit 1 | 


- Each element in X has only one arrow going out to an element of Y in the arrow diagram 
which represents the relation. 

- Each vertical line has only one point from the points of the relation. 

* The function f : f (X) =a) + a, Xa, X? ca, X24 aV X" where : 
ар за, за, аз»... за, are constants »a, € ®- {0} 
is called polynomial function of n' degree and its domain and range are R if its not mention 
other than that. 

* If f (X) = a where a £O › then the function f is called constant polynomial function and if 
f (X) = zero » then the function f is called zero function and is represented graphically by 
the X-axis. 

* The polynomial function is named according to the degree of the algebraic expression of the 
function. 

* The polynomial function of first degree is called linear function » of second degree is called 
quadratic function and of third degree is called cubic function and so on. 


* Set of zeroes of polynomial function f is the set of values of X that make f (X) = 0 and 
equals the set of X-coordinates of the points of intersection of the curve of the function with 
X-axis. 

* The function f : R——>R » f (X) =a X" where a CIR. ,n €Z* is called power function 
» So at adding or subtracting power functions with constants » we get 
a polynomial function. 


Show with reasons » which of the following relations (represented by the shown arrow 
diagrams) represents a function › if so » mention each of the domain and the range for 
every function : 


* К, is not a function because there is no arrow from b € X to an element in Y 
* К, is not a function because there are two arrows going from a € X to two elements in Y 


* К, is a function because there is one and only one arrow drawn from each element in X to 
a corresponding element in Y 


» the domain = {a »b »c » d] and the range = {1 53 551 


Real functions 


(Determination the domain and range - Discuss the monotony) 


Lesson One 


Real function 


ieee 
The function f : X — У is called a real function if each of the domain (X) 23 
and the co-domain (Y) is the set of the real numbers ог a proper subset of it. — (9 ММ 


Determining whether the relation from X ——»* Y is a function or not : 


(1) Algebraically : The relation is a function if every value of the variable X € X is related 
with only one value of the variable y € Y 

(2) Graphically (The vertical line test) : 
The relation is not a function if there exists at least one straight line parallel to y-axis 
and intersects the graph of the relation at more than one point. 


несена 


Е ла: ТТТ 


x x 
y 
Function from X — Y Not Function from X ——- Y 
Example бу 


Show giving reasons ; which of the following two relations is a function on R : 


()у= Х2+3 (2) у2= 2+9 


Lesson One 


(1) The relation y = X? + 3 is a function because every real value of the variable X is 
related with a unique value of the variable y 
For example : When X 23 »then y = 12 and when X = – 2 › then y = 7 and so on. 


(2) The relation у? = X? +915 not a function because there is at least one real value of the 


variable X is related with two different values of the variable y 


For example : When X = 4 › then y? = 25 SysuS 


Example Ө) 
pou d 
Show which of the following graphs represents a function on R , which doesn't 
represent a function giving reasons : 


(2) (3) 


(1) Represents a function for each vertical line intersects the curve at one point at most. 

(2) Does not represent a function for there are many vertical lines intersect the curve at two 
points. 

(3) Does not represent a function for there is a vertical line passing through 
the point (3 » 0) and intersect the curve at a set of points. 


Remarks 


1. The relation y = 4 (represented by a horizontal straight line 
parallel to X-axis) is a function from X to Y because each element in X is related with 


only one element in Y 


2. The relation X = 4 (represented by a vertical straight line parallel to y-axis is not 
a function from X to Y because the element X = 4 is related with infinite number of 


elements in Y 


Identifying the domain of the real functions 


The domain of the function is identified by its rule or its graph. 
Identifying the domain and range of the function from its graph | 


From the graph of the function we can deduce 
the domain and the range of the function to be : 


(1) Domain of the function is the set of Os 
the X-coordinates of all the points that lie on 


the curve of the function. 


VIDEO 


(2) Range of the function is the set of 
the y-coordinates of all the points that lie on 
the curve of the function. 


Example Ө 


Fig. (1) 


In fig. (1) : * The X-coordinates of all points on 
the curve of the function are on 
the interval ]- 2 » 2] 


2. The domain = ]- 2 , 2] 


* The y-coordinates of all points on 
the curve of the function are on 
the interval ]- 1,3] 


2. The range = ]- 1 53] 


Lesson One | 


Notice that : | 


* The unshaded circle at point (— 2 »— 1) shows that the point the function and so 
—2 the domain of the function and — 1 the range of the function. 


* The shaded circle at point (2 » 3) shows that the point € the function and so 
2 Є ће domain of the function and 3 € the range of the function. 


In fig. (2) : * The X-coordinates of all points on 
the curve of the function are on 
the two intervals [- 3 » 2] and [3 › oof 


г. The domain = [- 3 » 2] U [3 ›®[ 


* The y-coordinates of the points at 
the horizontal ray is y = 4 

» the y-coordinates of the other points 
of the curve are on the interval [- 2 » 3] 
г. The range = [- 2 53] U {4} 


Identifying the domain of the function from its rule | 
у Potynonial function 


The domain of the polynomial function is IR unless it is defined on a subset of it. 


For example : f : f (X) = 3 (Constant polynomial) » its domain = R 
əf: f 0922 X+ 1 (First degree polynomial) › its domain = R 
>f: f 002 X2 —4 X +3 (Second degree polynomial) › its domain = R 


(2) Rational function 


If f is a rational function where f (X) = a 


» then the domain of the function f = IR — the set of zeroes of the denominator. 


› В and g are two polynomials 


UNIT 


Example @ 
State the domain of each of the rational functions defined by the following rules : 
ЭХ. — 
() fF OO=% Qf 09747 
<=] Х-3 
3) IN mm (4) icr _, 
fon 2x?«5X 700 х?-5х+6 
X41 х 
(5) ——— ee (6) = 
TO" axes Кат 
Solution 
(1) The domain =R- {0} (2) The domain = В - {2} 
(3) 1е:2 X? 5 X 20 :Х(2Х-5)-0 
2 Х=00гх=5 ^. The domain =R- (0,55 
(4) Let X?-5 Х+6=0 х(Х-2)(Х-3)-0 
Х-20:Х-3 2. The domain =R- [2 ,3} 
(8) Let X? - 4X « 420 s: (x-2 =0 
Аар 2. The domain =R- {2} 


(6) Let X? + 25 = 0 and this equation has no solution in @ 
i.e. There are no real zeroes of the denominator 
2. The domain =R 


(3) The п® root function | 

n 
If f Q9 = An Go where n ЄЛ ‚п> 1 5h (X) isa polynomial 
First : When (n) is an odd number › then the domain of f = R 


Second : When (n) is an even number : then : 


The domain of f is the set of all values of X which satisfy В (X) > 0 » n is called the 
index of the root. 


Example @ 


State the domain of each of the real functions which are defined by the following rules : 


(0 f Q9 e [x «2 (2) foeo-t-2x«3 


à foo -T9-xi (4 f 09 - 3 


+ 


Lesson One | 
Solution 


(1) > The index of the root is an even number. 

-. The function is defined where X + 2 > 0 

3Х»-2 2. The domain = [- 2 | 
(2) *- The index of the root is an even number. 

4-2X4320 2 Х=3 

-. The domain = T. со, 3] 
(3) >. The index of the root is an odd number. .. The domain =R 
(4) *- The index of the root is an even number 

-. The function is defined where : X -4» 0 

NN 2. The domain = ]4 , e[ 


(IJ Piecewise function | 


It is the function that is defined by different rules for different parts of its domain. 
Example Q 


Determine the domain of each of the two functions defined by the following rules : 
X^ a Rex 


2-Х » Х-«0 
олоо [r7 IE лоо) ' m 
Solution - 

(1) The function f is defined on two intervals as the following : 
Defined when X € ]- e» ›0[ — 
» defined when X € ]0 5 [ T ———m 
г. Domain of f = ]- œ ›0[ U 10 ,=[ =R- {0} | —— 

(2) The function f is defined on three intervals as the following : 
Defined when X € [- 2 ,0[ анны" 
» defined when X € [0 ; 1] cree. vom di 
› defined when X € ]1 , e[ -% ә $ 
х Domain of f =[-2 ,0[ U [0 3 1]U ]t › = = [- 2» e[. -%2 zi 


-2 


(f: г) Y egit Y/ od - Lk oto; - yasol 


UNIT 
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Discussing the monotony of a function from its graph 


Discussion of the monotony (monotonicity) of a function means identifying the intervals 
on which the function is increasing » the intervals on which the function is decreasing » and 
the intervals on which the function is constant. 


Definition (1) 
The function 
f is said to be increasing on 


= 


an interval Ја » b[ if : 
X> X, => f (X) > f (X) for every 
X, ›х, E]a bl 


Cy ---— 


won et 
AM 


The function 

f is said to be decreasing on 

an interval Ja » b[ if : 

X,» X, 2 f OG) < f (X) for every 
X, X, Ela » df 


4----- 


Раа — 


Definition (3) 


The function 

f is said to be constant on an interval Ја » b[ if : 
х,»Х, = f (X5) = f (X) for every 

х, »Х,Є|Ї »b[ 


еее (ИШИНИ 


Lesson One | 


Example €) 


Discuss the monotonicity of each of the functions represented by the following graphs : 


Fig. (1) Fig. (2) 
Solution 
Fig. (1) : The function is decreasing on the interval ]— ee , O[ 
» increasing on the interval ]0 » 2[ and constant on the interval ]2 › ес| 
Fig. (2) : The function is increasing on the interval ]- e» »0| 
» decreasing on the interval ]0 » 2[ , increasing on the interval ]2 , 3[ 
and constant on the interval ]3 ; | 


Fig. (3) : The function is decreasing on each of the two intervals ]— «e ; O[ and JO ›©3[ 


Activity 
If f, > f, are two functions whose domains are D, and D, respectively › then : 
(1) (f, € fj) CO = f, CO + f, (X) and the domain of (f, + f,) is Dj ПР, 
(2) f, x fj) 09 = f, CO x f CÓ and the domain of (f, x f,) is D, N D, 


(3) (2) (0 = : x such that f, (X) # zero 


» the domain of ( n ) is (Di Г\ D») — Z (f?) where Z (f,) is the set of zeroes of f, 
7: 


Noticing that in all the operations on the functions » the domain of the resulting function 


equals the intersection of the domains of the two functions except the zeroes of the 


divisor in the division operation. 


Example 
If f В+ — R where f (х) 22X?-7 X45 
and g : ]- œ , 4] —> R where g 00 22 X-5 
Find : (1) (f +g) CO | 0-809 
@e¢xac | Ф(1)о 


» then state the domain of each of them and calculate : 


(f +9) 8) (4-90 ›ЧхСЭава (2) 0) 


Solution 
: CÓ! 
• The domain of f = D, = IR* of | Pi 
V c -— CNET n 


e The domain of g = Р, = |-~ ›4] 
2. The common domain of the two functions = D, N D) = R* N ]- e» » 4] = Jo ›4] 
(D (f +g) 092 QX?-7 X+ 5) + QX-5)2 2 X? -5 X and the domain = ]0 ›4] 
(2) (f-g) (0) =(2X?-7X+5)-(2X-5)=2X?-9 X 10 and the domain = ]0 › 4] 


(3) (f xg) (х) = QX^-7 X4 5) QX-5) 24 X2 -24 X? +45 X — 25 and the domain = ]0 ,4] 


f -2Х1-1Х-5 (2Х-5)(Х-1) _ Р 5 
| ®(=) = Tx 453. X73 0 D тапа the domain = 0,4] -{ 5} 
The numerical values : 


e (f +g) (3) =2 (9) –5 (3) =3 
e (f — g) (0) is undefined because 06 ]0 ,4] 


e (f x g) (- 3) is undefined because — 36 ]0 » 4] 
f 2 
-(2) 9-0 


Lesson T WO Even and odd functions 


a) Symmetry about X-axis | 


The graph of a function is 
symmetric about X-axis if for 
each point A (X › y) lies on 

the graph there is a corresponding 


point А (X » —y) lies on the same 


graph where А is the image of A 


by reflection in X-axis. 


Symmetry about y-axis | 
The graph of a function is 


symmetric about y-axis if for 
each point A (X › y) lies on 

the graph there is a corresponding 
point A (— X › y) lies on the same 
graph where А is the image of А 


by reflection in y-axis. 


UNIT 


(3) Symmetry about the origin point "O" 


The graph of a function is symmetric 


about the origin point (O) if for each 
point A (X » y) lies on the graph of 
the function there is a corresponding 
point А (-Х »— y) lies on the same 
graph where А is the image of A by 
reflection on the origin point (O) 


Even function and odd function 


• Even function : The function f is said to be even if f (— X) = f (X) for each 
X »— X Ethe domain of the function f 
The curve of the even function is symmetric about y-axis. 


• Odd function : The function f is said to be odd if f (- X) = – f (X) for each 
X , - X Ethe domain of the function f 
The curve of the odd function is symmetric about the origin point. 


WATCH 
VIDEO 


ТЕРС х) (х) » f C20 - f CO › then the function f is neither even nor odd. 
2. When we investigate whether the function f is even or odd › the two elements X »— X 
must belong to the domain of the function. If this condition is not satisfied » 


then the function is neither even nor odd without getting f (— X) 
3. If the domain of the function is IR — {a} » a #0 , then the function is neither odd nor 


even. 


Д. If the function is even and its curve passes through (a » b) » then the curve must pass 
through (— a » b) 

5. If the function is odd and its curve passes through (a › b) » then the curve must pass 
through (— a »— b) 

B. The zero function f : f (X) = 0 is an even and odd function at the same time. 


- Lesson Two | 


Example бу 


Determine which of the functions defined by the following rules is even › odd or 
otherwise : 


(1) f (=x? (2) f XQ =2х? 
(3) f Q9 =7 -1 (4) f (© 2 cos X 
Solution 
(1) Ў is polynomial. -. The domain of f = R 
л For each X ›- X ER » then f (- X) = C X) 2 x?» f (X) 
<. f is even. 
(2) '- f is polynomial. 2. The domain of f =R 
х Foreach X ,- XER » then f (CX) 22(- 230 22(- X) 2-2 x?e- f (9 
^. f is odd. 
(3) >> The domain of f is the set of values of X satisfying 
X-120 ie. X21 
-. The domain of f = [1 | 
2 For each X € [1 | ЗЕ! ,=[ 
there is not - X €[1 » while - 3€ [1 | 


-. f is neither even nor odd. 
Remember that 


(4) * The domain of f : f (X) = cos X is IR 
2. For each X ; - X ER >» then 
f C Х) = cos (- X) = cos X= f (X) 


^ f is even. 


sin (- X) =- sin X 
cos (- X) 2cos X 
tan (- X) = – tan X 


1. The function f :IR ——7 R » f (20 = a X" where a #0 » n € Z* is called the power 
function » and it is : 
* Even when n is an even number. 


* Odd when n is an odd number. 


2. f (X) = cos X » f (X) = sec X are even functions 
but f (X) = sin X » f (X) = csc X » f (X) = tan X and f (X) = cot X are odd functions. 


Example © 


If the function f is an even function where f (X) = а X? b Х+5 and the curve of 
the function passes through the point (1 » 6) find the value of each of a and b 


Solution 

+, The function is even and passes through (1 › 6) 

-. The curve passes through (— 1 » 6) 

At the point (1 »6): -.6=a+b+5 (1) 

At the point (C 1 6): ~. б=а-Ь + 5 (2) 

By adding (1) › (2): .12=2а+10 ..2а=2 coal 
By substituting in (1): ". 6=1+b+5 Л b = zero 


Important properties 


If each of f, » f, is an even function ; and each of g, › g, is an odd function › then : 

(1) f, + f; is even. | (2) g; + g, is odd. f 

(3) f, + g, is neither even nor odd. (4) Each of f, x f, and т. is even. 
2 


(5) Each of g, x g; and 5 18 еуеп. (6) Each of f, x g, and h is odd. 
2 1 


Example ©) 
Determine which of the functions defined by the following rules is even › odd or 
otherwise : 
(1) f Q9 =X? + cos X (2) f 09 = X? +sin X 
3)f 0023 X* tan X 
Solution 
(0 © f CX) = CX) + cos (СХ = Х + cos X= f (X) 
-. f is even. 
Another solution : 
Let f (X) =f, (© + f; OO where f, (© 2 Х? > f, (X) =cos X 


УЛ (-3e(-Xs x*- f, (X) ^. f, is even. 
ot fa C X) = cos (- X) = cos X= f; (X) 7. fa is even. 
л fi + fa is even. ^ fis even. 


Lesson Two | 


(2) - f C20 = (- 20? + sin (-20 2 - XP - sin X 2 — (X + sin X =- f (X) 
~<. f is odd. 

Note that : The function resulted from adding two odd functions is odd. 

(3) 4 f 20 23 (- 20* tan (- 20 23 X* (- tan 29 2 - 3 X^ tan X=- f (X) 
~<. f is odd. 

Note that : The function resulted from multiplying an even function by an odd 

function is odd. 


Example © 


Each of the following graphs represents the curve of the function f » determine from the 
graph whether the function f is even › odd or otherwise verifying your answer algebraically : 


Solution 
Fig. (1): f Q9 = X?-1 
*- The domain of the function f = IR and the curve is symmetric about y-axis. 
^. f is even. 
Algebraically satisfaction : 
+ For each X ;- XER › then ў (= Х) = (= X - 12 x?-12 f (9 «<. fis even. 
Fig. (2): f G0» X?» 3x 
*/ The domain of the function f = R and the curve is symmetric about origin point О 
~<. f is odd. 
Algebraically satisfaction : 
* For each X s+- XER 
then 0) = (0+ 1 (0) =-х2- 1 х--(Х74-4х)--100 -fisod. 
(Et) \о/ый V/oW - uk cou; - yalsdl 


UNIT 


1 


Fig. (3) : f 9 22x- x? 

*/ The domain of the function f = IR and the curve is neither symmetric about y-axis nor 
about the origin point . 

~. f is neither even nor odd. 

Algebraically satisfaction : 

ч For each X »—X EIR s then f CX =2 (- х) – (- X =-2X-X?=-(2X+X?) 


АРС ЕО (—Х)#-—} (Х) /. f is neither even nor odd. 


Example @ 


Determine which of the functions defined by the following rules is even › odd or 


otherwise : 
(DfQos3x*-5x?«1 (2) (0) = Х+2х-5 
X-sin3X X-tan X 

3 =o EACH Ss 
= атт 

Solution 

(0) -1(-3)-30-3Х/-5(-32-1-3Х34-5Х2-1-/(3) 
2. f is even. 


(2) :1(-3)-0-3/-2(2)-5--3Х3-2Х-5--(Х7-2Х-5) 
-nfCcoosfoo»fcs-f09 
~. f is neither even nor odd. 


2 CX -sin 3 - X) 2 С2)-(-383Х) _ -(X-sin3X) _ 


(3) -10-3) 14 Cop? TC EET E =-/ (00) 
^. f is odd. 
a C29 - tan (- X) 
(4) > f CX CX «C 
.-X-CtanX) -X-«tanX  -(X-tanX) X-tanX | 
к =й бью б ON 
~<. f is even. 


"M14 ———4 9 = а 
Graphical representation of basic functions 


and graphing piecewise functions 


Representing the linear function 


* The linear function f : В — R where f (X) = a X + b is represented graphically by 


Lesson Three 


a straight line passes through the point (0 » b) and its slope = a 


Example (1) 


Represent graphically the function f in each of the following and deduce from the 


graph the range of the function : 
(Df:R—-R » fQ9--ix 

(2) f:[-152[——e-R s f(0922x-1 
(3) 7:ї-вю»Ц---8 » 700-2Х-1 


Solution 
(1) >> The domain = R 
-. The function is represented by a straight line 
passes through the point (0 » 0) 


and its slope = — i 


(2) ч The domain = [- 1 ›2[ 


Notice that the point (2 » 3) 
@ the function so it is 


excluded from the graph by drawing 
unshaded circle at this point. 


From the graph : The range = [- 3 ›3[ 
(3) >> The domain = ]- e » 1[ 


MERE 
СЕНЕН 


Notice that the point (1 › 1) 
Є the function so it is excluded 


from the graph by drawing 
unshaded circle at this point. 


From the graph : The range = ]- e › 1[ 
Example Ө) 


Represent graphically the function f : R- {0} —R ; f (x)= x > from the 


x? 


graph deduce the range of the function. 


ү Domain of the function f =В- {0} 


2 х(Х-1 
ХО Ix i 


» represented by a straight line 
x 


ПЕЛ = | 2 - 


2 The range =R- {-1} 


The unshaded circle at the point whose 
X- coordinate = 0 because it does not 
belong to the domain. 
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Graphing the piecewise-defined function 


Example Ө) 


2-X ,-15Х-«2 
Graph the function f : f (Х) = » then from the graph : 
X-2 ,25Х-«5 


(1) Determine the domain and the range of f (2) Discuss the monotonicity of f 


(3) Determine whether f is even » odd or otherwise » giving reason. 
Solution 

The function f is defined by two rules 
*fi0922- x xe[-1;2[ 


(1) The domain of f = [- 1 »2[ U [2 » 5[ 2 [- 1 » 5[ 
» the range of f = [0 ›3] 


2€ [-1,2[ » while2 € [2 ; 5[ 
(2) The function f is decreasing on ]- 1 »2[ so(255)€f 


and increasing on ]2 55| i.e. We don't put unshaded circle 
on the point (2 » 5) in the graph. 


(3) The function f is neither even nor odd 
because it is not symmetric about y-axis 


nor the origin point O 


The basic forms of some functions 


Now we will recognize the graph of simple forms (basic forms)» (standard forms) for the 
real functions and this is preface to use it in representing the real functions in their different 


forms next lesson. 
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1 


The simplest forms of some polynomial functions 


The first degree (linear) function 


| 


The constant function 
The simplest 
f f :R——— R > f (X) =a where a ER f: R——eR.fQos-x 
orm 
The graph 
. B p y 
• A straight line parallel to X-axis and | e A straight line passes through 
intersects y-axis at the point (0 ›а) | the origin point › its slope = 1 
e Range of the function = {a} * Range of the function = R 
The range, e The function is constant on its * The function is increasing on its 
monotony and | domain. domain IR 
some properties | The function is even (symmetric | * The function is odd (symmetric 
about y-axis) about the origin point) 
Е + — 
The second degree (quadratic) | 
: The third degree (cube) function 
function 


f:R—-R,f(Qosx? 


f:R—+R>f(x=x3 


The graph 


e Range of the function = [0 » | 


The range, |e The function is decreasing on 
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* Range of the function = К 


* The function is increasing on its 


monotony and |8 со, 0[ апа increasing on ]o , оо[ domain IR 


some properties | , The function is even (symmetric 


about y-axis) 


* Simplest form 
f : R——+R of (X)=|X| and 
it is redefined as follows : 
» Xz0 


x 
reo". » X<0 


It is represented graphically by two rays their start points 
is the origin point (0 » 0) and the slope of the straight line 


® The function is odd (symmetric 


about the origin point) 


which carries one of the two rays = 1 and the slope of 


the other carrier straight line 2 — 1 


* Range › monotony and some properties : 
* The range of the function = [0 » | 


* The function is decreasing on ]- оо »0| and increasing on ]0 ›ое[ 


* The function is even (symmetric about y-axis) 


(3) The basic form of the rational function 


* Simplest form 
f:R-[0)] —-R fat 
“approaching each of the two parts of the curve 
to the two axes without intersection with them 
› then the two axes XX and yy are called 
asymptotical lines of the curve” 


* Range , monotony and some properties : 
* Range of the function = R - {0} 
* The function is decreasing on ]- «e » O[ 
and decreasing оп (0 » oof 
* The function is odd 
(symmetric about the origin point) 


маны The graph 
Y 


Graph each of the functions which are defined by the following rules and from the 
graph find the domain ; the range of the function and deduce its monotony and state 
whether the function is even » odd or otherwise : 


1 

X , X«0 
a) f= 

|x| » X20 

x? > X«0 
7; = 
eror ху 


(1) * The domain = IR 
* The range = R 


* The function is decreasing on 
]- = » O[ and is increasing оп |0 › oof 


* The function is neither odd nor even. 


(2) * The domain =R- {0} 
* The range =R- {0} 
* The function is increasing on its domain. 


* The function is neither odd nor even. 


Geometrical transformations 


Lesson Four of basic function curves 


Vertical translation of the function curve | 


“ти simplest form af he function 


The vertex (05—3) The vertex (0,2) 


(0:7) л ол t/o- uk ool, - ужар] | 33 


For any function f › the curve of = f (X) +a sa ER- [0] 
is the same curve of y = f (X) by a vertical translation 
WATCH 


Oy (ie. Upward) аа>0 УДШ 
оу (i.e. Downward) ata < 0 


» its value is [а | length unit in the direction : | 


ЕТЕ 49 
| Horizontal translation 
i 2.units left — 
y 

The vertex (— 2,0) The vertex (3, 0) 


For any function f » the curve of y = f (X + a) »a€ R- {0} 
is the same curve of y = f (X) by a horizontal translation 

OX  (ie.Totheright) ata «0 
(i.e. To the left) ata»0 


its value is | а | length unit in the direction : 
À e ох 


Lesson Four | 


ТТЕ Horizontal translation followed by vertical translation of the function curve | 


horizontal translation two 

units to the right followed units to the left followed 

by vertical translation one by vertical translation 
unit downward three units upward 


иш | 
Vertical = ШЫ] m 


translation La f|} translation 
T 241-1 


3 units upward | 
Symmetric point (05 0) 


| translation 
one unit downward 


Symmetric point (25 — 1) Symmetric point (— 2» 3) 


For any function f » the curve of y = f (X + a) + b where a »b E R — {0} is the same 
curve of y = f (X) by a horizontal translation › its value | a | length unit in the direction Ox 
if a < 0 or in the direction OX if a» 0 » then a vertical translation » its value is | b | length 
unit in the direction O y if b » 0 or in the direction Oy if b < 0 


Example бу 


Use the curves of the basic functions to graph the curves of the functions which are 
defined by the following rules › then from the graph determine the domain and the 
range of each function and discuss its monotony and state whether the function is 
even , odd or otherwise : 


(1) g(X%)=|xX-2|-1 (2) (0) = (2-Х) +1 


[35] 


(1) • The domain of g = В » the range 
of = [- 1 > 


• The function g is decreasing 


The curve of the function g is the same curve 
of the function f : f (X) =| X| by a horizontal 

translation two units in the direction OX » then 
X a vertical translation one unit in the direction Oy 


оп ]- ee » 2[ and is increasing 
on р , [| 
* The function g is neither 


even nor odd. 


The curve of the function g is the same curve 
of the function f : f (X) = X^ by a horizontal 
translation 2 units in the direction OX » then a 


Q)-: Q-29* 2 x- 2» 
2809 =(-2 +1 
• The domain of g = & > 
the range of g = [1 | 


* The function g is decreasing 


on ]2 > oof 
* The function g is neither even y 
nor odd. 


Example €) VIDEO 
1 
Use the curve of the function 7: f (X) = to represent the functions g > hand К where : 


2Х-1 
Х-1 
From the graph » determine the domain and the range of each function » then discuss its 


ERI E 2 
Mgs (2) В (9 = +3 (3) К (= 


monotony. 
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Solution 


(1) © The domain of g = R - {2} 
e The range ofg - R - {1} 


The curve of the function g is the same 
curve of the function f by a horizontal 
translation 2 units in the direction ох 
> then a vertical translation | unit in 
the direction Oy 


* The function is decreasing 
on ]- ee ›2[ and also 
decreasing on ]2 > °о[ 


The curve of the function В is the same 
curve of the function f by a vertical 
translation 3 units in the direction Oy 


(2) • The domain of h = IR {0} | 
* The range ofh 2 R - {3} ШИ И ШЕ Е 
ин шил 


* The function is decreasing 
on E 99 s o[ 
and also decreasing 
on ]0 5 of 


2Х-1 .2X-241 


(3) К (= 


n ар The curve of the function К is ће same 
„260-40 1_„ ж. curve of the function f by a horizontal 
ке шин translation one unit in the direction 
* The domain of k=R-{1} OX » then a vertical translation 2 units 
* The range of k = IR — {2} 
* The function is decreasing 
оп ]- ee , 1[ and atelia 
also decreasing on ]1 5 cof x | x 


Example ©) 
Wsi я x«i 
2 ч 251 


» find the domain › the range of the function and deduce its monotony and state 


Graph the function f : f (X) = | and from the graph 


whether the function is even » odd or otherwise : 


Solution 
e The domain = IR - {1} 


* The range = [1 ›=[ 


* The function is decreasing on 


]- = » 0[ and increasing on 


10»1| » constant on ]1 5 =[ 


* The function is neither odd nor even. 


Example @ 


If f : R— R where f (X) 2x? » graph the function g where g (X) = f (X+ 1) - 2; 
from the graph › determine the domain of g and its range › then discuss its monotony 


and state whether the function g is even » odd or otherwise. 
Solution 

-gO0-2f(x0-2 

5.509 =(Х+ 1-2 


-. The curve of the function g is the same curve of the function f 


by a horizontal translation one unit in the direction OX » then 


a vertical translation 2 units in the direction Oy 


e The domain of g = R » the range of g = R 


e The function g is increasing on its domain R 


* The function g is neither even nor odd. 
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GT ЇЁ of the function curve in Х-ахї5 


For any function f » the curve of y = — f (X) is the same curve y = f (X) by WATCH 


VIDEO 


reflection in X-axis 


/ 
ee ee 


Important remark 


It is necessary that ordering the performing of transformations on the curve y = f (X) to 
get from it the curve y 2— f (X + a) + b as follows : 

1. Reflection in X-axis. 

2. Horizontal translation. 

3. Vertical translation. 
If we reverse the order of performing the vertical translation before performing 


the reflection in X-axis » then we get another curve not the required curve. 


For example : 


From the curve of the simplest form of the function y = | X | we can get the curve of 
the function y 2 — | Х+2 |+ 1 as follows : 


у=-|Х+2|+1 


The simplest Reflect in Hernan манаш 
form of the г» ахі translation translation 
function 2 units left 1 unit upward 
Example @ 
Using the curves of the basic functions » graph the curves of the functions g » К and z 
where : 


(D g Q9 - - (x - 2? Око) = 4 +3 
(30z0924x-x?-3 


From the graph » determine the range of each function » discuss its monotony and its 
symmetry » and state whether the function is even » odd or otherwise. 


Solution 
(1) • The range of = IR 
* The function g is decreasing 
on its domain К 


The curve of the function g is the same 
curve of the function f : f (X) = X? by 
reflection in X-axis » then a horizontal 


* The function g is symmetric translation 2 units in the direction OX 
about the point (2 » 0) 

* The function g is neither 
even nor odd. 
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= 1 = ! 
К 9 = +3 = 5—5) +3 


The curve of the function К is the same 
curve of the function f : foo-l 
by reflection in X-axis followed by 

a horizontal translation 2 units in the 
direction ох > then a vertical 
translation 3 units in the direction Oy 


* The range of k = R {3} 


* The function k is increasing on 
the interval ]- e» » 2[ and also is тшшы ы ie» 


increasing on the interval |2 › | 
* The function К is symmetric about the point (2 » 3) 


* The function k is neither even nor odd. 


(3z002-X?44x-3-2-(X?-4X43) 
=-(х2-4Х+4-1) 


The curve of the function 2 is the same 


2 

--|(Х-2У-1| curve of the function f : f (X) = X? 
s-(X- 2)? +1 Бу теср їп хив хашин Буа 

horizontal translation two units in the 

х — 
* The range of z= |-~ » 1] ЕТА “| direction OX › then a vertical translation 
== - one unit in the direction Оу 
13 


* The function z is increasing 
on the interval ]- «e » 2[ and x 
is decreasing on the interval Т- 
ELI 
* The function z is symmetric about  „ 


the line X 2 2 
® The function z is neither even nor odd. 


The vertex of the curve of the function z is (2 » 1) we can get it from the law : 


The vertex of the curve = ( E d) 


for the functions whose rules are in the form : 


709 =ах? +6 Х+с 


(мг) oA Y/ ol - uk otov; - за 


For any function f › Ше curve of y 2 a f (X) wherea € R* 
* Vertical stretch for the curve y = f (X) На> 1 


® Vertical shrinking for the curve у = f (X) if0<a<1 


For example : 
2|x| 
| f00=|x\ 


In the opposite figure : 

* The curve of the function g : 
g (X) =2 |X |15 vertical stretch for the 
curve of the function f : f (х) 2| X| х | 
because : a> 1 | 
i.e. For each (X sy) € f » then (X ›2 у) € g 

* The curve of the function h : 
h(X) = i | X | is vertical shrinking for the 
curve of the function f : f (X) 2| X| 
because : 0 «a« 1 


i.e. For each (X »y) € f > then (X , i ye h 


Example (3 
Use the curve of the function f : f (X) = X? to represent each of the following curves : 
(0g0922x? Q)h o9 2-1 x? (3)к Q0 22 (x- 1? -3 


From the graph » determine the range of each one › discuss its monotony and state whether 
the function is even » odd or otherwise. 


(1) The curve of the function g is vertical stretch for the 
curve of the function f where a=2>1 
i.e. For each (X sy) € f »then (X » 2 y) Eg 
* Range of g = [0 ,=[ 


e The function g is decreasing оп ]- = › O[ and is 


increasing on ]0 › ез[ 


* The function g is even. 
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(2) The curve of the function h is vertical shrinking for 


the curve of the function f where а = E < ] »then 


reflection in X-axis 

i.e. For each (X » y) € f › then (x )— i y) Eh 

* Range of h = ]- œ% ›0] 

• The function h is increasing on ]- e» » O[ and is 
decreasing оп |0 › =[ 


* The function В is even. 


(3) The curve of the function k is vertical stretch for the curve of 
the function f where a = 2 > 1 »then a horizontal translation 
one unit in the direction OX followed by а vertical 
translation three units in the direction Oy 
Ы Range of К = [-3 > cof 
• The function К is decreasing on ]- ee › 1[ 


and is increasing on jl > oof 


® The function К is neither even nor odd. 


Generally 
y=a(X+b) +c 


[Axis of symmetry! 
| Х=- | 


The standard form of 
the quadratic function : 


yz-a(X4b)«c 


(Axis of symmetry! 
i X=-b | 


Increasing 
on 


( Domain = R › the function is neither even nor odd except if b = 0 ; then it is even. | 


UNIT 


yza(X4b) +c The standard form of уз-а(Х-Ы)у c 
the cubic function : 


Í The function is decreasing! 
on its domain H 


then it is odd. 


| Domain = R › range = R › the function is neither even nor odd except if b=0 5c =0 5 | 


the absolute value 
function : y =| X | ТАХЬ of symmetry! 
| = (d 


y=alX+bl+c The standard form of 


The standard form of 
the rational function : 


у= х 


Domain =R- [- bj » range = IR — {с} › ће function is neither even nor odd except 
ifbz05cz-0 » then it is odd. 


a 
Lesson Five | Solving absolute value equations ce 


WATCH 
VIDEO 


There are two methods for solving absolute value equations : 


a Graphical method | 


In this method ; we use graphing the real functions in solving equations » noticing that 
for any two functions f and g the solutions set of the equation f (X) = g (X) is the set of 


X-coordinates of the intersecting points of the curves of the two functions f and g 


In the opposite figure : 

If the two curves of the two functions f and g 
intersecting at the two points A (Х| » yj) 

and B (X, » y,) › then the solution set of the 
equation f (X) =g (X) in Ris [X, » X,] 


(2) Algebraic method | 


In this method › we use the definition of the absolute value function and some properties 


of the absolute value of the real number in solving the equations. 


Definition of the absolute value ) 


If X is a real variable » a » b are real numbers › then | X | = х y n 
-Х , Х-0 
Х+а > Xz-a aX+b > xe=b 
and 50 | Х+а| = sjaX+bl= 
-Х-а » X«-a ~aX=b> Xx«-b 
a 


Properties of the absolute value of the real number 


la b| = lal x [b] 


© 


(3) |a * b| «lal |bl 


i.e. The absolute value of the sum of two numbers is smaller than or equal to the sum 
of their absolute values and the equality is happened if a » b are negative together » 
positive together or each of them equals zero. 


For example : 
і.е. |4 + C 7)| «|4141-17| 
›|--4+С7)|=|-41+|-7] 


1. For any real number а » then : 


For example : |3| = |- 3| 


2.| Їа-х|-1Х-а! 
For example : |2- X| 2 |X - 2] 


8. |xl=c ›с >05 Х=+с 


For example : If |X|=3 »then: X2 3 ап4 На= + 5 «then : |а| = 5 


4. If a and b are two real numbers › then: | |а|= |b| & a2 + 


5. For any real number a » then : (4) -— 


For example : (бед =4, ( -1 - i 


б. For any real number a » then : Ya? = lal 


For example :\ (5)? =151= 5 AC 3X 21-3123 


B.1t|x| 2 — X » then: X € ]- ›0] 


ТЛЕ|Х|-Х > then : X € [0 › =[ 
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(17 Solving the equation in the form : |a X + b is =C С = zi , м! А 


The algebraic solution The graphical solution 


(1) Using the definition The X-coordinates of the 

(2) Using the property value intersection points of the 
inside the absolute sign two curves f (X)=|aX+b| 
= + the real number goo =c 


Remark 


If [aX* b|2e5c€]- e ,0[ «then the solution set in = Ø 


For example the solution set of the equation |3 X —4|2 — 5 in R is Ø 


Example @) 


Find graphically › then perform algebraically the solution set in R for each of the 
following equations : 
(3|Х-2|1-3 ()12Х-3|-2 (3)|5-X|=- 


Solution 
(1) Graphical solution : 
Putting f (X) 21X-2| 5g Q0 23 
* We draw the curve of the function 
f:f (X) =|X—2| and it is the same curve 
of y =|X| with a horizontal translation 2 units 


in the direction OX 


* We draw the curve of the function 

g:g(X) = Запа it is a constant function represented by 

a straight line parallel to the X-axis and intersects the y-axis at the point (0 » 3) 
* We find the intersection points of the two curves are (— 1 » 3) and (5 ›3) 

2. The solution set = (- 1 55} 


1 


Algebraic solution : 


First : Using the definition of the absolute value function 


x-2 » Х-2>0 
= -2|- 
09) =|х-2 же? >» X-2«0 
Х-2 » Xz2 
РО) = 
feo ant $ X«2 
AtX2z2:X-223 —.Х=5Є[2›°о[ 
AtX«2:-X42-23 -x--1€]-e:o[ 


2. The solution set = [- 1 55} 


Second : Using the property "what inside the absolute sign = + the real number" 


We can summarize the steps of algebraic solution as the following : 


-|[x-2|23 -Х-2-53 
2,Х-2:3 1е.Х-5 

ог Х-2--3 їе.Х--1 
2. The solution set = [- 1 »5] 

25 = : ESTEE 
(2):12Х-3|-2 22 (х+3)|=2 
- 31- . EJ 
221х+ 3|=2 «Ix gl-1 

Graphical solution : 


Putting f 0O =|х+ 315200 21 

`2 f is represented graphically by the curve of y = |X] with 
a horizontal translation 3- unit in the direction of OX Х | axl TN x 
> g is represented graphically by a straight line parallel (11:11 17 
to the X-axis and intersects the y-axis at (0 » 1) 


2. The two curves intersect at (1 э 1) апа (3 : ) 
2. The solution set — {-1 »—2} 


2 
Algebraic solution : 
By using the definition of the absolute value function : 
3 3 3 3 
Х+> › Х+5>0 X+ 9 Хэг 
100-1Х-41- a : ~ f= 2 : 
ГЭЛЭГ Ж X+5 <0 -X-3 , ха 
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AX: X4 $ =] sten х= E[ =? sf 


2 
АЕХ<=3.-Х- 3 21 then х==2Е]-= | 
2 2 2 2 
2. The solution set = 13 = 
2 2 
(3) > |[$:— X| 8—1 A [X5 (Notice that :|5 - X| 2| X—5]1) 


Graphical solution : 
Putting f (X) =|Х-5| »g (X) 2-1 


*- The function f is represented graphically by the 
curve of y = |X| with a horizontal translation 
5 units in the direction OX » g is represented 


by a straight line parallel to the X-axis and „2291123456759 
intersect y-axis at (0 »— 1) » from the graph › 
the two curves do not intersect at any point. y 


-. The solution set = Ø 


Algebraic solution : 


*- The absolute value of any real number is a non-negative real number. 
.. There is no solution to the equation : |X — 5| 2 — 1 іп 
-. The solution set = Ø 


(2) Solving the equation in the form : |a X * b|z|c X+d| 


WATCH 
VIDEO 


"i.e. Absolute of first degree expression in X = absolute of 
first degree expression in X" 


1 


The algebraic solution | The graphical solution 


(1) One of the two expressions 
= + the other expression. 


The X-coordinates of the 
intersection points of the 
two curves f (X)=|aX+b] 
56 (х) =|сх+а | 


(2) By squaring the two sides of 
the equation. 


(Wit) А о/ ый Y / ei 14821236 - а] 


Example © 
Find graphically › then perform algebraically the solution set of the equation : 
[x-4|2]2 X- 5| ШВ 

Solution 
Put f (X) 21 X- 4l +g Q0 212 x-5|=2|x-2 4 


Graphical solution : 
The function f is represented graphically by 
the curve y = | X | with horizontal translation 
4 units in OX directions » the function gis 
represented graphically by the graph 
у-2| Х| with horizontal translation 2 i 
units in OX direction. 
> 7. the two curves are intersecting 
at the two points (1 »3) › (3 » 1) 
2. The solution set = {1,3} 

Algebraic solution : 


First : By using the property "one of the two expressions = + the other expression" 


-Ix-4l212x-51 

<. Х-4=+ (2 Х- 5) (from absolute property) 
Х-4-2Х-5а50Х-1 
огХ-4--2Х-5 

-3X29 andsox=3 

2. The solution set = {1 53} 


Second : By squaring both sides 


 (Х-4#=(@х-5)° 

2 Х2-8Х-16-4Х2-20Х-25 
a 3X?-12X%4+9=0 

2 Х?-4Х+3=0 
:(Х-3)(Х-1)-0 

П C or Х=1 

2. The solution set = {1 ›3} 
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Example ©) 


Find algebraically the solution set in Ї for each of the following equations : 


(1) 13 x-9]-]3- x| 2 10 (2)¥x?-4x+4=10 


Solution 
(1) ~ 13 X-9|-]3- X| 2 10 
4«3|x-3|-]x-3|2 10 
(Notice that : |x - 3| 2 |3 - xI) 
“. 2|X-3|2 10 и. |Х-3|=5 
“ Х-3=+5 2 X-3=5 then X=8 
or X-3=-—5 then X=-2 
2. The solution set = {8 »— 2} 


(2) -[х2-4х+4=10 2-2 = 10 


Remember that 


^ |[X-2|210 7 Х-2=+10 
г. Х-2= 10 »then Х= 12 or X-2=-10 then X=-8 
г. The solution set = {12 ,— 8} 

Example бу 


Find in R the solution set of each of the following equations : 


(0|x-3|-|X4 1|20 (2) |X-3|+|x-1]=0 


(1) |X-3|=|X+ 11 
Putting f Q9 =|Х-3| »g O9 =|х+ 11 
*- f is represented by the curve of y =| X | 
with a horizontal translation 3 units 
in the direction OX 


» g is represented by the curve of y =| X | 
with a horizontal translation one unit in the direction OX 
» `7 the two curves intersect at the point (1 » 2) 


2. The solution set = {1} 


(23Х-3|--1Х-1| 
Putting f (X) -1Х-3|58(Х)--41Х-1| 
© f is represented by the curve of y =| X | 


with a horizontal translation 3 units in 
the direction ох 
> g (X) is represented by the curve of 


у = | Х | with reflection in the X-axis » 


then a horizontal translation one unit in 
the direction OX 


» the two curves do not intersect at any point 


2. The solution set = Ø 


Example (3 


Graph the function f : f (3) 2 2-|X - 1| 
and from the graph deduce in В the solution set of the equation : f (X) = 0 


Solution 
шр(Х)--|Х-1-2 
.. f is represented graphically by the image of the curve 
of y = |X| with the reflection in the X-axis » then 
a horizontal translation one unit in the direction ох 
and а vertical translation 2 units in the direction Oy 
-. The solution set of the equation f (X) = 0 


is the set of the X-coordinates for the intersecting points 
of the curve of the function f with the X-axis 


i.e. With the line y = 0 and they are 3 and - 1 
2. The solution set of the equation = {3 ,— 1] 


Example Ө 


Two ways › the first way is represented by the curve of the function f where 

f 09 24-|X- 2 | and the second one is represented by the curve of the function g 
where р (X) = 1 » if the two ways intersect at A and B , then find the distance between 
A and B , knowing that the length unit is one kilometre. 


Lesson Five 


f is represented by the image of the curve of y =| X | 
with reflection in the X-axis » then a horizontal 
translation 2 units in the direction OX and a vertical 
translation 4 units in the direction Oy 

From the graph : A (- 1 » 1) and B (5 » 1) 

2. The length of AB = 5 — (- 1) = 6 length units. 

-. The distance between A and B = 6 kilometres. 


Example 6) 


If f 00 =X? |X| » then state whether the function f is even › odd or otherwise > 
then find in R the solution set of the equation : f (X) 2 8 


Solution 

v fCc-cx'-xis2x!Ixi- f 09 

^. f is even. 

‚2 X?|x|28 Sx*|x|-82a0 
esie, wad eai s aai 
At Xz0: 

х?-8=0 x28 
:Х-2 

At X«0: 

-Х7-8-0 л =-8 
:Х--2 


2. The solution set = {2 »- 2} 


МАТСН 
VIDEO 


(0 Graphical solution of the absolute value inequalities ] 


In the opposite figure : 
For any two functions f and а: 


| e The solution set of the inequality : 
| f х) «в GO is Ја »b[ х 


) 


с реале 


апа this is the set of values of X where the curve of 


the function f is under the curve of the function g at these values. y 


| e The solution set of the inequality з | 


| f G0» OO is Le val Ub >of = В - [a >b] | 


| 


and this is the set of values of X where the curve of the function f is up the curve of the 
function g at these values. 


From the graph : notice that : a 


The solution set of the equation f (X) = g (X) is {а , b} 

› then : 

• The solution set of the inequality f (X) < g (X) is [a » b] 

• The solution set of the inequality f (X) > g (X) is ]- œ »a] U [b ›=[ =R- Ja bf 
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For example : 
In the opposite figure : 
* The solution set of the inequality : 
f (X) «g OO is ]- 1 »3[ 
* The solution set of the inequality : 
f (X)>g(X)isR-[-1 3] ” 
* The solution set of the inequality : 
fœ) < в (х) 81-153| 
* The solution set of the inequality : 
Ў) 2 (Х)Ё-1-153| 


Example бу 

Find graphically in IR the solution set of each of the following inequalities : 
(1) |x+3|<2 (2) [2 Х-8|=6 

(3) |X-2|>1 (4) [2 X-3|z4 


(1) Putting f (Х) 21X 3l > g(X)=2 


From the graph of the two functions (5,2) | 
f and g in the opposite figure X 
» we get that : f (X) « g (X) | 
i.e. :|X+3|< 2 оп the interval |-5 ›- 1[ y 


2. The solution set of the inequality = ]- 5 »— 1[ 


(2)--12(Х-4)| 56 
-2|x-4|s6 ..|Х-4|<3 
Putting f (X) 2IX-4| » g(X)=3 
From the graph of the two functions f and g 
in the opposite figure » we get that : f (X) < g (X) 
i.e. |X — 4| < 3 on the interval [1 » 7] 


2. The solution set of the inequality = [157] 


(3) Putting f (X) =|Х-2| » #(Х)=1 
From the graph of the two functions f and g 


in the opposite figure » we get that : 

f (X) > g (X) on the interval 

]-* »1[U ]3 ,=[ 2 R- [1 3] 

2. The solution set of the inequality = IR — [1 , 3] 


4) [2 (x- 3)lz4 
«2|x- 3124 -Ix- 312 
Putting f (x) =|Х- 31 sg 09 =2 
From the graph of the two functions f and g 


in the opposite figure » we get that : 
f CO > g (Х) on the interval 


р-он 


.. The solution set of the inequality = R — HH , 34 


(2) Algebraic solution of the absolute value inequalities | 


* For each a Е IR* 


(DIf|X| «a»then-a« X«a 
ie. X€ ]-a val 


(2) и|Х|«а › ћеп-а< Х<а 
ie.X€[-a >a] 


(3) If|X| » a»then Х>а or X«-a 
ie. X€ R- [аа] 
(4) If |X|=a»5thenX2aorX<-a 
ie. X€ R- ]-a»a[ 
ж For every a € R^ 
(1) The solution set of the inequality |X| < a or |X| < a in R equals Ø 


(2) The solution set of the inequality | X | > a or |X| > a in R equals IR 
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Example €) 


Find in R the solution set for each of the following inequalities : 


(D|x-3|x4 (2) |X+2|>3 


(3)|2x-5|<1 (4)[4х?+12х+9<1 


(5512Х-51-15-2Х|«14 
Solution 


(1) :[X-3|x4 -45Х-354 
2-4435Х 4-3 -1ЕХ5:7 


г. The solution set = [- 1 57] 


(2) - |X+2|>3 Х42-3 or X4+2<-3 
Х»ї or X«-5 г. The solution set =R- [- 5 » 1] 

(3) :12xX-5|«1 -142Х-5«1 
-14-5«2Х«1-5 /.4<2Х<6 (dividing by 2) 
523€9X«3 г. The solution set = ]2 » 3[ 

(4) dax? +12х+9<1 „Чох +3). <1 
23:12 Х-4-3151 2-182Х-3:1 
2-4Е2Х5:-2 -2ЕуХ5К-1 


г. The solution set = [- 2 5-1] 


(5)1412Х-5|1-15-2Х|«14 :12Х-5|-12:Х-5|«14 
-. 2|2 X - 5| « 14 (dividing by 2) 
512Х--5|«7 2-7«2Х-5«7 
#222 X12 и. -1<X<6 


~. The solution set = ]- 1 › 6[ 


Example Q 


Write the absolute value inequality which expresses : 


(1) Student’s mark in an exam ranges from 70 to 90 marks. 


(2) The depth that some fish live in under the water level in an aquarium with interior height 40 cm. 


(Arf) V eof git Y / eA - ile Slob, - ука) 


UNIT 


Solution 
(1) Let the mark of the student be X 
~. 70 < X < 90 (By adding — 80 to the terms of the inequality) 
2. 70 — 80 < X — 80 < 90 — 80 
2-10 <x- 80 < 10 
~. The absolute value inequality is |X — 80| < 10 


(2) Let the depth that these fish live in be X cm. 
~. 0 < X < 40 (By adding — 20 to the terms of the inequality) 
.. 0—20 < X — 20 < 40 - 20 
-.—20« X- 20 < 20 
2. The absolute value inequality is | X — 20| «20 


80 is the arithmetic 


mean of the two 
numbers 70 and 90 


20 is the arithmetic 


mean of the two 
numbers 0 and 40 


Exponents, logarithms 


and their applications 


Unit Lessons 


Rational exponents and exponential equations. 


Lesson 


| Exponential function and its applications. 


Lesson 


Logarithmic function and its graph. 


Lesson 


| Some properties of logarithms. 


Lesson 


The п" root of the number а is the inverse operation of raising this number to the power (n) » 


and the п? root of a is denoted Бу [а where n is called the index of the root. 


^[32 (the fifth root of 32) = 2 because 25 = 32 


“а (the n root of the number a) = X if X" =a 
The equation X" = a 5a ER » n € Z* has n roots. 


Let's study the following cases : 


If n is an even number » a > 0 > then the equation X" = a has 2 real roots » one of them is 
positive and the other is negative and the other roots are complex not real numbers 


n n 
(when п > 2) and the two real roots denoted by Та ›— Та 
6 6 

The equation Х = 64 has two real roots : ү 64=2,- | 64 =- 2 and 
there are four another complex not real roots. 
If n is an even number » a < 0 » then the equation X" = a has no real roots. (Its roots are 
complex not real numbers). 

To solve the equation : Х? =- 16 then X2x'|-16 2 4i 
(Complex not real numbers) 
If n is an odd number » a CR — {0} › then the equation X” = a has only one real root 

n 

which is 1 a and the other roots are complex not real numbers. 


The equation X? = — 27 has only one real root which is ^ -27 2 — 3 and 
there are two complex not real roots. 


60 
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(4) If n € Z* ›а=0 »then the equation X" = 0 has only one real root which is X = 0 


(The number of roots for the equation equals n and each of them = 0 when n» 1) 


For example : The equation X? = 0 has three equal real roots and each of them = 0 


Remark 


n 0 n РЭГ 
Va" = [а | п is ап even number ; | a" =a if n is an odd number 


4 3 
For example МС 4f =1-41=4 , (C3? --3 


The properties of the n root 


If a and b are two real numbers › Ya , ben > then : 


о fab e "fa x [o 


өл = »b#0 


Notice that : Ma +ъ а + үь 
Еог ехатріе A 27 b^ -(27 «ЫЗ =зь5 , Merx уг -вгхүх ху =з|х1у? 


loa 
(1) fn €Z*- {1} ,аЄВ > then а!-Та 


1 
. . + t . . n n, 
taking in considerations that if : n is an even number » a < 0 » then a" = | acm 
For example : 


93 -[9-зЕв : Ер AES --lemmci9*- =|-16ER 


(2) If m » n are two integers with no common factor »n> 1 › [a cR 


WATCH 
VIDEO 


»then а" * sy -A ат 


For example $ 


в (үа) 22 45(81) = KEDI 


UNIT 


2 


If a » b are two real numbers › m › п are two rational numbers and by excluding the 
cases in which the denominator = zero » and cases in which both the base = zero and the 
index = zero and all expressions should be defined » then : 


| | 
| (al О" 
| (3) а® x a? 2 4 +" (4) =ат-" | 
1 а 
| WATCH ! 
| (5) (ат)! = ат" (6) (ab)" = a" p^ VIDEO | 
| ay? (by b | 
| 0 (5) = (a) e. | 
| ! 
гаа 

Remarks 


1. Ifa ER , then : a^» 0 when n is an even integer 
a" < 0 when n is an odd integer 
For example : (- 4)? = 16> 0 but (– 4} =- 64<0 
m n 
2.«If X? =a 5 then Х=а" where m is an odd number 


m n 
«If X?" =a , then X= + a ™ where m is an even number 


where m » n have no common factors (ie. 10. 15 a rational in simplest form) 


and if one of them is even › then a must be greater than or equal to zero. 


2 10 
3.( Common mistake | * C32) ^ = (c 32)? = 2 (wrong answer) 


2 10 2 
ж (-32) 1° = ( 1 -32 ) = undefined in IR (wrong answer) 


because the power 5 is not in the simplest form and should be simplified first ( 5 = +) 


2. 1 5 
2 32) 10 = (-32)5= | — 32 = – 2 (the correct answer) 


Example (1) 


Find the result of each of the following in the simplest form : 


шиг o (Vx) хүх? (145) x (ay 


Lesson One 


Solution 


CICEJES PIRE T E EP ахх x 
ey «(Nus = Бахаи katsa = 


Example €) 


V8 x ЧГо.отх 125 
[as x74 x (зву 


4 8 E 3 
үә? х Yao)? x5? 27x x S) 3x 5? 


287 3 5 ик: 
058 хайх(36у8.. (3х5)%х(22)%®х (22 х 327 


Put in the simplest form : 


The expression = 


ыы ДЧ 334, 5494 
33x5ix2*x2 4x34 
229x39x5?21x1x25225 
Example @©) 
Find the solution set in IR for each of the following : 
(1)3 X? 2—96 (2) X$ 2 — 64 (3) (X-2)* = 81 
(4) xi- 27, ox? = 1 wo (3х+2}=8 
()Х2-5Х2-4-0 
Solution 


Notice that : The required is the solution set in R i.e. The required is the real roots only. 


(1) -3Х7--96 & X*2-38 
хХ-1-32--2 25.5.={-2} 

(2) х= 64 `/ — 64 «0 , 615 ап even number. 
:55.-02 


(3) - (x-2)* = 81 
s х-2= 81-3 ог х-2=-{81=-3 
“ Х=3+2=5 or Х=-3+2=-1 
2 SiS; S45 ,—1] 


(5) > 4x2 = 


4 
(6) 2G x2» =8 
4 
:3Х-2-8” 
:3Х-2-16 
. .[14 
:88-411| 


4 2 
(T) х -5хх?+4=0 


2 2 
A0 -D (X? -4ys0 
2 


MX227 


4 
3 


- (33 34 


4SS.-[s81) 


2 
Г. Х5= 


гуаг! 


3 
n0X42)*58 


4 
:.3Х+2 = (23)3 


Хэт 


-X)-2landhene Х- 17-41 


2 
or X? = 4 and hence X = +4 


2429-248 


Another solution : 


ork=1 


:88.-11»-198»-8|) 


юш 


3-1 
=+ Q3? 


25.5.={1,-1,8,-8} 


:(К-4)-1)-0 


2 


1 Х=4 


2 
3 


2Х7-1 


x х=+{4%=+8 
.. Х-а(|8-а1 
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Exponential equations 


The exponential equation is an equation which contains a variable (unknown) in the power 
as (2%*! = 8) 


Laws of exponents 


* For every т ¿n Є Z anda ,ЪЄ R- {-1,0,1} we have: 


(1) Ifa? = 1 | »then n = zero (2) If{a™=a")»thenm=n 


улс ЕП > then 
G)If(a"z b^)» — if 


Example © 


Find the value of X that satisfies each of the following equations : 
2 
()2**528g (2) 3Х siu (34**22 xX*2 
Х-3.242Х-6 2(Х-51 (43-2 
ass e($) = (3) 
Solution 
(1) 22355-4 2,2Х"5-23 
“a X45 =3 “ X=-2 
2 
(2) з 3Х -4=1 
2 X?-4=0 ео 
Qi 47 xr 7 Х=+4 orX+2=0>thenx=-2 
У ХЕ{-2,4,-4} 
(4) : 4X-32 32X-6 34Х-3.420Х-3) 
т: 16-3 »v429 1 X-3=0 
SS 
2 
(21-51 (272 .(2үХ-5! ( (38 
©- (3) (5) «(5) =((3) 
9; |Х-51- 3 -8 2 Е Ш 
($) =(8) -(3) «1x-si-s onte 
Х-5=6 or X-5=-6 
х-1 | х--1 


(3:1) V Agit Y/ oA - zat с>, - ука] 


Example © 
Find in R the S.S. of each of the following equations : 


()2Xx5-X- 125 a 3y =27 
32Xx (4 = (fis) (ф)4Х7-1-8-Х 
Solution 
a) v 2Xxs-X- 25 522-08) 
(2) = (2) n Х=-3 :85.-1-3| 
()-(3(3) =27 s хз +1 = 33 
А adipi 49099. s 
23 (К+1)=3 2. Х+1=3х2 =2 
БХ 88.11 
B) -2Хх43-01673 1. 2% x (2) - о)" 
2Xx2$-r$ 22593223 
nxe22-$ idee 
5.5.={-2} 
(4) : 4Х°-1=8-Х n О2)х?-1 = (23-х 
222X729 -3X 5233-02-35 
,2Х321-3Х-2-0 :(2Х-1)(Х-2)-0 
2.2Х-1=0 ›феп2 Х=1 X=} orX+2=0 then X=-2 


:88-4145-2| 


Example (3 


Find in R the S.S. of each of the following equations : 
(2**142X-1«5 (2) 5X4 123 = 30 
5 


(339*43X**1218 


Solution 


(1) Taking 2 X-! as a common factor 


42*-10?41)25 E 


(2) Multiplying the two sides by 5 * 
5. 52Х+ 125 =30х 5х 
5060-5) (5-25) =0 


“ Х=1 


.2Х-1(4+1)=5 
2 X-1=0 
4 SS.={1} 


52*x242*x2-l25 


A2 3 =5 


285.=4{1} 


5?X_30 x 5X 4 125 = 0 and by factorizing 


:5Х-5-0 or 5*_25=0 

1 5%=5 15% =5? 

.Х-1 4Х-2 5. SS.={1,52} 
Another solution : 

Putting 5* = y ny +12 =30 


Multiplying the two sides by у . 
^ y2-30y +125 =0 
A УЭ ог у=25 
:53Х-5 
or 53-52 
занга 162) 
(0) -355-3х37-18-0 
:33-3-0 
or 3Х+6=0 


:3Х--6 (refused) 


~ у? + 125 =30у 


х 9-5) (у – 25) =0 


“X= 


“ X=2 


265-3) (3Х+6)=0 
3% =3 


3Х-1 


5858-1411 
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Lesson TWO | Exponential function and its applications 


НаЕК*- {1} 
|, then the function f : R—— IR* where f (X) = ах 
is called an exponential function whose base is “а” 


For example : 


e f : f (X) = 3X is an exponential function whose base = 3 and its power = X 


Х+1 
ef: f(M= (4) "ар exponential function whose Базе = i and its power = X + 1 


Notice the difference between the algebraic function and the exponential function : 
x In the algebraic function » the independent variable X is the base in the rule of 
the function while the power is a real number. 
For example :f:f(Q-2 X?-3 X1 or f:f(X)=(X-3) 
ж In the exponential function » the independent variable X is the power in the rule of 
the function while the base is a positive real number # 1 
For example : f : f (X) 23 X or ff = 3%-1 4 2are exponential functions 


but: f: f C02 C3) X or ТОО (D X are not exponential functions. 
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The graphical representation of the exponential function 


The general diagram of the graph of the function 


f: f (X) =a” is as shown in the following two graphs : 


у, 


Some properties of the exponential function f : f (X) = ах 

* The domain = R 

* The range = R* and its curve lies completely above the X-axis. 

* The function is increasing on its domain IR when а > 1 and is called an exponential 
growth function » its coefficient is a and the curve of the function approach to X-axis by 
the decreasing of the value of X 

e The function is decreasing on its domain R when 0 <a < 1 and is called an exponential 
decay function › its coefficient is a and the curve of the function approach to X-axis by 
the increasing of the value of X 

* The curve of the exponential function passes through the point (0 » 1) 

* Iff (X) =a% › ћеп f (-Х)=а-Х= (4) and the curve 


1\Х. : 
уз (+) is the image of the curve 


y = аХ by reflection in y-axis. 


Example Q 


Graph the function f : R——-R 5 f (3) 22* taking XE [-3 , 4] and from the 


graph find an approximated value for each of the following : 


уа) f (-4) (2) The value of X when f (X) = 10 


We form the following table : 

[x (-31-21-11011121314| 

|у=2х | 4 i 43111214 12 
1... 


(1) Finding f (1.5) and 7-4): 


At X = 1.5 we draw a straight line parallel 


to y-axis to cut the curve at a point» 
then read the corresponding value of y on y-axis 


we get it 2.8 approximately. 


f09gs2 X isan exponential 
7. f (1.5) = 2.8 similarly f (-4) =0.7 growth function where а > 1 


(2) Finding X when f (X) = 10 i.e. when 2X = 10 : 
At y 10 we draw a straight line parallel to X-axis to cut the curve at a point 
» then read the corresponding value of X on X-axis to get it = 3.3 approximately. 


^. When 2 * = 10 › then X « 3.3 


Example €) 


Graph the function f : R — К ,ў(Х) = (1у taking ХЕ [-4,3], 
from the graph find an approximated value for each of the following : 


4 
(0f C 255 (2) 12 (3) The value of X when (Ay 207 
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Solution 
We form the following table : y 
SUI -:1-31-21-1101112 |3 1.1 
m 
= (ly 11111 111 | 
у-(47 | 61841211 21418 ose 
! Гости N 
From the graph we find that : axis by increasing! 
^" Гоше value of ! 
1) f (2.5) =5.7 | 
a) f 2.5) " x 
4 1 -4 21 
Р о Тут 
0)» Y2=24 =(2)*=(4)* =s (-4) 
y 
4) 
1X 2, 1}. : 
(3) When (4 =Tie. f (X)=7 fco = (1) is an exponential decay 
function where 0 < a < 1 
г. Х=-2.8 


In example (1) » example (2) : the curve f : f (X) = 2 is the image of the curve of 


X 
the function f : f 09 = ( ij by reflection in y-axis. 


Remark 


If f Q9 =a~ , then y =f (X 4 b) 


ie. y 2aX*Pis represented graphically by the curve y 2a X by horizontal displacement 


of magnitude | b | 
* In direction of OX if b « 0 
ж In direction of OX if b > 0 


Example Ө 


Graph each of the two functions defined by the given rules › from the graph find the 
domain ; the range and determine which of them is increasing and which is decreasing : 


()yz2**! ()у-3Х-! 


(1) (2) 


3Х- ! is the image 


The curve y = 2 X*lis the image The curve y = 
of the curve y = 2 X with horizontal of the curve y = 3 * with horizontal 
displacement one unit in the displacement one unit in the 
direction OX direction OX 


$ 
The domain = R › the range = ]o , “| The domain =  › the range = Jo , “| 
» the function is increasing on its domain. » the function is increasing on its domain. 


Solving the exponential equations graphically 


The graphical solution for the exponential equation depends on supposing that the left 
hand side of the equation is an exponential function f » and by supposing the right hand 
side of the equation is another function g › then draw the two functions f » g in the same 
figure and then determine the X-coordinate of the point (points) of the intersection to get 


the solution set. 


Example o 
Kai 
Find graphically in R the S.S. of the equation : 25+ = 4 


, Solution ‚ 

| | Де 
Let the left hand side of the equation be the rule of the |. 4 "UR UN UN 
function f : f (X) 2 2 ** ! and the right hand side be | | 
the rule of the function g : g (X) = 4 and by drawing 
the two curves in the same figure » from the graph : 


2. The point of intersection is (1 » 4) 
i51 588. (1) 
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Example o 
Find graphically in R the S.S. of the equation : 3 Х=2х+1 


Let the left hand side of the equation be the rule of the 
function f : f (X) =3~ and the right hand side be the 
rule of the function g : g (X) 2 2 X 4 1 and by drawing 


the two curves in the same figure » from the graph : 239 | ME 
2. The X- coordinates of the points of intersection are 0 › 1 хийн Р 
= SS.={0 +1} 3 
y 
Example Q 
If f : R ——-R*.f (x) =3* » prove that : Pee Po) =f (2) 


f(X+3)+f(X+1) 
Solution 


3Х85,4Х93 E iy 353 _ 2 


Е үн e a 


RHS. = f (2)=3? -. The two sides are equal. 


Another solution : 
3Х+5+3Х+3 3% (35 + 33) 


pedo 
3X*3,34X*17 3X (33 + 3) nini = f (2) 


Example @ 
If f (X) =5Х , find the value of Xif: f QX-1) 4 f Q X+1)= E 


Solution 


T" rss 26 . g2X-1 2Х-1. 26 
-1(2Х-1)-)(2Х41)-43 25 +5 = 55 

жЕ] 2) _ 26 . &2Х-1 _ 26 В ВИН 
MS (1+5^) = 55 ZS x26 = 55 Res = 55 
г. 52-1 5-2 зб 5 Х=- 1 


Another solution : 

" = 26 ‚ @2Х-1,2Х+1_ 26 
:2(2Х-1)-1(2Х41)-48 5 +5 = 59 

. 2X (5-1 2226 

л 52Х(5:1-5) = 20 

55523958 31 :2Х--1 n X=- 


1 
2 
(31-21) А д Y/ oU) - ul okak - yalsdl 


Example (3 
If f (29 2 3X-? , find in R the S.S. of each of the following equations : 
0) f 00-7 gr (2) f(X-1)=9 


Solution 
2. 3X-2_ 1 о aci 

(05939 ^. :3Х-2-3 
2Х-2-- &х=- 

SS.-(-2] 

(2) = 09 =3х-? 7. fx- 1) =3%-)-2=3%-3 
D inr л ыы аг 
:Х-3-2 :Х-5 

$.5.=45} 

(3) f0923*7? x f039232*-2 
. аах-2_ (1)* , 42Х-2 4-х 
23-2 = (1) 2 32Х-2 =3 
:2Х-2--Х 2Х-Х-2 
М3Х-2 х= 

_ 32 
ss.- {2 


Life applications оп the exponential growth and decay 


(1) Exponential growth 


• The function f : f (t) = a (1 + г)! represents the exponential growth with a constant 
percentage during equal intervals of time » where a is the initial value »r is the 
percentage of the growth in a constant interval of time »t is the time interval. 

* We can deduce this function by studying a phenomena such as the population : 


If the number of population in a city in one of the years is "a" and this number increases 
annually by constant percentage rate "т" » then the number of population 

after one year = a + ra = a (1 + г) » after 2 years = a (1 +r) +га (1 4 r) za (1 +12) 
and so on › then the number of population after n years =а (1 + г)" 


Lesson Two 


Example © 


Wael bought a house by 1350000 L.E. and its price increases at the rate of 
2.5% per year : 


(1) Write the exponential function which represents the price of the house after n year. 
(2) Estimate to the nearest pound the price of the house after 6 years. 
Solution 
а = 1350000 »r= 25 = 0.025 ,1=6 
(1) The exponential growth f : f (t) = a (1 +n) 
~. f (© = 1350000 (1 + 0.025)! ~. f (© = 1350000 (1.025)! 
(2) By substituting at = 6 <. f (6) = 1350000 (1.025) = 1565586 L.E. 


The compound interest 


If principal (P) is deposited in one of the banks at interest rate (r) as a 
percentage and compounded (n) times per year for a period of (t) years › then 


the accumulated value A is given by: A = Р (1 + T )" 


Ехатріе [10] 


А man deposited a capital of 15000 L.E. in one of the banks with annual compound 
interest 7% » find the sum of the capital after 10 years in each of the following : 

(1) The interest compounded annually. 

(2) The interest compounded quarter annually. 

(3) The interest compounded monthly. 


Solution 
‚. = г. nt 
:AzP(1«L) 
(1) - The interest is annually i.e. The number of divided intervals = 1 
2-1 <. A= 15000 (1 + 0.07) = 29507.27 LE. 


(2) +. The interest is quarter annually i.e. The number of divided intervals = 4 


10х4 
хаз4 А = 15000 (1.927) ** = 30023.96 LE. 
(3) ** The interest is monthly i.e. The number of divided intervals = 12 
10 x 12 
an=12 2 Az 15000 (1 + 297)? ^ ~ 30144.92 LE. 


UNIT 


(2) Exponential decay 


The function f : f (t) = a (1 — г)! represents the exponential decay where a is the initial 
value »r is the percentage of the decay in a constant interval of time › t is the time interval. 


Example (7) 


The number of infection persons by Hepatitis C is decreased at the rate 15% annually 
as a result of discovering the new treatment › if the number of infection persons in one 
of the countries 8000000 infections » write the exponential function which represents 
the number of infections persons after n years › then estimate the number of the 
infections persons after 8 years. 


Solution 
а = 8000000 »r=0.15 »t=8 
The exponential function f : f (t) = 8000000 (1 — 0.15)‘ = 8000000 (0.85) 


when t = 8 › then the number of infections persons = 8000000 (0.85) = 2179924 persons. 


Logarithmic function and its graph 


You know that the number 8 can be written as : 8 = 2? 5 the number (3) which is written as 
a power to the number (2) to get (8) is called the logarithm (8) to the base (2) and 

denoted by : log, 8 

i.e. log, 8=3 

Thus we find that every exponential form » whose base is a positive real number # 1 


has an equivalent form called the logarithmic form 
: Y Л) 
у =log, Xe Х=аЎ wherea€ R*- {1} › ХЕ R*andy C R ) zu 
= [я] 


For example : 


log, 8$124€»3^-81 , log, 4 =-245>3-?= 


4? = 16 & log, 16 =2 , 23-1 +108 ——3 ›апа so оп -- 


4, 
28 
Remarks 

The logarithm of a non-positive number is meaningless 
i.e. Each of log, – 3 » log, — 8 and log, 0 is meaningless. 
The base “а” must be a positive number differs “1” 

i.e. Each of log 5,8 »log, 5 » log, 4 is meaningless. 


If the base of the logarithm = 10 ; then the logarithm is called the common logarithm and 


the base is called a common base. It is agreed to omit this base in writing. 
For example : 


log, 3 is written as log 3 


Example e 


Express each of the following by the equivalent exponential form : 

(1) log, 64 2 6 (2) log, 8 12 = i 

(3) log, + z3 (4) log 0.01 =-2 
Solution 


(1) log, 64=6 > 64=2° 

(2) log, 8 м = 
(3) log, $ =-3 © 37 =3-3 
(4) log 0.01 2-2 & 0.01 = 107? 
Example © 


Write the logarithmic form that is equivalent to each of the following exponential forms : 


(1) 243 -(ї3)” (2) 1072-001 
CENT (4) с=ах 
Solution 


( 243 = (43 ) eg 243 = 10 
(2) 10722 0.01 & 10850.01 2 - 2 
(зз? -9 3 og, 913 = 5 
(4) cz aX & log, c- X 
Example Q 


Find the value of each of : 


(1) log, 64 (2) log, 1 
i 
(3) log (4) log 0.0001 
үз 27 
Solution 
(1) Putting : log, 64= X 23-64 
5 25-29 д X=6 л. log, 64=6 


(78 | 
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(2) Putting : log, 12 X &65%=1 
A X= Zero 8. log, 1 = zero 
X 1 
ing : alk = зол. 2% 5-3 
(3) Putting : bog эт =X (13) =57 32—=3 
РРО CE m. s zl 
59 X= 3 Хэ иь 
(4) Putting : log 0.0001 =Х -- 10* 20.0001 = 10-4 
“ Х=-4 -. log 0.0001 2- 4 
Example © 
Find the value of X if : 
(1) log, X2 -4 (2) log, 813 = х (3) log, X2 -3 
2 
Solution | 
МЕ 2 295-4 22-24. 
(1) ~ log, X2-4 Х-2 X- 16 
(2) ~ log 81°73 =x ^ 9х =81 [3 
232% =34х33 232х232 
Е _9 Nom 
EA а 2 X= 4 
T ы 772715 эй? Е 
(3) ову х=-3 аж) -2 Х-8 
Example @ 
Find in R the solution set of each of the following equations : 
(1) юв,7Х-2 (2) log, (х2+ 3 х)=-2 (3) (log, ©? -310в, x=4 
Solution 
Notice that : 
(D log, 7X-22 А : 
х When you solve the equations you must verify 
A ux the values that you obtained in the original 
4 equation and the solution is the value (s) which 
aX DES verify this equation » as we know the logarithm 
АХ(Х-7)-0 of non-positive number is meaningless 


^. X = 0 (refused) or X = 7 (verify) 


“14:22:00 


or finding the set of the available values of 
the variable X for substituting by them before 
starting of solving the equations and this is for 
avoidance the substituting operation by the 


values of X that we obtained. 


UNIT 


2 


г б... qus. sia. Зо 52 
(2) -. log, (X° + 197 2 BAG +7 X=2 
ОК: el. z 2 Э”?? 
хХ2-4Х-4 2 4X74+3X-1=0 
л (X41) (4X-1)=0 2 X=- 1 (verify) or X= T. (verify) 
А _ 1 
4881-1431 
(3) © log, x)? -3 log, X- 4-0 г. (log, X - 4) (log, X + 1) 20 
2108, X=4 2. X= 24 = 16 (verify) 
or log, Х=-1 E? X227! = 1 (verify) 
: ” L 
-$8.= [16.1] 


The logarithmic function 


If a C R* — {1} » then the function f : IR* — В where 
ТОО = log, X is called the logarithmic function. 


Example 

Find the domain of each of the functions that are defined by the following rules : 
(1) 700 =log, (4-Х) (2) f O0 = 108, x5 

(3) f Qo = юв x X (4) f O9 - log, xX 

Solution 


(1) The function is defined for all values of X which verify : 4- Х> 0 
Le.X«4 


г. The domain of f = ]- » 4[ 
(2) The function is defined for all values of X which The function f : 
| l-x50 ат f (X) = log, X is defined for 
verify : Le. | all the values of X ›а 
1-X#1 Х=0 
| х>0 
2. The domain of f = ]- œ » 1[- {0} which verify :] a>0 
azl 
(3) The function is defined for all values of X which 
Х»0 Х»0 
verify :4 X-3>0 іё. X>3 
X-3£21 Xz4 


2. The domain of = ]3 » œ|- {4} 
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(4) The function is defined for all values of X which 


Х»0 Х»0 
verify :4 3- X20 іё. X«3 
3-Xz1 Xz2 


г. The domain of f = JO » 3[ - {2} 


The graphical representation of the logarithmic function f : f (© = log, X 


* The graph of the logarithmic function will be in the shape of one of the following figures 
according to the value of the base a : 


Some properties of the logarithmic function f : f (X) = log, X 
(1) The domain of the logarithmic function = R+ 

(2) The range of the logarithmic function = R 

(3) The logarithmic function is increasing when а > 1 and it is decreasing when 0 < a < 1 


(4) АП curves of the logarithmic functions for any positive base z 1 
pass through the point (1 › 0) 


Example (Z) 


If the curve of the function f : f (Xx) = log, X passes through the point (27 ›3), 
find the value of a › then draw the graph of the function taking X € [4 , 9] 


» then from the graph : 
(1) Deduce the domain ; the range › monotonicity and the point of intersection with X-axis. 


(2) Find an approximated value to the number log, 6 


(0) y oat Ү/ oW - Lk obs, - ука] ҖӘ] 


РО) = log, X for each X > 0 ;a€m*- {1} 

ээг the point (27 › 3) Є ће curve of the function 

7.3 21og, 27 na’ 227 23? 
£43 ^ РОО = log, X 
Form the following table : [Note the base = 3 > 1] 


Choosing the values of X from the powers 
of the base 3 {3-2 , 37! ,39 ,3! , 37} 


From the graph we find that : 


* The domain = IR* › the range = IR 


* The function is increasing on its domain 


* The curve intersects the X-axis at the point (1 › 0) 
*log, 6 = 1.6 


Example Ө 


If the curve of the function f : f (X) = log, X passes through the point (4 , 4) 


» find the value of a › then draw the graph of the function taking X € [1 > 4] , 


then from the graph deduce the range » monotonicity then find an approximated 
value to the number log n 3.5 


Solution 
2 f O9 = log, X for each X» 0 5a ER*- {1} 


ээг the point (4 , 4) Ethe curve of the function 


гах 4 (negative solution is refused) 
5 F(X) =log 1X 


Form the following table : 


x i| | 1|214 
WECC ID 
тею 2 | 1 | о |-1|-2 
From the graph we find that : 
* The range =R 


* The function is decreasing on its domain 


* 108 | 3.5 = – 1.8 
2 


Example © 


Lesson Three 


Choosing the values of X from the powers 
of the base + 


7507-00-67) 


Use the curve of the function f : f (20 = log, Xto graph the function g : g (X) = log, (X— 1) 


and from the graph find the domain › the range and the monotonicity. 


The curve of the function g is the same curve 
of the function f by horizontal displacement 
1 unit in the direction of OX › 


the domain = ]1 › °з[ , the range = IR 


» the function is increasing on its domain. 


We had studied before the graph of the exponential function f : f (X) =3* 


i.e. y 2 3X , then we form the following table : 


WATCH 
VIDEO 


By replacing the two variables we get a function called the inverse function X = ЗУ which 


is equivalent to the logarithmic form y = log 4Х 


(83 | 


» to draw this function » we replace the values 


of X by the values of y in the previous table : 


х iia 3 9 


y =log ,X -21-1| 0 i| 


* From the opposite figure we notice that : 
The two curves of the two functions are 
symmetric about the straight line y = X » 
the domain of the exponential function is IR 
and the range = ]0 » =[ › the domain of ће 
logarithmic function is ]O › | and the range 
is IR 


Using the calculator 


* The key of the logarithm for any base is Gf) › the key of the common logarithm is @ 


For example : 


(1) To find log, 24 we use the keys of the calculator successively as shown below 


" ga өөө 2.892789261 


i.e. log, 24 = 2.8928 to the nearest 4 decimals digits 


(2) To find log 8.4 we use the keys of the calculator successively as shown below 
5". > Ep SD (9 йо 242792861 


i.e. log 8.4 = 0.9243 to the nearest 4 decimals digits. 


(3) To evaluate the value of X which satisfies log X = 0.4572 » use the keys of the 


calculator as follow. 


107 
^" 1-111:1:1211:2222 


^. X = 2.8655 to the nearest 4 decimals digits. 


ЕРЭН 


1st Property 


* НаЕ R*-[1) then log a=1 


For example : 
log, 721 - log; 521 , 
Proof : 


s alza Converting into the logarithmic form 


^ log az1 


2nd Property 


*Ifa€ R*- (1) »then log,1 =0 
For example : 
log, 120 , 


Proof : 


га =1 Converting into the logarithmic form 
^ log 120 


ГАЗА Multiplication property 


ИХ ,уЕВ* , ac g*- {1} 


»then log Ху log X+ log, y 


Some properties of logarithms 


ов 13 = 1 


[85] 


For example : 
log, Qx5)- log, 2+ log, 5 
and vice versa : log, 2 + log, 11 = log, (2 x 11) = log, 22 


Proof : Put log, X=b » log y =c 


n X=a ›у=а° 2 Xy =a? xa 2 Ху=а?+° 
Converting into the logarithmic form 
^ log, Xy=b+c “log, Ху = log, X + log, y 


НХ, ›Х, 2X39 хє ;a€ IR* {1} ›Шеп 
log, (X, x Xx X, x -- X X.) z log, X, * log, X, + log, X, +--+ log, X 


n 
For example : 

log, G x 5 x 7) = log, 3 + log, 5 + log, 7 

and vice versa : 


6 
log, 75 + log, $ + log, 0.06 = log, (75 х $ x тов.) -108,2 


An important remark 


Remember very well that : 


log, (X+y)# log, X+ log, у sand log, (Xx y)# log, XX log, y 


Division property 


elfxsyER* » аЕ R*-{1} then log, Š = log, X - log, у 
For example : 
log, 2 = log, 2 - log, 3 


and vice versa : log; 11- log; 2= log, 5 


Proof : Put log, X=b » log, y=c 


b 
n X=a ›у=а° iat og 

y а 
Converting into the logarithmic form : 
: x _ . ж... 
^ log, ,--b-c ^ log, “ул log, X- log, y 


log, E -log X+ log, y- log, 7- log, l 
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An important remark 


Remember very well that : log, (X — y) # log, X- log, y » and log, ( е ) *log, X+log, y 


The power property 


*ЕХЄК' , аЄ R*-{1} > n€ К, еп log, X"=nlog X 
For example : 


log, 125 = log, 53 =3 log, 5 
and vice versa : 7 log, 2 = log, 27 = 105; 128 
Proof : 
log, actis log, (X x X x X x ...to n terms) 
= log, X + log, X + ...to n terms 
=n log, X 


Base changing property 


log X 
ӨЄГХЄВ" , уЕВ*-{1} , ае R*- {1}, еп log, X= Ку 
For example : " 
log 7 Іов 2 
E 2 зыг ИР, 
log, 7 logs” log, 2 log, 3 
Proof : 
Put log, X=z 
^ y’ = Х by taking logarithms to both sides for the base "a" 
. 1 1 _108,Х 
^ Z log, y = log, X "Я Тов, у 
T х= 198 х 
UE, ~ lg, y 


The multiplicative inverse property 


ЕХ, уЕ В*-{1} then log, X= 


For example : 


log. y 


1 
10875 = Tog 7 > then log, 5 x log, 7 = 1 


Proof : | ; 
. logX . logy А Е 
энийг , log y їр х 7 logy X x logy y= 1 
1 
log, ya log. y 


Example бу 


Without using the calculator › find the value of each of the following : 


(1) log, 15 + log, 6 - log, 10 
(2) log, 100 - 3 i 2 —log, 18 + log, 36 
(3) log, = 5 3 21g, D 5 — log, + log, 543 A 


(4)log, 7 xlog, 11 x log, 9 x log, 2 


5 log, 243 – log, 32 
log, 27 — log, 8 
Solution 


(1) The value = log, 15 = log, 9 = log, 37 =2 log, 3=2 x 1=2 


(2) The value = log, 100 — on 2 log, 18 + log, 36 


100 x 36 


= los утв 


= log, 25 =log, 57 =2 log. 5=2%1=2 


2 
(3) The value = log; 4 * log, (5) - log, Š + log; 3h 


à 15 X 13 X хи 
2” 2” 243 3х15х15х5х36 


=lo = lo: =} = 
g 5 8s 5 x2x2x243x5 08530! 
36 
1057 х 08 11 ” log 9 ” log 2 


1022 1087 10811 1083 


(4) The value = 


_ 1089 _ 10832 21083 _ 
7 103 103  log3 - 


5_ 5 T Р 
И ctu В 


log, 3° - log, 2° ~ 31og,3-31og,2 3(log,3-1og,2) 3 


Example e 
Without using the calculator » prove that : 
(1) 3 log 5 + 2 log 6 – log 9 + log 0.2 = log, 25 


log 30-log6+log5 | 
log 12 – log 3 + log 25 


—log 2 
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Solution 


(1) LHS. = log 5° + log 6^ — log 9 + log 2 
3 8.32 
dada NN D 

78 9x10 


= log 100 = log 10? = 2 log 10 = 2 


= log 


»R.HSS. = log, 5? = 2 log, 5=2 
-. The two sides are equal. 


30 x5 

6 _ log25 _ 1085? 2185 “i 

log 12 x 25 “log 100 log 102 2log10 
3 


log 
(2) L.H.S. = 


;R.H.S.21-1og 2 = log 10 - log 2 =108 10 -108 5 


-. The two sides are equal. 


Example [3] 


If log, 7 = 1.771 
» find the value of each of the following in the simplest form › then verify your answer 
by using the calculator : 


(1) log, 21 (2) log, 63 (3) log, $ 


Solution 
(1) log, 21 = log, (3 x 7) = log, 310 5,7 =1+ 1.771 = 2.771 
(Verifying by using the calculator : 58" „ CD e ou - В 
(2) log, 63 = log, (9 x 7) = log, 9 + log, 7 
= log, 3? + log, 7 = 2 log, 3 + log, 7 
22414712371 
(Verifying by using the calculator : "t. eg @ обе 


(3) log, * = log, 7 -log, 9 
= log, 7 - log, 3? 
= log, 7 - 2 log, 3 
= (log, 7) -2 = 1.771 - 2 = – 0.229 


(Verifying by using the calculator : 59", @ 98 Өс e og 
(ҮҮ: А ол ¥/oW - ul okat - walxell 


— o 


Find the value of each of the following in the simplest form : 


7 
(1) log, {32 


1 1 1 
(2) log, Xyz е log, Xyz 7 log, Xyz 
Solution 
7 l 3. 
(1) log, [32 = log, (297 = log, 27 = + log, 2= 3 
2 1 : + -— l X4 lo +1 
(2) log, Xyz v log Xyz log Xyz = ОВ, Ёхуу У + 98,7 
= ов у, Xyz=1 
Example @ 
Using the calculator › find the value of X to the nearest 2 decimal digits in each of the 
following : 
(05*217 (20827-17 
= (4) 5Х-2-3х4Х91 
Solution 
(1). 5*=17 “taking logarithms of the two sides” 
2 log 5* = log 17 /. Xlog 5 = log 17 
_ log 17 


igs? then by using the calculator X = 1.76 


(2): 2*-!=7 “taking logarithms of the two sides” 


5. log2*-! = log 7 ^. (X- 1) log 2 = 1087 
. ы . log7 *log2 
-. X log 2 — log 2 = log 7 Aw AN 8 23.81 
(3) 5X*! 22*X-5 “taking logarithms of the two sides" 
J. log 5**1 = log 245-3 л (X+ 1) log 5 = (4 X- 3) log 2 


2. Xlog 5 + log 5 = 4 X log 2 – 3 log 2 -. 4 Х log 2 – X log 5 = 3 log 2 + log 5 
31082 +1065 | 


= 3.17 
4 log 2 – 108 5 


“. X (4 log 2 - log 5) = 3 log 2 + log 5 iS 
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(4) -: 5X-223 x 4X*!. “taking logarithms of the two sides” 
“. (X-2)1og 5 = log 3 + (X + 1) log 4 
-. Xlog5-21og 5 = log 3 + X log 4 + log 4 
-. Xlog 5- X log 4 = log 3 + log 4 + 2 log 5 
-. X (log 5-1og 4) = log 3 + log 4 + 2 log 5 
- log 3 + log 4 + 2 log 5 


© Тоё 5—1ор4 = 25.56 
Another solution : 
x 
s5X-223x4X* деве ud 
5 _ 2 Y _ 
3Yy-3x4x5 г. (5) 230 
log 300 
x= 5 £25.56 
log 


Important remarks at solving logarithmic equation 


(1) If log, X= log, y › Шеп Х=у 
(2) If X € IR" and m is an even number + 0 and a Е R* - {1} 


› Шеп | log X™=m log |X| 
a a 


For example : log, x*z4 log, |X| 


Example Q 


Find in R the S.S. of each of the following equations : 


(1)21og X-1log (X + 2)20 (2) log X? = log 4 + log 9 
(3) log, X+ log, (Х-2)-3 (4) log X + log (X + 2) = log (X + 6) 
log 49 – (log 7)? _ 
S uu ex 
Solution 


Remember that 


You must substitute by the values which you 
obtained in the original equation ; then the solution 


(1) ~ 2 log X-log (X +2) =0 
-. log X? = log (X +2) 


2 Х2-Х-2 

N^ is the value that satisfies the equation » where the 
s X'-Xx-220 logarithm of non-positive number is meaningless. 
и. (Х-2)(Х+1)=0 

г. X=2 or X=- 1 (refused) 5858.12] 


(2) ~ log X? = log 4 + log 9 -. log X? = log (4 x 9) 


г. log X? = log 36 2. Х?=36 

1 Х=+6 г. SS.= {6 »—6} 
Another solution : 

Ч log X? = log 4 + log 9 г. log X? = log 36 = log 6? 
-. 2log| X| = 21og 6 ze [26| m6 

2 Х=+6 ^ S.S.={6 »-6} 

(3) © log, X+ log, (X-2) 23 2.108, X(X-2) 23 
47-2255 1*8 &Xx*-2X-8-U 
и. (X-4) (X+2)=0 /. X=4 or X =— 2 (refused) 
2. S.S.= {4} 

(4) >> log X + log (X + 2) = log (X + 6) г. log X (X + 2) = log (X + 6) 
1 X(X+2)=X+6 c Х?+2Х-Х-6=0 
SX .-X-620 л (X+3)(X-2)=0 
2. Х=- 3 (refused) or X 2 2 548812) 

“ов 7) 2 2 
OE log 49 — (log 7) -logX " log 7 < — (log 7) -logX 
log 0.07 log 7 
2 100 
Р 2 log 7 - (log 7) -dogx 
log 7 – log 100 Remember that 
" log 7 (2 — log 7) -logX log 1002 2 
log 7-2 
-. -log 7 = log X ^. log 77! =log X 
»y 7-11 ; s] 2L 
XT 288.211] 
Example 6) 


Find in В the S.S. of each of the following equations : 

(1) log, (x^—3 %42)= log, (X -2) = log, 49 | (2) log, X = log, 25 
(3) log, X x log, X22 (4) log, X + log, 4-2 
(5) log x2- (log ху 
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Solution 
(1) >> log, (X? - 3 X + 2) - log, (X - 2) = log, 49 
. х2-3Х-2 . 2 А (Х-2)(Х-1) _ 
deg, эт зянийн, 1 ub. lus а 
<. log, (X- 1) 22 5 Х-1=3? 
/.Х=1+9=10 
a 8$.=410} 
ие - е log X _ log 25 
(2) >> log, X= log, 25 d E 
2 
x log x = 1985 log? 2 log 5 x log 2 =log 5 
log 2 2 log 2 
2 X=5 (verify) & Ss. [5] 
.. 5 log, X 
(3) ~ log, Хх log, X22 tt he, i ва 
$ d c = Ds = 
г. (log, X) = 2 log, 9 = 2 log, 3 =4 log, 3-4 
^. log, X= +2 г. Х 2 32 2 9 (verify) 
а, | : А EN T 
orX 23 = ту (verify) 255.=49,1} 
(4) log, X + log, 422 
: Е : 
^ dog, X log, X =2 (multiply x log, X) 
2. (log, X? + 122 log, X 
л. (log, 20? - 21og, X - 120 
2 
^ (og, 29 - 1) -0 508, X51 
^. X 24 (verify) 2 SS.q{4} 
(5) л logX 2= (log xp -. 2log X = (log xy 
E^ (log 20? -21og X 20 -. log X (log X-2) 20 


^. log X 20 » then X= 10° = 1 or log X 22 › then X= 10? = 100 


25.5.= {1 100] 


Example (5) 
If X y 16 » prove that : 3 log, X +4 log, y -log, X y? = 8 
Solution 


LHS. = log, X? + log, y^ - log, X y? 
x3 4 
= 108, a = log, X? y? = log, (Ху)? 
y 


-2log, Xy =2 log, 16 = 2 log, 2! 2 2 x 4 log, 2 
=2x4x1=8=RHS. 


Example ©) 


If the magnitude of the intensity M (1) of an earthquake on Richter scale is given by 

the relation M (1) = log + where I is the earthquake intensity , I, is the smallest earth 

movement that can be recorded » called the reference intensity. 

(1) Find on Richter scale the magnitude of the earthquake of intensity 1.6 x 10° times the 
reference intensity. 


(2) If the magnitude of the earthquake — 7 on Richter scale find how many times the 
intensity of this earthquake equals the reference intensity. 


Solution 
(1) M (I) - log + ›1=1.6х 10% 1 
0 


6x 10° 
nM -log £P To = tog (1.6 x 108) = 8.2 


0 
i.e. The intensity of the earthquake on Richter = 8.2 


(2) >. The magnitude of the earthquake (M) = 7 
- T=log L 
-. 7= log 1 


0 
T3407 
415101, 


== 


~. The intensity of the earthquake = 10 000 000 times the reference intensity. 


= 
m 
z 
- 
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Trigonometry. 


Unit Lessons 


Lesson Lesson Lesson 


Lesson 


Introduction to limits of functions 
"Evaluation of the limit numerically and graphically". 


Finding the limit of a function algebraically. 


Theorem (4) "The law". 


The limit of the function at infinity. 


E 


Introduction to limits of functions 
Lesson One 2 : e ) E ed 
Evaluation of the limit numerically and graphically 


Specified . unspecified and undefined quantities 


When we do an arithmetic operation on IR › we will get one of the following three types of quantities. 


( 1 | Specified quantity 


Itis the quantity which has determined result. 


For example : i is a specified quantity 


i.e. It has a determined result which is 1.6 
because : The real number which if multiplied by 5 ; the result will be 8 is 1.6 


Examples for the specified quantities : i 235x037x353... 


| 2 | Unspecified quantity 


It is the quantity which has no determined answer. 


For example : 2 is an unspecified quantity 


i.e. It has an infinite number of answers in R 
because : The product of any real number x zero = zero 
Noticing that there are other unspecified quantities we shall study later. 


(3) Undefined quantity 


It is the quantity which is meaningless. 

For example : 5 is undefined quantity 

i.e. It has no meaning to divide by zero. 

because : There is no real number if multiplied by zero › the result will be 5 
Generally : T where a ER — {0} is undefined quantity. 


(f г) А лао Y/ od - ule obah - yalsdl 
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[ The symbols е and — =) 
* The symbol ee (infinity) is not a real number but it represents a quantity greater than any 
positive real number can be recognized. 


* The symbol — ce (negative infinity) is not a real number but it represents a quantity smaller 
than any negative real number can be recognized. 


* Let a be a real number › then : 


(1) œ + a = оо .- о +а Ш-оо : ich your knowlidge >. 
eo ata>0 : каша. 
(2) эха=]- ә ata«0 ; The unspecified quantities are seven and : 
unspecified ata=0 } they аге: : 

: zero 


оо : 
| —— ,—оо— оо з оо X Zero s (zero) | 


— оо ага»0 | zero өө 
9-0 ха = 4 20 ata«0 : » (ce) and (1)* Н 
unspecified ata=0 НИНА : 


For example : +7 = оо 5 -соож2--оо > сох15-шоо з —оох7=—оо 


»-с0Х-02-шсо $00 + оо = оо 


The concept of the limit of a function at a point 


Ё Illustrated Example 


2 
If we want to find the value of the function f : f (Х) = xl 


2 
We find that : f (1) = Lu - 0 "unspecified quantity" 


atX-1 


that means we can not determine the value of the function at X = 1 


So » we go to study the approaching of f (X) to a specified quantity › when X approaches 
to the number 1 › that by one of the following two methods : 


Evaluation of the limit numerically | 


Give values for the variable X approaches to one through taking values more than 1 and 
less than 1 in which X does not take the value 1 » the following table shows the values X 
takes approaching to «1» and their corresponding values of f (X) : 


X approaches to | from the left - -- - - - > | ----Х approaches to 1 from the right 
| x | 0.5 0.6 0.7 0.8 0.9 | 1.1 1.2 1.3 14 1.5 
| n | 1.5 1.6 1.7 1.8 1.9 | 2.1 22 23 | 24 | 25 
m f (X) approaches to 2 from the left- - - - > ме - - - -f (X) approaches to 2 from the right 


- - — - Lesson One 


* We find that : 
When X approaches to the number 1 (from the right or the left) 
which is written mathematically as «X ——» 1» and is read as «X tends to 1» 
» then f (X) approaches to the number 2 
Le. f (X) —-2 
The previous method which we follow to study the approaching of f (X) to 2 
when X approaches to 1 is called finding the limit of the function at a point and is 


written as га d: 52 


But this method needs much time and effort. 


If the value of the function f approaches to a unique value ( when X approaches to a from 
the two sides right and left › then the limit of f (X) equals { and it is written symbolically 


Lim f OO ={ |, and is read ав: the limit of f (X) when X approaches to a equals l 


(2) Evaluation of the limit graphically | 


не _Х?-1. а 
i" FOS X-1 is undefined at X 2 1 


& Техн » where Х+1 


i.e. It is represented by a straight line with an open dot at 
the point whose X-coordinate = 1 as in the opposite 
figure » and from the figure we notice that : 


when X 24510, | (from the right and the left) › 


then f (х) tends to 2 
i.e. Lim РО) =2 


Remark 


At finding Lim f 00) » it is not necessary that the function is defined at X = a › and vice 
versa : If the function is defined at X = a » it is not necessary that the limit of the function 


at X = a exists. 


[88] 
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| Important remarks at finding the limit of the function graphically | 


(1) In the opposite figure : 
We find that : 
First: At X=1: f (1) =1 
4 Lim f (X) does not exist. 
«There is a jump at X = 1» 


[Notice that : Although f is defined at X = 1 › the limit does not exist] 


Second: AtX=2:f(2)=2 › Lim f (9-1 
х—2 
[Notice that : It is not necessary that the value of the function equals the value of 
the limit] 
Third : Atx=3:f(3)=2 , Limf(-2 
шажин x—3 


Fourth : At X 24: f (4) 15 undefined › Lim f(x)=1 
x—4 
«There is an open dot at X = 4» 
[Notice that : Although the function is undefined › the limit exists] 


From the graph of the function in the previous figure, then : 

* The point which is represented by an open dot does not affect on the existing of a limit 
at it. 

* The point which has a brupt break (jump) dues to non existence a limit. 


(2) The opposite figure represents the function 


and we find that : 
When X approaches to 1 from the right and left » 
then f (X) approaches to оо › — со respectively. 


E Lim f (X) does not exist. 
—1 


Lesson One 


(3) The opposite figure represents the function 


= 
(X- 1) 


and we find that : 
When X approaches to 1 from the right 
and left » then f (X) approaches to со 


. Lim fog == 


Example e 


Find : Lim (5 - 2 X) graphically and numerically. 


Solution 
* Graphically : 
We represent the linear function f : f (X) 25-2 X 
as in the opposite figure : 
We notice that » when X — 4 
› then f (X) ——--3 
ie. Lim (5-2 x) 2-3 


* Numerically : 
We form a table for the values of f (X) and this by choosing 
values of X approaches to the number 4 from the right and 


the left as follows : 


—2.8 |- 2.98 | - 2.998 


From the table › we notice that › when X approaches to the number 4 from the right or the 
left › the values of f (X) approaches to the number — 3 


. Lim (s-259 2-3 


Х--4 
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Example Ө 


Study each of the following figures » then find the value of : 
(f Q) (2) Lim f (9 


Fig. (1) Fig. (2) 
Solution 
In fig. (1) : f 2) is undefined ; эв f (X) does not exist. 
In fig. (2) : f (2) is undefined ; Lm pope 


In fig. (3): f 2) 22 > Lg f (X) does not exist. 


Example ©) 
Study each of the following figures › then find the value of : 
DFO) Q) Lim у(х) 


Fig. (2) 


Solution 

Infig.(:5()22 > Limpoo-i 

In fig. (2) : f (0) is undefined , Lim у(х) = 

In fig. (3) : f (0) is undefined ; Lim f (X) does not exist. 


Х-»-0 


Lesson TWO | Finding the limit of a function algebraically 


The following are some fundamental theorems and corollaries which help for finding the 
limit of a function without restoring to the graphing or studying the values of the function. 


(Limit of a polynomial function) : 


If f 00 is a polynomial function in X » then Lim f (x) = f (a) 


For example : 


Lim (2 X+5)=f(2)=2(2)+5=9 


Lim (X? -3 X+2)= f (1)=1-3+2= zero 


Limit of the constant function. 
If f (X) =k where К is constant › then Lim ҒО = Lim К=К 
—a —a 


For example ; Lim 4-4 $ „Lim -5--5 


Theorem (2) 


If f >g are two real functions in X ,Lim f (x)= , Lim g Qo) = m where алт ER »then : 


() Lim [f о) +в 00] Е Lim f (ху) «Lim р(х) = ($m 


Х—+а Х—+а 


i.e. Limit of the algebraic sum of two functions = the algebraic sum of their limits. 


This rule can be generalized for the sum of a finite number of functions. 


(2) Lim [f 09 xg 09] = Lim у(х) x Lim g o9 = x m 
i.e. Limit of the product of two functions = the product of their limits. 


This rule can be generalized for the product of a finite number of functions. 
(Lim kf Qo = кйш f o9 =к( » where k is constant. 
i.e. Limit of the product of the constant х function = the constant X limit of this function. 


: { 
(4) Lim ГОО = 5 where m #0 
i.e. Limit of the quotient of two functions - the quotient of their limits regarding that 
the denominator # 0 
This rule can be generalized for the product of a finite number of functions divided by 
the product of a finite number of functions under condition that the denominator + 0 


(s) Lim [f oo] = [Lim f oo] =l" »nez* 


Example @) 


Find each of the following limits : 
: 2 2X 1 2 3 2 
M Lim x?^«3x-2« 47 (2) Lim (х?+3) o8 -2x? «4 x- 1) 


Qx?-5x*6 (X41) 


3) Lim 
or (x? 2) 8 X-1) 
Solution 
: 2 2.3 2 1 2.26 
a) Lim x *£3X-24 05.2 Lim (x 2855-2 epum с^. 
Lim2x 
slim (0749 xDe 
Х--»0 Lim (x-1) =] 


Q)Lim, (x?43) 03 -2x? «4 x- 1) 
-Lim (x?43)xLim, (x?-2 x? «4 x- 1) 
-(443)-3-8-8-1)-7х(-25)--175 


А | 
х?-5х+бу(х+1у Limex'-sx«oxLimx«n 


(Lim € ; - 
x1 (x? +2) (3 X-1) Lim (x? +2) x Lim (3 x- 1) 
_ @-5+6) (1+1) 3x2 


^ (1+2)(3-1) 3х2 


Lesson Two | 


Remark 


We can use the direct substitution : 


Lim f (X) = f (a) if the function is polynomial or rational with denominator + 0 


Х-»-а 


Theorem (3) 


If f › саге two functions in the variable X » f (X) = g (X) for all the values of X CIR - {a} 
and Lim g (x) =( ‚еп: Lim ў oo = 


The use of the previous theorem : 


This theorem is used to find the limit of a rational function Notice that : 


(fraction each of its numerator and denominator is polynomial) | X ——» a means 


say f (X) at X ——» a where f (а) = 210 (Х-а)---0 


zero 
i.e. (X — a) #0 and because 


This means that (X — a) is a common factor between 


that the simplifying is done. 


the numerator and the denominator. 


In this case » to find Lim f (X) › we cancel the factor (X — a) using factorization or long 
division to get a new function g (X) equal to f (X) when X #a » 


then Lim ОО) = Lim g (X) and the next example illustrates this process. 


Example © 
Find each of the following : 

; 2 : ES : 2_ 
(1) Lim X7-16 (2) Lim X -8 _ рали Cxe 

—4 X-4 me ros Ээ NX 
Solution 

_ sd : _ 42—16 zero 

(1) Let f (=> ЗРО) = 44 Teo 


„1лт Х2-16 -Lim (X- 9 +4) 


-Lim = = 
ТЫЛЫ crm; A TF xim x4 4+4=8 


a 3 
x 8 РО) = " 2-8 ш zero 
Х2-5Х-6 2-5(2)-6 Zen 


Lim X-8 Lim 2) 0 *2x44) 
UxX—2x? 5х-6 *—2  (X-2)(X-3) 


(2) Let f 00 = 


-Lim X*2X«4 2*+2 0+4 |), 
2 a = 2—3 ж 


(Ef) Vogt Y/ oU) - Uk obat - yalsdl 


(2 X43y-1 


= ‚С Ds = ZERO 
ні СХ FC ) (= 12:41 Zero 
. Lim 2+3 -1 Lim QX*3-DQX*3*1) 
ах MEL x(X+1) 
= Lim @Х+9@Х+® _ Lim 2(Х+1)х2(Х+2) 
OX-—-1 X(X+1) X—-1 X+) 
= Lim $0092. 40-142)... 4 
Х-»-1 27 23 
Example ©) 
eu X0-7X46 
Kinds Liam == - 
NOS X23 x2_8 X44 
Solution 
SO TX. 
Let ГЭЭЖ, х, ll 5 06 
ы 3:X^ —836x:4 


QY-7Q)*6 _ zero 
3) -8Q)«4 "eo 
~. (X 2) is a common factor between 


„ РО) = 


the numerator and the denominator » 
» then divide the numerator 
by the factor (X — 2) 


X2 x? -7Х-6 
Frrr pT 
2x? -7Х+6 
2x? -4Х 
-3Х-6 
-3Х-6 
00 00 


2. The numerator = (X —2) (X? +2 X- 3) 


Remember that 


For the long division operation : 


(1) Arrange the terms of each dividend 
and divisor according to the powers of 
X ascendingly or descendingly by the 
same way with leave an empty place 
for the powers which do not exist. 


(2) Divide the first term of the dividend by 
the first term of the divisor » then write 
the quotient. 


(3) Multiply the quotient by the divisor » and 
subtract the result from the dividend to 
get the left. 


(4) Continue with the same way until 
the division operation finished. 


„Eim X"-1Xx46 То (6-25 2423x-3) Tim X'02X-3 


Мин Л ин 


(X-2) (3 X-2) 


0—00: axo 
Atles _ 5 
6-2 4 


— — —-— Lesson Two 


' Enrich your knowledge ` 


: In the case of dividing by an expression of the first degree and the coefficient of X = 1 


с i.e. In the form of (X — a) › you can use the synthetic division method to make the long division : 
‘easier » and you can use it in the previous example as follows to divide (X? — 7 X+ 6) by (X-2) 


; (1) Arrange the coefficients according to the € 1 0 -7 6 


ascendingly or descendingly powers of X : 
and put (0) as a coefficient for the powers т 
which do not exist and put the number €» ТТ 1 : 
(Zero of the divisor) in the place of divisor. LLLI : 


: (2) The coefficient of the greatest power (2) 1 0 -7 6 
: 18 brought down to the third row › then 


multiply it by 2 and put the product in Ё i2] ] | | 


the second row place of the neighboring 
column directly. 1 L | : 


: 1 0 -7 6 
: (3) Add the coefficient of the next power to [o] + 


the product which you got immediately. 2] | | : 


: (4) Repeat multiplying and adding to get the 
factors of the quotient 1 › 2 and - 3 (2) 


2. The quotient is : Х2+2 Х-3 


Important remark 


In case of existence of a difference of two square roots of algebraic expressions 
(in numerator or denominator or both) › we multiply each of the numerator and 


denominator by the conjugate of (the numerator or the denominator or both) when the 


result of the direct substitution equals 250 and the next example illustrates this. 


Example o 
Find each of the following : 


(1) Lim Х°+2Х_ aum 1255:3-8 {4+х-2 VIDEO. 
un 070m x7? 4o«x-t9-x 
Solution 


By substitution in each of the two functions by X = 0 » we find that the value of each = 2270 


zero 
a)Lim х2-2Х їїш XX*2 x93 
x0 з 77 4xe9-3 х+9+3 


(multiplying by the conjugate of the denominator) 


Lig ^®+2 [үх+о +з] 


xo X49-9 
-Lim (x+2) [[х+9+3] =2х6=12 


-_-_——— 


x Ao.x-Yo-x ~~? 19-х-19-х 4+х+2 Yo+x+]9-x 


(multiplying by the conjugates of numerator and denominator) 


oe 4-Х-4 19 +х+ 9-х 


Хх 00943-0-—9'  Warxa2 


-Lim Х(Й9+х+{9-х Lim 19*x*19-x 
CT ах((4-х»2) 77 2(4+х+2) 


- 19-0-19-0 E 


(2 Lim (4-х-2 Lim {%+х—2 „Ї4+х+2  {9+х+{9-х 


3 
2(ү4+0+2) 5 
Example Ө 
Find each of the following : 
2 
Li Х-3 14 x*-x 2 
тат @) Lim ( Х-2 za) 


зліт 3X*4 
OM, х-1 


108 


Lesson Two 


Solution 


ЭСЭЭЭР кйм 
хәй m 
2) Let = -—— 
(2) Let f Q9 2 E - 
“ 2Х2-3-2 
fo- 
4-2-2 zero 


X-2 Х-2/ Х-2 x2 
+. (Х-2)(Ха-1) т; 
о Lim (0+1) =2+1=3 
Of N= 3H = d "undefined quantity" 


. Lim 2х+4 does not exist. 


Example Ө 


It Lim 100-7 = 4 where f (X) is а polynomial function » find Lim f 09 


Х--3 


Solution 
.. Lim 700-7 


Ж-»3 w.- 


exists and equals 4 

» ^ the denominator = zero at X = 3 

-. The numerator = zero at X 3 

^ f) -7 = zero = Т(63)-7 
эг f (X) is a polynomial function 

- Lim fooz£(3)-7 


Lesson Three Theorem (4) "The law" 


Theorem (4) 


: n n 
Lim Ха = паз-1 forevery n ER- {0} 


X—ea Х-а 


То use this theorem › we must note that : 


(2) The required is finding the limit when X ——> а 


Example €) 


Find each of the following : 


5 
LimXt-Bi -81 Lim X +32 
On Х-3 0929, X+2 


321065 — 
oA 2X-1 


(1) Lim X -31- Lim Х2-3--4х(3у = 108 


(1) The function must be in the form (or we can put itin the form) x 


Notice that : by direct substitution » we get f (3) = deni 
х5+32 ріш X-€32. -(2)° 4 
im sim = Lim Е 2 TN 
(yb Х-»-2 X+ "X42 X—2 X- c 2) Na х m 2) -5х ( 2) = 80 


—— - ——- Lesson Three 


5 
1 
: 5 х 321Х – == 
(3) Lim 32X"-1.pim 21-3] 
Ер EX-l "x 


-Lim 16x 
x 


Another solution : 


AsX— 4 »then2 X— 1 


Lim 32333-1.pjg 0ХУ-1 
Пар 2X-1 2x—1 QX)-1 


=5х (1)*=5 


(2) Lim ас. е › where n ER- {0} m ER- {0} 


Х—+а Хат 


Example [2] 


Find each of the following : 
5 5 
(Lim X -1 (2)Lim X +243 
х= Х---3 x*-81 
4 6 
(3) Lim x'-27x (4) Lim (Х + 1)°-64 
SOY quei ода ЖГЭЛ asp 8 
Solution 


im -1 tin Е 5 5-3. 5 
Up. зг ue fü "TN 


5 5 
(2) Lim Х+243 pim X'-C23) pim 37-037 _ 


3 x( 35-42-15 
X—-3 x*.8] X—-35 x*.gI X— 9-3 v4 (coa ~ 4 SPAM. 4 


: 4 " 3 А : 3 33 
(3) Lim X -7X -Lim X(X -27) pim X Lim X°-3 =3х3 533-4. 
Х-»-3 3 x^— 243 Х--«3 3(x*-81) x—3 3 68.404. .34 3 4 


(4) ^ X—-1 2Х-1--402 


. Lim 00517-64 pig (&+1#—2# _ 6 6-3. 16 
“1 (+18 X*—2(xlp-23 3 


Another solution by using factorization : 


Lim ®+ 19-64 p; 10+ D^-8] [ox 1)? +8] 


=Lim ((x. 1+8) =8+8=16 
х—1 (X 1) 8 Х--1 (X4 1) 8 Lim (( ) ) 


UNIT 
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Example ©) 


Find each of the following : 


(1) Lim pres = Gs (2) Lim 0-5-1 BI fin oe 
X—0 x х—6 Х-6 5h 
Solution 
(1) Lim +5 - — 625 -Lim Bem. бу -4х53-5Ю 
x-5- (x- sf 6 
opm C Lim, ae paru? 
6 6 26—26] х 2 2 6 _ 46 

(з) лт &*29 79 pig [(a+2h)°-a°] x $ Lim? [а 2 * - a? ] 

сан 5h Цана! 5х2 2h — 0 2h 


Remark 


1 
{а = а" wheren € Z* - {1} ,a€ к" 


For example : 
loa 1 
[x 2x [8285 22 


Example @ 


Find each of the following : 


Үх- : (2) Lim —— Yx- І 


(1) Lim 


x—9 x-9 X—13r— _ 2" 
Solution 
5 
1 
айж: 2-3 Lim Р-Р. Lim X =- 3 ШТ" 2677”? L ad 
x—9 Х-9 Xx—9 x—9 x-9 2 n^ Е 76, 


Another solution by using factorization : 


x—5 x-9 *—*(Ух_з\({х+з) ~~? Yx+3 (9-3 
Yx- $3 l1 iau 

mia. ape ee 
х- xr 3 


- Lesson Three | 
Example (3 

лын 

Find each of the following : 


4 
25 3 2 
a) Lim pe (2) Lim X +x? -36 


х—0 х— 3 x*-81 


b Solution 


4 l1 1 
Е . 4 4 
(1) Lim 4552-1 im Ge D'- 1? 


(2) Lim X5 *X^-36 р ig X?- 27 x?-9 
X—3  x*.gl EET Хх*-—81 


= 3 (3)3-4+ 2 (30-41, 1 11 
=тУ +49 4 1g = 36 


(V6: г) of ait To - zie okat- зав | 113 


Lesson Four 


The limit of the function at infinity 


WATCH 
VIDEO 


The meaning of finding the limit of a function at infinity » is studying the behavior of this 
function when X (the independent variable) takes very large values. 


If f (X) approaches a real number as X tends to infinity » then we say that f (X) has 


a limit «l» at infinity » and we write it as : Lim Рофе ( 


й Illustrated Example gm 


Iff:fM= хн and we want to study the behavior of the function f when X 


takes a very large values tend to оо let X takes the values : 1 » 10 » 100 › 1000 › 10000 ; ~ 


We get the following table : 


| х 1 | 10 | 100 1000 | 10000 


3 | 2.1 1 


| 2Х+1| 


20 12 2.0001 


РОО = E m 

From this table : 

It's clear that when X takes values gradually 
increasing » we note that f (X) approaches 


to 2 » then f (X) —— 2 as X —+ © 
im 109 =2 


— 


and we write L 


Notice that : 
We can't get this result by the direct substitution 
which gives f (Х) = E (unspecified) 


— The graphical solution b — 


At drawing the function 
: _2X+1 
ft Gane 
=2+ х 


we notice that : 
when X — оо з 


then f (X) ——2 


Е Illustrated Example 


Еу: 00 = i and we want to study the behavior of this function as X ——» оо 


Form the table : 


х 1 10 100 | 1000 | 10000 | == 
1 
ЛОО = 1 | 0.1 | 0.01 | 0.001 | 0.0001 | -- 
From this table we notice that : The graphical solution 
as X — co , then f (X) ——0 At drawing X 
: the function 
» then we can write Lim i -0 1 з 
ЁО) = М 
1 


This example leads us to the following 


theorem. 


Theorem (5) 


Corollaries 


Ifa ER, then: 


(1) Lim z = zero 


Basic rules 


* Lim c = с where c is a constant 


From the graph » < 
we notice that : 
when X ——» œ 5 


then f (X) —— zero 


Lesson Four 


(2) Lim Tis zero n CIR* 


* Lim x П = со where n is a positive number 


* Theorem (2) which is related by the limit of sum › difference › multiplying or dividing 


two functions at X = a that we studied before is satisfied also when we put X ——» co 


instead of X — а 


UNIT 


3 


Example @ 
Find each of the following : 
Lim (L Lim (3.41. i 3 
a) Lim (1 +2) (2) Lim (s =a (3) Lim (хз-5х+3) 
Solution 


The graph is for one's 
guidance only 


qup (+) 
Mq 
sbim Ч 


204222 


Х--оо 


1 1 
ойт (5-7) 
-Lim 3. Lim 41. 
х—»оо X—+ ce x2 


=3-0=3 


(3) Notice that » at direct substitution » the 
limit gives (e — =) and it is an unspecified 
quantity » so we use the method of taking 
a common factor by the greatest power 
» then : 


Lim хз (1-5 +55) 
=Lim x3 хт. =) 


=o х | = оо 


—— — —— Lesson Four 


Finding the limit of a rational function at infinity 


If the direct substitution by X = оо gives E » We divide each of numerator and denominator 
by X raised to the higher power in the denominator (degree of denominator) › then we use 
the theorem and its corollaries to get the limit (if it exists). 


Example e 
Find each of the following : 
(1) Lim 2Х-5 (2) Lim 5х2-3х+6 
X—93X-7 mdi ВЕРЕ 
(3)Lim | 3X^-5x — (4) Lim _X°-2x? 
EX 6X" 4-1 un 275 1 
> Solution 
(1) Dividing both numerator and denominator by X 
5 
.Lim 2Х-5 їлт  Х.2-0 2 
Ux—93xXx-7 oa. а =)" 3 
x 


(2) Dividing both numerator and denominator by X? 
2 5-34 + 
„Lim 3X -3X*6 pim. X x'. 


X—+ oo 2Х-7Х2 X—+ 00 2 4 
x 


(3) Dividing both numerator and denominator by X? 
Bom. 

. Lim ___3Х2-5х ^ Lim x x? _ Zero 
E Ee бы 2, 8. 4. 


-5 
7 


ie! 


+ 
X x? 


(4) Dividing both numerator and denominator by X ^ 


Important remark 


At finding Lim 709 where f (X) and g (X) are polynomial functions › then : 
Xe 600) 


(1) The limit = a real number not equal to zero "if the degree of the numerator is equal to 
the degree of the denominator" 


(2) The limit = zero "if the degree of the numerator is less than the degree of the denominator" 


(3) The limit = + оо "if the degree of the numerator is greater than the degree of the denominator" 


UNIT 


3 


Example Ө) 


Find each of the following : 

(Lim G-DG^*D сут (3+2) o8 -* 
х—»оо X? (5X —1) р х5 (C 1)! 

Solution 


(1) Dividing both numerator and denominator by X 3 


1 1 
1-—][1*— 
. Lim -— 9 x x: ixi. d 


225 желе, Х2(5Х-1) х—»оо (s 1) 1х5 5 
2 


(2) Dividing both numerator and denominator by X s 


2 \? тү 
3. злнү ч ++ ; (- ; 
„Lim GX'*2707-D -Lim Y ATA d Эн. 
— co X —» o9 т 
x5 (x41)! (+1) 1 


Example (2) 


Find each of the following : 


А 3 : 
= (2) Lim _5X-6_ 


. N8xi-5x«1 | 
зуїйш 177— — — (Lim (452 -x e1- 358 «x 1) 


х—= | 3Х-2 


Solution 
(I) Х— оо “|| = 
-9 


*. The limit = Lim 2x?-9 
шиний о 


Dividing both numerator and denominator by X j 


3 2-5 

.Lim 2х9. = ит х 2 

Х--оо Х-- соо 

21 Х7-1 "" ЖШ, 

x3 
(2) Dividing both numerator and =o by X= 1 x When X " 
5-5 
.Lim _5X-6 -Lim x 5 5 »then : х-1х|-1х2 
В 


Ар =x! = Serene 


авт Te m 9 


Lesson Four | 


NM : Abe 
(3) Dividing both numerator and denominator by X =‘) X 


(4) Lim (x?-x+1-x?+x+1) 


Lim {х?-х +1 а Т IE -х+1+/[х2+х+1 
ыш “да х+1+{х? +х +1 
-Lim °-Х+1)-(Х?+Х+1) pim ^ —— -2x ——— 


x9 Ax -х+1+ x2 e x41 c вхт х+1+/х2+х+1 


"dividing both numerator and denominator by X = ix 2n 


Trigonometry 


Unit Lessons 


Lesson Lesson 


Lesson 


* Revision on the most important rules have been studied before. 


The sine rule. 


The cosine rule. 


Solution of the triangle. 


Revision on the most important rules 
have been studied before 


Radian and degree measures of an angle 


* The radian measure of a central angle in a circle 


_ The length of the arc which the central angle subtends 
The length of the radius of this circle 


i.e. 


/\ 
coic цан 


* The converting between the radian measure and the degree measure : 


= . = Л in radians is 
and from it өм = Хх 18 | ? x = grad x r3 equivalent to 
180? in degrees. 
The basic trigonometric identities 


(1) cos? 9 + sin? 0 = 1 


(2) 1 + tan? = sec? 0 


(3) 1 + cot? = csc? 6 


(4) sin Ө csc Ө = 1 » cos Ө sec 0 = 1 ;tanO cot 0 = 1 


(5) tan Ө = 3in 9 juri 6 
cos 0 sin 0 


(P) oast Y/ oU) - ai ols, - walsd| |121 


Remember the following relations 


‚д... opp. _ AB 

(D sin 0 = тур. “АС 

. ad. _ BC 

(2) cos Ө = Бур.“ АС 
(3) tan 0 = SEP: = BE [el adjacent B 


(4) If the terminal side of the directed angle of measure 0 in the standard position intersects 
the unit circle at the point (X » y) » then: 
Х= соѕ Ө ›у = эт @ and X? + у? =1 

(5) The relations between the trigonometric functions 


of the related angles are identities : 
For example : 


sin (90? + 0) = cos 0 


» tan (360° — Ө) = — tan Ө ›... each one of 


them is a trigonometric identity. 


Areas of some geometric figures 


+ The area of AABC= 1 absin C= 4 bc sin A= $ a c sin В 
x The area of AABC =\{$ (S - a)(S - b)(S - c) 
Where $= 2tb+¢ 
~ 2 


» The area of the quadrilateral = 4 the product of the lengths of its diagonals x sine of the 


included angle between them. 

x The area of the regular polygon whose number of its sides is n sides and the length of 
its side is X= i nge cot t 

« The area of the circle = Jt 1° 


» the circumference of the circle = 2 Ur 


« The area of the circular sector = 4 ёт = 4 9^? 


» the perimeter of the circular sector = 2 г + l 


+ The area of the circular segment = 3 r (054 — sin Ө) 


Lesson One 


"In any triangle the lengths of the sides are proportional to 


the sines of the opposite angles" 


A 
ё.ШААВС: |8 / \ 
| sin A sin B sin C 
Where the symbols A › B and С С а В 


represent the measures of the angles of A ABC and the symbols a › b and c represent the 
lengths of the sides BC ; AC and AB respectively. 

Proof : 

*- The area of the triangle = 1 the product of the lengths of any two sides x sine of their 


included angle. 


A 
-. The area of A ABC = i ac sin B (1) 
1 b c 
=> cb sin A (2) 
= i ab sin C (3) с а В 
From (1) › (2) › (3): ~. cb sin A = ac sin В = ab sin С 
сах sin А sin B sin C 
» dividing by abc : ‚= а = = ши 
а р © 9 
ч z = QED. 
sinA sin B sin C (QED) 


Well known problem 


In any ААВС: | a = 


sinA 


Where r is the radius length of the circumcircle of the triangle ABC 


Proof : 


Draw the circumcircle of A ABC › then 
draw the diameter BD and the chord CD 


First : If A ABC is an acute-angled triangle : " 
г. m (4 BCD) =90° (drawn in a semicircle) D P 
»m(ZA)=m(ZD) (subtended by BC) 
тр =-2_=_а. 
In A DBC : ѕіпр = в 2r С ^ 
йй А к — 
“ sinA=5— "nA 2r 
ETE Nm „б 
Similarly : [= 21 "ic^?! 
-— — бе (Q.E.D.) 


Second : If A ABC is an obtuse-angled triangle : А 


-. m (Z BDC) = 180? — m (Z A) LION 


E 
ЭР" в _ дү ВС 
z sin (180° - A) = BC Ми». 
«ий У ЭЭР 
^SinA- А p 


a | b e 
sinA sinB sinC =2r (Q.E.D) 
Example @) 


In A ABC ;if a = 10 cm. »m (Z A) = 30° ,m (Z B) = 45° › find using the calculator each of 
b and c to the nearest one decimal › find also the area of A ABC to the nearest whole number. 


Solution 
“аа (Z C) = 180° – (30° + 45?) = 105° 
-—— "M в. 
sinA sinB sinC sin 30?  sin45? sin 105? 
_ 10 sin 105° 


10 sin 45° 
=10sin45 NEUE MESS э 
bet uns Cel 0: к COT um 


> the area of A АВС = 1 bcsinA- 3 x 14.1 x 19.3 sin 30° = 68 cm? 


2 


= 19.3 ст. 


Lesson One | 


Example Q 
In AABC : ш (ДА) = 25° 42 , т(/ В) = 118° 48 , АВ=20 ст. 


Find the length of each of : BC , AC 


pone 

m (Z C) = 180° — (25° 45 + 118° 48) = 35° 30 
BC АС AB 

ПА sinB sinc 

Вс |. AC _ 2 

"sin 25° 45 sin 118° 48  sin35*30 


2 BC = 208102542. дос. , AC = 2050 18° 48 395 om 
sin 35° 30 sin 35° 30 


Example Ө 


ABCD is а parallelogram in which : 


АВ = 123.4 cm. › т (4 САВ) = 15° 42 , m(Z DBA) = 55° 17 Find: 
(1) The length of each of the two diagonals BD , AC 
(2) The area of L7 ABCD 


Solution 
Let ACN BD = {М} 
^ In AMAB: 
m (4 AMB) = 180? — (15° 42 + 55° 17) = 109° Ї 
1234 _ BM AM 


' sinl09*] sin 15° 42 sin 55° 17 


. BM = 1234 sin 15° 42 5, cm. 


х 


sin 109° 1 
^. BD =2 ВМ = 70.6 cm. 
»АМ = 1234 sin 55°17 _ 107.3 ст, 


х 


sin 109° 1 
“ AC =2 AM = 214.6 cm. 


» the area of [7 ABCD = 4 the area of А МАВ 


=4x 4 x BM x AM sin (Z AMB) 


=4x i х 35.3 x 107.3 sin 109° Ї = 7162 cm? 


Example @ 
1 1 


ABC is a triangle in which : p sin A = i sin B= T sin C 


Find the lengths of its sides › given that its perimeter = 18 cm. 


Solution 

ПА _ sinB _ sinC РЕС ШОН 4 
2 3 4 sinA sinB sinC 

sda tb ea D234 

Leta=2k » b=3k » c=4k 

» the perimeter of АВС = 18 cm. /.2К+3К+4К= 18 

^9 к= 18 AE 


г a-4cm. » b=6cm. » с=8 см. 


E ! 
xampie [5] 


If the perimeter of А АВС 224 ст. › т (4 В) = 30° , m(ZC)= 48° , find b 


Solution 
m (Z A) = 180° — (30° + 48°) = 102° 
a b c 


'""sin102? sin30° sin 48° 


the sum of antecedents Я 
опе of the ratios 


the sum of consequents 


А at+b+c |. b 
** gin 102° + sin 30° + sin 48° sin 30° 


24 b 


5 Sin 102° + sin 30° + sin 48° — sin 30° 


Ба 24 sin 30° 
~ sin 102° + sin 30° + sin 48° 


=54cm. 


Lesson One | 


Example (6) 


InAABC ‚ИБ =7 ст. » m(ZB)=30° , с=9 cm. calculate the radius length of 
the circumcircle of A ABC ; calculate also m (Z A) to the nearest degree. 


Solution 
. b = 2 7 = 
“mp "sin30 ^ 
"ON - 
r= 2 sin 30° — Tem. There are two triangles satisfy 
Uu NA — ИРМ these givens and this case is 
502 = ЕСГ ^ —— = 14 
sin C sin C called ambiguous case and 
л ЕС а -. m (Z C) = 40° we will study it at the lesson 


"solution of the triangle" 


-. m (Z A) = 180? — (30° + 40°) = 110° 
or m (Z C) = 1409 
-. m (Z A) = 180? - (30° + 140°) = 10° 


Example 54 


The opposite figure represents three positions of cities 
А ›В and C. If the distance between A and B in the 
drawing is 14 cm. эт (4 А) = 35° , т (4 C) = 42°, 


find to the nearest km. the distance between the two 


West 


cities B and C , if each 1 ст. in the drawing represents 


20 km. in real. 


Solution 
14 BC 


' sin42* ~ sin 35° 


BC= решаг = 12 ст. 

sin 42° 
› ^ each 1 ст. іп ће drawing represents 20 km. in real 
^. 12 cm. in the drawing represent 20 x 12 = 240 km. 


i.e. The distance between the two cities B and C is 240 km. 


Lesson T WO The cosine rule 


In any triangle ABC : 


d -2becos| » hence 


- (ъс? +а 22 сасозВ » hence 


[= c?2324b?-2abcos С » hence 


L> This rule is used if : 

The lengths of two sides in 

A ABC and the measure of their 
included angle are given. 


Proof : To prove that : a? 2 b? c? - 2 bc cos A 


First : If A ABC is an acute-angled triangle : 
Draw CD 1 AB to intersect it at D 
In ACDB: 
-: (BC? = (ср) + (DB)? 
. (BC? = (Ср) + (AB - Ар)? 
= (Ср)? + (АР)? + (AB) - 2 (AB) (AD) 


This rule is used if : 4—— 
The lengths of the sides of 

A ABC or the ratio among these 
lengths are given. 


= — Lesson Two 


»' (CD? + (Ар)? = (АС)? , AD-ACcosA 

-. (ВС)? = (АС)? + (AB)? – 2 (AB) (AC) cos А 

г. a? =b? +c? — 2 bc cos A 

2 2 2 

^n соз Ac tea (Q.E.D) 
Second : If A ABC is an obtuse-angled triangle at A : 

Draw CD 1 BA to intersect it at D 

In A CDB : - (BC)? = (Ср)? + (DB)? 

-. (BC)? = (CD)? + (АВ + AD)? 

= (Ср)? + (АР)? + (АВ)? + 2 (AB) (AD) 
> (CD? + (АБ)? = (АС)? 
› AD = АС cos (180° — A) = — AC cos А 


Yrpl--------0 
Е 
i» 


-. (ВС)? = (АС)? + (АВ)? - 2 (AB) (AC) cos A 
га =b? +c? 2 bce cos А 
2 2 2 
^ 005A 2 +e a QED) 


* Notice that : The cosine rule is also true in case of the right-angled triangle 


Remarks 
, : тр : ) 
* To find the measure of an angle of a triangle » it is better to use the cosine rule » 
because it determines the type of the angle whether it is acute or obtuse. 


[putting : cos A = cos 90° = 0] 


*Ifa:b:cz2:3:4,then we suppose: a=2k » b=3k » c=4k where k E R“ 
» then we substitute in the cosine rule to find the measures of the angles of AABC 
* To prove that ABCD is a cyclic quadrilateral : D 
— We prove that there are two opposite supplementary angles : 
m (Z A) +m (Z C) = 180° i.e. cos А + cos C = zero 
огт (4 В) + т (2) = 180° i.e. cos В + cos D = zero 
— We prove that the measures of two angles drawn on one base and 
on one side of it are equal : т (Z ВАС) = m (4 BDC) " : 
i.e. cos (2 ВАС) = cos (Z BDC) 


(ММ: г) ogg Ү/ OW - Li okok - yalsdl 


Example e 


InAABC :Ifb 230cm. › с=14ст. » т (4 А) = 60° ,Ёшда 
Solution 

s a?2b?4c?-2bccosA 

<. а? = (30 + (14 - 2 x 30 x 14 x cos 60° = 676 

г. а=\ 676 = 26 cm. 


Example © 


XYZ is a triangle in which: X24cm. › y=5cm. » z-6cm. 


Calculate the measure of its greatest angle and its area. 


Solution 
^ Z Zis the greatest angle. 
2 2 2,2 2 2 2 
-. cos gu Py cR 24 *5'-6' _9 195 


2Xy |  2x4x5 c 
^m. Z) = 82° 499 
‚фе area of A XYZ = 1 xy sin Z= 4 x 4x 5 x sin 82° 499 = 9.9 cm? 


2 
Example © 
In AABC: 1 sin A= 1 sin B= 4 sin C ; calculate m (Z C) 
Solution 
.SinA _ sinB _ sinC 
2 3 4 
_2 23 _ 4 
'sinA sinB sinC 
5а:0:0-2:3:4 


Letaz2ksbz3k»c-4k 


а2+2-с2 Ak?«9k?- 16K? -3k? 1| 
2ab 2x2kx3k 12К? 4 


^ m (Z C) = 104° 28 39 


Lesson Two 


Example © 


In AABC: а = 13 ст. ›Ь = 14 cm. ›с = 15 ст. Find the radius length of its circumcircle. 
Solution 
Ь2+с2-а? _ 196+225-169 4 
> cos A= Ав 
2bc 2x14x15 5 
- on AeA TE = 
^sinA-$ ГЖ шд 72! 
13. B al 
дет а Би 
5 
Example © 


ABCD is а parallelogram in which: АВ =8 ст. › ВС=И ст. , BD=9 ст. 
Find the length of AC 


Solution 
. .G?^«üD0?-(9)? 13 

In A ABD co Ae c ai m D A 
»"m(Z А) + m (/ В) = 180? (two consecutive angles А 
i Cras) уй 
& cos В =- cos A - 13 Ё Ист. В 
<. In A ABC : (АС)? = (8)? + (11? -2x 8x 11 x = 289 
7. АС = 17 cm. 

Example Q 


ABCD is a parallelogram in which : m (/ А) = 120° , its perimeter = 16 cm. 
» the length of its greater diagonal = 7 cm. 
Find the area of 7 ABCD ; given that : AB < BC 


UNIT 


In A ABD : -: (BD)? = (АВ)? + (AD)? – 2 (AB) (AD) cos 120° 
2492 x? + (8-3? -2x (8-3) x (- 1) 
n492X^«64-16X4 x?«8x-x*? 

2 X?-8X4+15=0 

4 06-8)06—5) 0 

5,Х-30:Х:5 

> AB« BC 

<. AB 23cm. › AD = 5 ст. 

^. The area of (7 ABCD) = 2 the area of (A ABD) 


1513 
=2х 1 x3 x5 sin 120° = LENT 


Example [2] 


ABCD is a quadrilateral in which : 
АВ-3сш. › ВС=7 ст. » СО=5сш. › АС= Вр = 8 ст. 


Prove that : ABCD is a cyclic quadrilateral. 


Solution 

: 3824-82-13 
In АВАС: cos (2 ВАС) = 353 ий 
. N ZI 
>in A ВОС: cos (4 BDC) 2775 7273 = 5 


2. cos (4 BAC) = cos ( BDC) 
г. m (4 BAC) = m (4 BDC) (and they are drawn оп ВС and on one side of it) 
+. ABCD is a cyclic quadrilateral. 


Lesson Three Solution of the triangle z 


VIDEO 


Solution of the triangle means to find the lengths of its sides and the measures of its 
angles » if it is given three of these six elements (one of them at least is the length 


of one side). 


There are four cases for solving a triangle : 


Solving the triangle given the length of one side and the measures | 
of two angles : 


| In AABC » if m (Z A) » m (Z B) ›ааге given: 
(1) Use the relation : m (Z C) = 180° — [m (Z A) + m (Z B)] to find m (/ C) 
Р Сю find b »c 


sinA sinB “зп С 


(2) Use the law : 


Example (1) 

Solve the triangle ABC in which : m (ZA) = 38° 52 › m (Z В) =96° 51 » a=22.3cm. 
Ч Solution 
m (Z C) = 180° — (38° 52 + 96° 5] ) 2 ( 44917 | 


"NN We 1228 в __ % 
sinA sinB  sinC віп 38° 52 ѕіп 96° 5]  sin44? 17 


дъ = 223 8196° 51 _ CIT 
sin 38° 52  ———— 
_ 22.3 sin 44° 17 _ 


yea 222302 L (24.8 cm.) 
sin 38° 52 — 


UNIT 


4 


ѕесопа саѕе solving the triangle given the lengths of two sides and the 
measure of the included angle : 


х 


| In AABC ›На »b »m(Z С) аге given: | 


(1) Use the law : c? = a? + b? - 2 ab cos С to find с 


Я Л es Бе = a? = 
(2) It's better to use ће law : соз А = ATO E to find m (Z A) because it 
determines the acute or obtuse angle (or you can use the sine law to find 


the measure of the angle opposite to the smaller of the two given sides) 
(3) Use the relation : m (4 B) = 180? — [m (4 A) + m (4 C)] to find m (4 B) 


Example Ө 

Solve the triangle ABC in which: a28cm. s БЕЗ ст. s m(Z Су=:60° 2 
Solution 

E c? 2a? 4 b?-2abcos С 2644 25 -2x 8 x 5 cos 60° 2 = 49.04 


“.c={ 7сш. 


Ъ2+с2-а2 25449-64 | 
s608Àm—————————o3, CN 
2bc 2x5x7 Л 


- m(Z A) = | 81°47 
-. m (Z B) = 180° – (60° È + 81° 47) = | 38° И 


Another solution : 
After finding c » you can find m (Z B) using the sine law because Z. B is opposite to 
the smaller given side. 


Tp— Я ш _ 
` sinC sinB '' зт 60°)  sinB 
à аве а ^. m (Z B) = 38° 14 or 141° 46 


7 
>. bis not the length of the longest side. 


-. Д B cannot be obtuse. - m(Z B) = 38 14 
 ш(СА= 180° — (60° È + 38° 14) = 81° 44 


+ Notice that : The differences in the measures of angles between the two solutions is due 
to approximation in calculators. 


= Lesson Three | 


| Third case омы the triangle given the lengths of the three sides : | 


In AABC » if a »b 5c are given: 


2 2 2 
(1) Use the law : cos A=? 4Sa tg find m (Z A) 
c 


2 2 2 
(2) Use the law : cos B= Рю find m (Z B) 
ca 


(9) Use the relation : т (4 C) = 180° – [m (Z A) + m (Z B)] to find m (4 C) 


Example ©) 
Solve the triangle ABC in which : а = 5 cm. sb 27 cm. эс = 11 cm. 


Solution 
b?«c?-a? _ 49+121-25 145 
2bc ^ 2х7х1| 154 


- m(Z А) = | 19° 4T 


2 2 2 
- .Cc^*a^-b^ 121-25-49 97 
В ос = ЗхиХх "do 


зав 
г. m (4 C) = 180° — (19° 4] + 28° 8) = [132° 17 
Remember that 


Л COSA- 


The sum of any two side lengths in a triangle is greater than the length of the third side. 
For example : 


Ifa=2 cm. »b = 5 cm. and c = 8 cm. › then these lengths cannot be side lengths of a triangle. 


Example © 


Solve the triangle АВС in which : т (Z A) = 40° › m (Z C) = 35° , the radius length 
of its circumcircle = 6 cm. 


Solution 


m (Z B) = 180? - (40? + 35°) = 105? 
а _ b с 


"sin 40° sin 105° sin 35° | 


UNIT 


Solving the triangle given the lengths of two sides and the measure of 
the opposite angle to one of them «Ambiguous case» 
R Illustrated Example 
Using the geometric tools » draw A ABC in which AB 27 cm. s m (4 A) = 30° 


and BC = 4 cm. » then verify your answer using the sine rule. 


Solution 
* We draw a line segment AB of length 7 cm. 
* We draw Z A of measure 30° with AB and it is Z BAD 


* We place the sharp point of the compasses at the point B and 
adjust it with length 4 cm. » and draw an arc intersecting the 
straight line ADatC 

* We notice that the point C has two positions » i.e. we can draw two triangles having 
the same previous conditions and they are ABC, and ABC, » by measuring we find that : 


m (Z C) = 61° in A ABC, or m (2 C) = 119° in A АВС, 


Verifying the answer by using the sine rule : 


а Це , at 
' sinA — sinC ^^ sin30* — sinC 
7 sin 30? 


г. sinCz - т (positive) 


4 
-. Z C lies in the first quadrant (acute) or in the second quadrant (obtuse) 
+ m (Z C) = 61? orm (Z C) = 119° 


Generally » by using the geometric solution » we can reach to the following : 


In A ABC » if a » b and m (Z A) are given » then we find h = b sin A » and to find the 
possible solutions of the triangle » we compare between the values a » b and h as follows : 


First : If Z A is acute and : 


(1) (2) 


а = һ › then we can draw a unique 


annot draw the triangle. 
Va aa "ЭЭЛ" 


(3) 


А 


h«a«b » then we can draw two triangles. 


Second : If Z A is right or obtuse and : 


(1) 


axb » then we cannot draw a triangle. 
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(4) 


A Pd 


azb › Шеп we can draw a unique triangle. 


(2) 


a7 b › then we can draw a unique triangle 


(^ 


In this case » we can solve the triangle using the sine rule directly without determining 
the number of possible triangles with considering the following : 


(1) Z A lies in the first quadrant (if it is acute) and lies in the second quadrant (if it is obtuse) 
(2) The range of the sine function is [- 1 » 1] 
(3) If the triangle has an obtuse angle ; then the other two angles must be acute angles. 


Example o 


Show if the following conditions satisfy the existence of one triangle or more 


WATCH 
VIDEO 


» or don't satisfy the existence of any triangle at all › then find the possible 
solutions : 

(1) ABC is a triangle in which m (Z A) = 112? , а= 7 cm. and b = 4 cm. 
(2) АВС is a triangle in which m (4 А) = 112? 5 а=4 cm. and b =7 cm. 
(3) LMN is a triangle in which m (Z L) = 50° 


(4) DEF is a triangle in which m (Z D) = 60? 


» (24cm.and m- 7 сш. 
» dz75cm. and e = 543 cm. 


(5) LMN is a triangle in which m (4 L) = 30° , {= 6 ст. апа m = 9 cm. 


137 
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(1) Z Ais obtuse »a>b 


~. The triangle has a unique solution. 


„зу m D The triangle has one obtuse angle at most. 
sinA sinB nom 
| 7 _ 4 a is obtuse. 
'sinll2? sin B -. Д B must be acute. 


-. ДВ lies in the first quadrant only. 


дый Бе sn = 0.5298 


Am в) = [32° | 
г. m (Z C) = 180? – (112° + 32°) = 


a c Е 7 С 


V nA зшС "* sin 112°” sin 36° 


(2): Z Ais obtuse »a« b Notice that : 


А ul $ " | | Л 
The conditions do not satisfy Ш 7 сип. 7 ѕіп 112° _ 16 


"sinlI2? sinB ^ 4 


and this is impossible because sin BÉ [- 1 » 1] 


the existence of any triangle 


at all. 


(3) 4 Lis acute »h=m sin L=7 sin 50° == 5.4 cm. 
. {<һ 


-. The conditions do not satisfy the existence of any triangle at all. 


(4) л Z Dis acute › В =e sin р = 5Ẹ 3 sin 60° = 7.5 cm. 
"а= 
~. There is a unique solution to the triangle which is right-angled at E 


+. m (Z E) = 180° — (60° + 90°) = [ 30° | 


TE y-as- 


(5) 2 Z Lis acute »h = m sin L = 9 sin 30° = 4.5 ст. 


— 


? 


245 <6<9 ieh<l<m 


> 


2. There are two solutions to the triangle 


— Lesson Three | 


" ( НИ! . 6 | 9 
' sinL — sinM ''sin30? sinM 
EE 


-. СМ lies in the first or the second quadrant. 


or 


> Ы 

-. m (4 M) = 48° 35 23 - m(Z М) = 180? — 48° 35 25 
M ЫЈ 
и. m (4 № =|131° 24 35 


= 180° — (30° + 48° 33 23) ^m № 


IN | 
= [101° 24 33 | = 180° — (30° + 131° 24 35) 
mw ZICEEJ 


Y sinL віп М 6 Ч 
$c c ———— 
5 х sin 30° 18933234 
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Unit Exercises 


* Exercise on pre-requirements for unit one 
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Exercise 
2 
Ф 
Q) 
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e monotony) 


nd odd functions 
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m 
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piecewise functions 


Geometrical transformations of basic function curves 


Solving absolute value equations 


Exercise Exercise Exercise Exercise 


Solving absolute value inequalities 


• At the end of the unit 
Life applications on unit one 


ШЙ From the school book @ 


Choose the correct answer from the given ones : 
(1) [Q] Which of the following arrow diagrams represents a function from X to Y ? 
Y Y 2 


(d) 
(2) CO The relation shown by the set of the ordered pairs and does not represent 


a function is -= 
(a) (0535855565509) 
W) {(2 +3) 53 +4) 9251) 9 55)} 
(с) {00 ›3) ›(1 »3) › (2 »3) › (3 ›3)} 
( {3 »5) › (1,5) › (0 ›5) › (2 ,5)} 
( 3) If f : IR ——7 R and f maps а number to half its square added to 3 
s then f (2) = 
(a) 4 (b) 1 (c) 3 (d) 5 
( 4) If N is the set of the natural numbers › which of the following represents a function 


from М — N? 


(a) 00 = 2X (b) g (X)=1-x 
(c)h(X)=2X+43 (d) n 09 - X 
(5)1 f : 1525354 5] — R where f (X4 2) 23 X+ 1 s then (3) = 
(a) 10 (b) 9 (c) 4 (d) 1 
( 6 ) The domain of the function f where f (X) = 8 derer 
(a) R (b) R- {8} (c) R- {2} (d) R- {4} 
(7) If f RY —e R , f 00 = +1, then the domain of the function is =: 
(a) Ж (b) R- {0} (c) R* (à) R- [-1] 


С From the school book | @ Understand 


Multiple choice questions | 


Choose the correct answer from those given : 


$ (1) Inall the following relations » y is a function in X except = 


(а)у=3Х+1 (Бу=х?-4 (с) Х=у2-2 (d) y sin X 
$ ( 2 ) Tnall the following relations » y is a function except + 

(a)y=cosX (Ы)у=2 (Qysx?-1 (y? 2x^«1 
$ (3 ) The domain of the function f : f (X) = 5 is ee- 

(а) R (b) IR* (©) {5} (9) {0,5} 
$ (4) The domain of the function f : f (X) = 27 is — 

()R OR-[-) | ©й-{-},2} @R-{2} 
9 (5) The domain of the function f : f (X) = Gea yaw 8 авианы 

(а) Ж (5 {5 ›-5} (c) R - {5} (d)R-{5 5-5} 
© ( 6 ) The domain of the function f : f (X) = Ane — 

(a)R-{1,-1} ЫВ-{0,-4} (c) В (d) R- [0 54} 
o ( 7 ) The domain of the function f where f (X) moque is 

(а) (b) R- {5} ()R- {2} (d)R-{-2 »-5} 


UNIT 
1 e Understand O Apply $% Higher Order Thinking Skills 
7 
365 6 
(a) R - {3} (b) R- {7} (c) R - {0 > 1} (d) R- [0 515-1} 
Х-1 
4X 
(a)R (b) R- {0} (c) R* (d) R- {1} 

in of the function f : =— 2 — jisR-[3!, CANCERS 
о (10) CJ If the domain of the function f : f (X) xix {3} „епк 


5 (8 ) The domain of the function f where f (X) = 


о ( 9 ) The domain of the function f where f : Rt — —& R › f (X) = 


(a) 3 (b) 9 (c) +9 (d) 18 
$ (11) C The domain of the function f : f (X) 24[X-3 is eo 
(a)R (b) R- {3} (о [3 > [ (d) ]-  »3[ 
© (12) The domain of the function f where f (X) =Й 4—X is -+ 
@)[4,=[ Je s4 © = @]-= 4] 
$ (13) CA The domain of the function f : f (X) = Х— 518 --- 
(а) [5 >L (b) ]- ›5[ (c) IR (d) Rt 
4 (14) The domain of the function f : f (X) = (9 — x is wmnnenene 
(а) ]-3 >3[ (b) К (c) R- ]- 3 »3[ (1-353| 
© (15) The domain of the function f : f (Х)-1Х-4:3:48------ 
(а) ]-3›=[ (Ы) [-3,=[ (c) {-3} (à) {0} 
© (16) CO The domain of the function f : f (X) -|Х24918------- 
(aR © в-{-3,3} @R-[-353] @}3,3[ 
© (17) C The domain of the function f : f (X) = um анын 
(а) [4 ,=[ (b) ]4 > ef (с) ]- = ›4] (d) ]- e» »4[ 
$ (18) The domain of the function f where f (X) = [X + 4 is v 
(a) Ж (0 R- {4} (c)R-{0} (d)R-{-2,2} 
© (19) (11 The domain of the function f where f (X) = m уйаны 
{х2-5х-6 
(a) R- {5} (b) R - {6} ()R-{1,-6}  @R-{-1,6} 


$ (20) The domain of the function f : f (X) = 3 


1 


is - 


Exercise One | 


Үх'+9х+8 
(a)R-{-8 5-1} (Б) [-8 5-1] 
(c) ]-8,- Ц (a) {-8,-1} 
© (21) If the domain of ће function f : f (X) = —L— is ]-3 »e[ 5 then a = сс 
{х-а 
(a) 3 (b) -3 (c) +3 «43 


(a) 5 ШЙ 
-4X+3 › X<3 
ө 23)If:f(X)21-x? з 38558 
Jk sl s 58 
(a) -37 (b) - 1000 


(24) The domain of the function f where f (X) = | й 


(a) IR (b) R- {3} 


© (25) The domain of the function f where f (X) = | x 


(a)R- {1} œ) [0 » 2] 
0 
(26) The range of the function f : f (X) -| 
1 


(a) {1} (5) {0} 


* (27) The figure which represents y as a function in X is 


© (22) If the domain of the function f : f (X) = 
x +a 


1 


(c) zero. 


› then f (10) = -- 


(с) 301 

2 a 

()R- [-2] 
"n- э 

(o) R- (0 52} 


, Х»0 
(с) IR 


is R » then a can not be equal ..............- 


(d) 9 


(d) Jo »2| 


UNIT 
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* (28) Which of the following graphs does not represent a function ? 


© (29) The opposite figure represents ............... 
(a) function f : [- 4 2] — R 

(b) function f : [- 4 e» [ —= R 

(c) function f : [-4 »2] — [-2 . 3] 


(d) relation between X » y but not a function. 


о (30) The opposite figure represents the curve 


of function f » then its domain is -+-+ 
(a) R-{-4 ,- 1] 

©) ]-4 .-il 

(о [-4 ›=[ 

(9) [-4 ›=[-{- 1} 


* (31) The opposite figure represents function of X 


» its domain is -.----....... 
(a) IR 

(5 R- ]-2 >2[ 
(c)R-[-2 »2] 

(d) R-{o} 
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è (32) Which of the following figures represents the curve of a function in which its range = its domain ? 


CEE: 


w= 


© (33) The range of the function 
shown in the opposite figure is ~- 


(a) (- 152] 
(b) {2} 

(с) {-3 »3} 
(à) {- 1} 


о (34) The range of the function 
shown in the opposite figure 15 -=Ê 


(а) {1} 

(5 [15-1] 

() {-1} 

(d) R- {0} 

© (35) The opposite figure represents a function of X » 
its range is -== 

(a) R - [0,2] 

(5 R- {0} 

(c)R-[0 »2[ 

(d)R-]o 52] 


UNIT 
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5 (36) In the opposite figure : 
First : The range of the function is ............... 


(a) R - {0} (b) IR [-2,2] 
(c) IR (d) [-2 » 2] 


Second : The function is increasing in ............... 


(a) ]- өө» 0[ only 

(b) 10 ›=[ only 

(c) ]- e »0[ › ]0 ›=[ 

(à Ё [-2,2] 

5 (37) In the opposite figure : If the drawn curve 
shows the function f » which of the 
following statements is true ? 


(a) The function increases on its domain. 


(b) The function decreases on ]- e» ; — 2[ 


and increases оп ]O › c2[ 


(c) The function increases on each ]- ee » 2[ 5 ]- 2 , oof 
(d) The function increases on each ]- ee 5 0[ , JO» °о[ 


* (38) The opposite figure represents the curve 
of the function f which of the following 


statements is false ? 
(a) f is constant оп | 2 5 1[ 
(b) f is decreasing on ]1 » 4[ 


(c) f is increasing on ]- 3 ; — 2[ 


(d) f is constant on 1-3 » 4[ 


& (39) In the opposite figure : If the 
function decreases on |0 > al 
and constant on ]b , o| 
»thena-b 2 

(a) 5 

(b) 1 

(с)-1 

(d) 3 


Exercise One | 


ЕВ 1f X and y are two real variables › then determine which of the following relations 


represents a rule of a function in X : 
(1)у-2Х-5 (2) у2= Х+4 (3) у= x? +4 
(4) x-y} =5 (5)у=2 (6) х-3 


a СД In each of the following graphs › show if y is a function in X or not : 
. 
(1) (2) (3) 


(4) 


Determine the domain of each of the real functions defined by the following rules : 


(1) t f£ 09» 5+3. (2) Q f 09» 2X3 — 
х2-9 х2-3Х-2 
3 "T ширэн 4) п CHE c 
(3)/005—— 5 (402097517 
5 2. 0X*3 - = Х+1 
(5f09- 53 (6) E300 2577 
Determine the domain of each of the real functions defined by the following rules : 
(1) 100-х (2)f09-— 
23-5 
(3) 01700 =—8 (4) 2 09» 


Teri Tx 
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E Determine the domain of each of the real functions defined by the following rules : 
© 

-3 5 X«3 8"-1 « 550 
core ce 

5-х x23 -5 , 2«X«4 
3x >» хЄ[0,2] 
(3) 70) =16 > хЄ]2,4[ 

х+2 » xe[46] 


Я пику: х— „Ваах={1,2,-2,-3} 
? » find the range of the function if f (X) 2 5 X —3 


EB Ес: {1,2,3,4,5]} „2 where g 00-24 X-3 
? ( 1 ) Write down the range of the function. ( 2) If g (К) = 17 › find the value of К 


a Determine the domain and range ; then discuss the monotony of each of the functions 
о 


represented by the following graphs : 
(2) 


Exercise One | 


& Choose the correct answer from those given : 
(1) If the relation between the sum of the interior angle measures of a polygon (y) 


and the number of its sides (X) is y = Л (X — 2) » then the domain of this function 


(a) IR* (b) R- {2} (c) Z* (d Z*- {1 2} 
( 2 ) The domain of the function f : f 09 =; инея 
x-2 
(а) R (b) R- {2} ()R-{0>2} @R-{8} 
( 3 ) The domain of the function f : f (X) = Чаи 
3Х-Х 
(a) ]0 ›=[ (b) ]- » Of (о) [0 ›=[-{1} @ ]0,=[- {3} 
( 4 ) The domain of the function f : f (X) = —— 
| {%-ї=3 
(a) [1 > (b) [1 ›=[ - {3} (C) ›=[-410} (а) [-3 ›=[ 


Exercise 2 — 


Test yourself 
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ЕЕ manipie choice questions | 


Choose the correct answer from those given : 


* ( 1 ) The even function from the functions that are defined by the following rules is -++--++ 


(a) f Q9 2 x? (b) f CO = sin x 
(c) Р(Х) = X cos X (d) f (X) =X sin X 
$ (2) The odd function from the functions that are defined by the following rules is -------- 
(a) f Q9 =X? sin X (b) f (20 = tan” x 
(c) f ОО = cos X (d) f 921 


* ( 3) Which of the following rules is defined as odd function ? 
1 1 
OPO = EXP E 


(2) f (X) =X? tan X 
(3) f CO =X sin X 


(a) both (1) › (2) (b) only (1) 

(c) both (2) › (3) (d) АП the previous. 
е (4) The type of the function f : f (X) =X is —€— 

(a) even (b) odd 

(c) neither even nor odd. (d) linear 
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. ( 5 ) The function f : f (X) =X cos X is еее 


(a) even. (b) odd. 
(c) neither even nor odd. (d) linear. 
© ( 6 ) The following functions are even except + 
(a) f (X) = sin X (b) f (X) 2 cos X ()f(xX)=xX*-1 (@7(Х)=1 
= ( 7 ) Which of the following functions is not even ? 
y= (b) y = sec X 
(c) y 228 + sin X (у=3 Х*-2 X? +27 
5 (DE O=- sthen «mune: 
(3) f C07 755 (5f OX 2-f C2 
(0f 092 f C20 (@) f C29 - f (2) 
© ( 9 ) If f is an odd function » f (1) 22 > then which of the following points lies on the curve of f ? 
(а) (C152) (b) (-15-2) (с) (1 »—2) (d) C 1 »0) 
5 (10) If f is an odd function » a € the domain of f › Шеп f (а) + f Ca) = eeren 
(a) zero (b) 2 f (a) (c) 2a (d) f (a) 
о (11) If f is an odd function » then f (a) - f (= а) = еее 
(а) zero. (b) f (a) (c) 2 f (a) (d) f (2 a) 
5 (12) If f is an even function » then f (а) – f (- а) = еее 
(а) zero. (b) f (а) (c) 2 f (a) (d) f (2a) 
i (13) If f is an even function › 2 € the domain of f » then f (2) + f C D) = 
(a) zero. (b) 4 (с)2 (4) 2 f (2) 
о (14) CO If the function f is an even over [a › b] » then b = ++ 
(a)a (b)-a (c) 2a (d) а? 
о (15) If f is an odd function in [а›6] sa «0 > then b= oe 
(a)a (b)-a (c)2a (à) 2? 
$ (16) If f is a function where f : 1-5551--8-.1(Х)- X? ,then the function f 
dass esen 
(a) even. (b) odd. 
(c) linear. (d) neither odd nor even. 
(17) If f : f Q0 =a X? +b X + c is an odd function » then c = +111 
(a) 2 (b) 1 (c) zero. (d)-1 
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Ф (18) If f : f 00 2 X? +аХ+ 9 is an even function ə then a = .--............ 


(a) 6 (b) 3 (c) zero. (d)-6 
9 (19)1f f Q9 =X? - x > then | (Х) + (|=. 
(а) zero. (b) 1 (c)2 (d)4 


ө (20)If f: f O=ax ? 1 b is an odd function and the curve of the function passes through 
the point (2 › 8) » then a + b? = ............... 


(a) zero. (b)-1 (c) 1 (d) 5 
9 (21) The function f where f (X) 2 5 X is symmetric about ............... 

(a) the point (2 , 1) (b) the straight line y = 1 

(c) the point (5 › 0) (d) the point (0 › 0) 
© (22) The function f : f (X) = X? + 5 X is symmetric about -.............. 

(a) the X-axis. (b) the y-axis. 

(c) the origin. (d) can not be determined. 
ә (23) The function f : f (X) 2 Х2+ X^«1is symmetric about ............... 

(a) the origin. (b) the X-axis. 

(c) the y-axis. (d) it has neither symmetric point nor symmetric line. 
© (24) The function f : f (X) = sin 3 X is symmetric about the point ............... 

(a) (0,0) (b) (3 ›0) (с) (-3 »0) (d) (-3,3) 


* (25) Which of the following functions is not even ? 


хх хх, 
o 


7 y 


(c) 
* (26) The opposite figure represents the curve of the function f 
» then f iS e 
(a) linear. 


(b) an even function. 
(c) an odd function. 


(d) neither odd nor even. 


Exercise Two 


è (27) Which of the following functions is even ? 


© (28) 111 The curve represented in the opposite 
figure is symmetric about the straight line 


whose equation is ............... 
(a) b au (b) y- 0 
(с)у=-2 (4) Х-2 


(13 In each of the following figures › mention the curve which is symmetric about 


the X-axis › the y-axis or the origin point : 


UNIT 
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EJ C Determine which of the functions represented by the following graphs is even 5 
e 
odd or neither even nor odd : 


ау, (2) 


CO Find the range of each function and mention its type whether it is even , 
odd or otherwise : 


Exercise Two | 


Each of the following graphs represents the curve of the function f » determine whether 


the function f is even › odd or otherwise verifying your answers algebraically : 


(t:r) oso Y gy) OW - zal сз, - wall (25] 
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М 


у 
Fig. (3) Fig. (4) 


First : Complete the curve in each of fig. (1) and fig. (3) in your notebook to get ап even 
function over its domain. 


Second : Complete the curve in each of fig. (2) and fig. (4) in your notebook to get an odd 
function over its domain. 


Third : Determine the domain and the range of the function in each case › then 
investigate its monotony. 


Determine which of the functions defined by the following rules is even , which is 


odd and which is neither even nor odd : 


(1) П2700-5 (2) (17097 -х3-х2-1 
(3) 32709 -3Х-437 (4) 709 -х2-3Х-4 
(5) 00=х3(х?-1) (6) f ()=(X-3)?-7 
3 3 5 
(000-32 (8) #09 =2% = 
2 

= (10) (2 700-1х-3 
01) £ eo - 58x (12) f Q9 - x*- 1 
(13) 09 =(x-2) (14) £3 f 09 = X cos X 

= 3X _ X)sin3X 
(15) f (07 Ax (16) foo = 
(17) f C9 =X? sin’ x (18) f (xX) =X sin X? 

_ x? + tan X _ sin3 Xcos2X 
aeree эвсэг" Q0) f 0) = 28526853 


Exercise Two 


(ва If f, >f, and f are three real functions where 1,009 = эж, Ў, (Х) =sin X and 
1. 0925 X? , tell which of the following functions is even › odd or otherwise : 


(1) f, +f, (2) fi * f, (3), х7, (4) fax f, 


ü Let f, Ў, › 8, and g, be real functions such that : 
fi Q9 = х“ D (X) = cos? x ‘gı (X) 2 2 X? and £j (X) = sin? x 
Determine which of the following functions is even › odd or otherwise : 


(1)f, +2, (2)fi- f, | (3)g;*g 


f. 
(4)fi.g (5)g.g (ry 


E Determine which of the following functions is even › odd or otherwise : 
E] 

(1)f:R—e-RofQo-2x^«2 (2)fGieX* Гы 
(4)f =X? f: R&* —em* 


(3)f:[-3.3[—-mR.f 00 23 X? 
(597:109) -х2.,ХЄВ-13) 


CN ues 


Choose the correct answer from those given : 


© (1)1f f is an odd function whose domain is IR » then 11691529) ——Á 
(a) 5 (0)-5 (c) 2 (9-2 

© (2 )If f is an even function whose domain is IR T "pisei 
(a) 5 (b) - 5 (c) 2 (4)-2 

5 (3 )If f is an even function and f (X) + X? f (- X) 23 » then f (1) = 
@ 4 (b) 1 (913 2 

& ( 4 ) IE f is an odd function and f (1) = Капа f (X + 2) = f CO + f (2) 
s then f (3) =. 
(a) zero (b) 3k (c) 6k (d)9k 


Graphical representation 
Exercise 3 of basic functions and - - 
graphing piecewise functions в 
L From the school book | e Understand 


Ф Higher Order Thinking Skills 


Multiple choice questions | 


Choose the correct answer from those given : 


о (1) If f QQ = 5 » then the domain of the function f is ===- 


(а) В (b) R* (с) {5} (4) R- {5} 
о ( 2)1f f (X)=7 › then the range of the function f is =+- 
(а) (b) в (с) {7} (d) R- {7} 
© (3 ) The range of the function f : f (X) = м кич сийн наанаа 
1 when Х»0 
(а) {1} (b) {0} (с) К 
о (4 ) ш the opposite figure : 
The range of the function is --------------- 
(а) {1} 
(b) (15-1) 
(1-1) 
(4) К 
Х » Х»0 
© ( 5 ) The range of the function f : f (X) = Yenne 
-2 5, Х<0 
(a) R* (b R* - (-2] (c) R*U (-2] (d) R 


Exercise Three | 


© (6) [| The function f where f (X) = | и Aem is symmetric about 
s -2 , X«0 
the point -+--+ 
(a) (2,0) (b) (- 2,0) (с) (0, 0) (d) (25-2) 
© (7 ) The axis of symmetry for the function f : f (X) = X? is the straight line -++ 
(a) y 20 (by-X (c)y=-X (d) X20 
: x , X«0.. . 
© ( 8) The function f : f (X)=) | is increasing ОП 
= , x0 
x 
(a)R (b) R- (c) R* (d) & - {0} 
X^ 4. X-0 
* (9) The curve of the function f : f (X) = | енениз 


Ц (10) In the opposite figure : 
The curve of the function f is defined by the rule f (X) = з 


2 „ X906 


(a) 4. >» X«0 


2 a X20 
l , x«0 


» Х«0 
» Х»0 


» Xz2 
@ E ‚ X«2 
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Essay questions - 


Graph each of the following functions and determine its range : 
(1)f:{+35-151,52}—+[-3 57] » f Q922x^3 
(2)£0 g:[1»5[ —R > goo x«1 

(3) CQ g:]-95-1[—-R › 600-1-Х 

(4)f:f (0) =-3 Х+7 югеуегу XER 


ЕЗ 017:1-2,6]—-8 where /00-1:5 ^ -25Х«1 
е x , 1<X<6 


» graph the function f and from the graph deduce its range › and discuss its monotonicity. 


ЕЙ Graph each of the functions defined by the following rules and from the graph 
> find the domain and the range of each function and discuss its monotonicity and 
its type whether the function is even › odd or otherwise showing its symmetry : 


3728 _ 4-52 
IIET rm (2) 800 = 525 


a Represent graphically each of the functions that are defined by the following rules › 
from the graph find the domain and the range of each function and discuss its 
monotonicity and its type whether it is even » odd or otherwise and show its symmetry : 


(1) f :]- 9 »3[ — В where f (x) = 2 are > Xs0 
- >» Х»0 
2 >» Х»1 RED a vezi] 
3 = 4 ( = 
сл’ 022 (4) 09 шинж, = Чис 
> 4 » Х<-2 x? , ход 
: = 6) С К 
(5) 021700 м ов | 06000700 [x S 
) x? >» Xe X" a. mn 
| = 8 = 
(7) (1 700 | == (8) ОО |, 4-- 
ка , 0 | " 
omrol х= ao ca reo- |1 x<0 
-- » Х»0 x? , x»0 
3 » Хк-3 2 » -3<Х<-1 
(11) 709-11Х| » -3«x«3 (2) 710910. , —1<х<1 
5 P Бэл 2 >» 1<Х<3 


-Х-1»-45Е5Х«-2 
(13) f O9 511 5 «29 
Х-1 a 24Х:4 


ЕЛ 


о = 
Geometrical transformations 


of basic function curves Test yourself 
From the schoolbook @ Understand @Apply | _ && Higher Order Thinking Skills 


| First | Multiple choice questions | 


Choose the correct answer from the given ones : 


© (2) If f Q0 2 2 - (X- 1)? » then the graph that represents the function f is ===- 


у y 


31 


UNIT 
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1 
Х-2 


$ (3)1f09- 


(а) (b) (c) (d) 


$ ( 5) The curve of the function in the given figure is translated 


two units in the positive directions of the two axes then 


the function represents this translation is -+++ 


(a) f C0 2 (X 2? +2 


(b) f 00 2 (x « 2? -2 


(с) f Q0 = (x-2?-2 
(d) f (x) =(X-2) «2 
$ (6) Which of the following functions represents the curve in 
the given figure ? 

(a) f Q0 =1х-41-3 
(b f Q0 =1х-41+3 
(с) f Q9 =|Х+4|-3 
(d) f G0 2| X € 4| «3 


Exercise Four | 


* ( 7 ) Which of the following functions is 


represented in the given figure ? 
(a) f 92 (X- D^ +2 
(b) f Q9 = 1- (x- 2» 
(c) f 09 22- (x - 1? 
(d) f 092 (x « 1? -2 

© (8) LL] The point of the vertex of the curve of the function f : f (X) = (2— x)? +3 


(a) (2 » 3) (b) (2 »—3) (c) C253) ((-2»-3) 
© (9) The vertex of the curve of the function f where f (X) = (1+ X)? -3 is eee 

(а) (1 53) (b) (1 »—3) (с) C153) (9) (- 15-3) 
© (10) The symmetric point of the function f : f (X) = KP Dessen 

(а) (0 »2) (b) (0 »—2) (с) (2 ›0) (d) (- 2 ›0) 
© (11) The symmetric point of the function f : f (X) 23 - (X + D Y dig caeca 

(a) (3,2) (b) (2 53) (с) 7253) (9) (-2 5-3) 
© (12) The symmetric point of the function f : f (X) = t 42i8-———— 

(а) (2 »0) (b) (1 »2) (c) (0 »2) (d) (0 +0) 
© (13) The point of symmetry of the function f where f (X) = = йе ни 

(а) (5 ›0) (b) (- 5 ›0) (c) (0 ›-5) (d) (0 ›5) 
© (14) L The point of symmetry of the curve of the function f : f (X) = x шээг 

(a) (3 »-4) (b) 35-4) (с) (3 ›4) (d) (3,4) 
© (15) The symmetric point of the function f : f (X) = хы 18 ee 

(a) (1 0) (b) (0 » 1) (c) (0 » 0) (d) (1 »-1) 


© (16) CI If f is a function where f (X) = E » then the symmetric point of the function 


езе O0 =] (XD is cree 
(а) (1 »0) (b) (0,1) (c) C 1 »0) (d) C151) 
© (17) The vertex of the curve of the function f : Г(Х)-1Х-431-218----0-- 
(а) (3 ›2) (9(-3»-2) ()(-3»2) (d) (3›-2) 
] (18) The curve of the function f : f (X) 2| X - 2 | is symmetric about the straight line ---.------ 
(а) Х-2 (b) Х--2 (с)у=2 (d) y 2-2 


(о: г) А о Y/ Gl OW - LL obety - yalsal (33] 
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$ (19) The axis of symmetry of the function f : f (X) = X?— 1 is the straight line ............... 


(а) X21 (b) X20 (c) y 21 (d) y 20 
о ш If "i (х) = К Я » then the equation of the axis of symmetry of the curve of the function f 
(a) y =0 (b) X20 (c)y=X (d) y=-X 
о (21) f (X) = (Х- 1)? +2 is increasing on the interval --............. 
(a) IR (b) ]1 > ef (с) ]-  » Ц (0-1 51| 
© (22) The function f where f (X) = 2 CE lis decreasing on the interval ............... 
(a) өө» 1] (5) өө» Цэ 
(© [1 >e (d) ]- ›2[ › 2 of 
© (23) The range of the function f where f (X) = (Х- 3? + 4 is e 
(а) ]- e »3[ (b) [-3 ,4] (c) [4 ›=[ (d) ]- »» »4] 
© (24) The range of the function f : f (X) 23 (2 X)? is -e 
(а) ]- = ›2] (6) [2 ›=[ m 1-= ›3] (d) [3 ›=[ 
(25) The range of the function f : f (X) 2 2— 2 ds 
(а) Ж (b) R- (1) ов} (d) R- {3} 
© (26) The range of the function f : /(Х)-1Х-2|18-------- 
(a) ]0 »=[ (9 [2 >of (c) [0 ›=[ (a) ]2 +f 
© (27) The range of the function f : f (X) =2 -|3 —2 X| is ee 
)]-*,2] — ®[-2›,=[ © 18 sl 9 ]- .-2] 
© (28) The range of the function f : f (X) = Ia j enoma 
(a) ]0 ,=[ (b) ]- = ›0[ (c) R- {0} (d) {1 5-1} 
о (29) The curve of the function f : f (X) = 25 + 4 does not intersect the line ............... 
(а) Х--3 (5) Х-3 (o) y 2-4 (d) y 23 
© (30) If y = f OO is a real function › then its image by translation 3 units vertically upwards 
іѕ в (Х) =. 
(a) f (X —3) (b) f (X € 3) (c) f (X)+3 (d) 00-3 
© (31) If the curve y = f (X) represents a real function then its image by translation 5 units 
vertically downward is the same as g (X) = 
(a) f (X — 5) (b) f (X +5) (c) f (X) +5 (d) f (X)-5 


Exercise Four | 


è (32) CA The curve of the function g : g (X) = X? + 4 is the same curve of the function 
f : f OO = X? by a translation of magnitude 4 units in the direction of =- 
(a) Ox (b) OX (c) Oy (d) Oy 

© (33) The curve of the function g where g (X) =| X | — 2 is the same as the curve of the 
function f : f (X) = | X | by translation two units in direction of =-=- 
(a) OX (b) OX (c) Oy (d) Oy 

© (34) If f is a real function whose domain is [- 3 » 4] › then the domain of 
8:5(Х)-1(Х)-218------- 
(91-354| (91-156| (01-552| (d) R 

© (35) [Т] The curve of the function g : g (X) =| X +3 | is the same curve of the function 
f:f CO =|X|by a translation of magnitude 3 units in the direction of --------------- 


(a) OX (b) OX (c) Oy (d) Oy 
© (36) If y =f (X) is a real function » then its image by translation 4 units to the left 
is g (= eere 
(a) f (X - 4) (b) f (X+4) (c) f Q0 +4 (d) f 00-4 


(37) If f is a real function whose domain is [- 2 » 3] › then the domain of 
g:g(XH=f (X-2)is жены 
(а) [-2 »3] (b) [-4 » 1] (c) [0 »5] (а 


© (38) If f : f CO = – X? move 3 units to the right and 2 units down › then resulted curve is 
g(x) › then g (4) = НЕЕ 


(a) -3 (b) - 16 (c) 16 (4)-7 


© (39) If the curve f (X) = — X? moves 4 units to the left and 2 units upwards to become 
the curve р (X) » then g (-2) = +. 


(a) - 218 (b) 214 (c) 6 (4)-6 

* (40) The curve of the function g : g (Х) = X is the same as the curve of the function 
FF (XK) E eee by reflection in the X-axis. 
(a) X (b) -X (c)X+1 (4)-Х-1 


$ (41) The product of the slopes of the two straight lines f (X) = a X + b and its image by 
reflection in X-axis equals -+ 


(a) 1 (b)-1 (c)a (d) - a? 


[35] 
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* (42) The curve of the function g : g (X) = 1 - | X | is the same curve of the function 
f : f 09 =|X|by reflection in X-axis » then a translation of magnitude one unit in 
the direction of =-=- 


(a) OX (b) OX (c) Oy (d) Oy 


Use the curve of the function f where f (X) = X? to represent each of the functions 
? that are defined by the following rules › from the graph find the domain and the 


range of the function and discuss its monotonicity and its type whether it is even » 
odd or otherwise and write its axis of symmetry : 
(1) E1200 -x?-3 (2)£2g092 X?«1 
(3)g092-X?-4 (4) 2800 =2-х2? 

| (5) 500 = (0-2)? (6) Cg Q0 » - (x- 3» 

(7) 01800) s (х+ 0? (8) 0800 =(х-22+1 
(9) 602800 2 (X- 1? -2 (10) Og C9 = (X « 2? -4 
(11) A g Q9 22 - (x « 3)? (12g (х) = 2-x?-1 
(13) £g 09 -- 2 x? (14) Cg 09 22- d x- 5? 
(155 (0) = Х2+4Х+4 (16) 22 (0=х?2+4х+1 


Use the curve of the function f where f (X) = X? to represent each of the functions 
1 that are defined by the following rules › from the graph determine its domain 5 
range › discuss its monotonicity and its type whether it is even › odd or otherwise 
and write its point of symmetry : 


(1) £1g00 2 X?«4 (2) 1600-37-5 
(3)g0924-X? (4) 2800) = (x- 3? 
(8)gC0 = (x «2? (6) Eg Q9 2 - (x- 13 
(7)8(00-(2-ХУ (8)g092(x-2? «1 
(9) 028 00 2 (x-1?-2 (10) g (х) = (Х+ 1? -2 
(11) g Q9 22 - (x - 1? 12g0922x?-1 


(86 | 


Exercise Four | 


ga Use the curve of the function f where f (X) = | X | to represent each of the functions 
e 

that are defined by the following rules and from the graph determine its domain › 

range and discuss its monotonicity and its type whether it is even » odd or otherwise 


and write the equation of its axis of symmetry if exists : 


(1) 08 (0) =1х1+1 (2) 2 (0) =1Х1-3 

(3) 2800-2-1Х| (4) в (0 =1х+1| 

(5) в (0 =1Х-3| (6) 200 =-1х+5| 
(7) g()=|X+2|-1 (8) р(х) =|х-2|+3 

(9) 8 (х) =|2-Х1+1 (10) Q g 0 2 4-1x - 21 
a) £d в 09 221XI (12) Q g 09 221x- 7142 
(13) @ g 0 2 - 21x - 11 (14) MQ g 09 25-21 X «21 


са Use the curve of the function f where f (X) = 4 to represent each of the functions 
that are defined by the following rules › from the graph determine its domain » 
range and discuss its monotonicity and its type whether it is even » odd or otherwise 


and write its point of symmetry : 


nen d (2) в00=51+1 
(= (4) = 
MM c (6) 800 =5.5+1 
(7) 800 =3-x45 (8) g@=745-3 
(9)в00-234 (10) g 09 = X3 

(1) g09 7 3% (12) M g 09 2 22? 
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о LL] The curve of f where 
' f CO =|Х [в graphed »then 
translated in the directions of 


the coordinate axes as in the 


opposite figure. 
Write the rule for each of the 
functions : g >В »z 


6 | LU The curve of the function 
7 fwheref (xis graphed 
» then translated in the 
directions of the coordinate 
axes as in the opposite figure. 
Write the rule of each of the 


functions : g »h »z 


E If some geometric transformations are applied on the functions f › g , h where : 
f= x*; (Х)-Х 35h (Х = i to get the functions represented by the following 
figures, complete : 


Fig. (1) Fig. (2) Fig. (3) 
( 1 ) The rule of the function in fig. (1) is --------------- 
( 2 ) The rule of the function in fig. (2) is ==- 
( 3 ) The rule of the function in fig. (3) is ----- 
( 4 ) The range of the function in fig. (1) is 


Exercise Four | 


(5) The range is R in fig. --------------: 
( 6 ) The point of symmetry of the function in fig. (3) is -------------- 
( 7 ) The equation of symmetry line of the function in fig. (1) is +7777 =~ 


EB Write the rule of the function f that is represented graphically by each of 
* the following figures : 


Understand OApply 6% Higher Order Thinking Skills 


п If f +g " > п are real functions where f (X) = X? › g (x) = X? »k(X)=|X|> 


п (X) - » then represent each of the functions that are defined by the 
n... rules showing its domain and range : 

(1)fi CO S f (X * 1) (2) f, O=fOO-1 

(3) f 00 =2-f (X-1) (4)g,()=g(x-1) 

(5) в, (X)=g (X-1) +2 (6)k, (0= 1 к(х)-3 
(7) п; Q0 2 n(x-2) (8) п) Q9 22-n (X41) 


Draw the curve of the function f in each of the following and determine its range 
and discuss its monotonicity : 


х2+1 , х»0 


КЫЙ xw x 
TM | (эгагао-” 3 малын 


= “= + х<0 
a- , X20 


-X?-1 , O<x<4 


‹з)гоо=] 
-1 , X«0 


Choose the correct answer from those given : 
4 (1)1ff isa polynomial function and f (X) 20 at X€ [-3 ,1 50} , then the function 
g : g (X) = f (X - 3) cuts the X-axis at X € -e 
(а) {-3,1,0} (6) {3,0,-2р (0) {0,3,4} (d) {-6 52 ,0} 
| (2)ff:f OO =(X-a+1)?+b-2is a quadratic function whose range is [1 5 [ and 
the curve of f passes through (3 52) » then a = -+ 


(a) +4 (b) 3 or 5 (с) 3or- 5 (d) -3or 5 

4 (3) Ifg OO is decreasing on ]- =  O[ and is increasing on ]0 ,=[ › then f Q9 = g (X 1) 
is increasing on ЗРАЧИ 
(а) ]- 1 > of (5 ]- »-1[ (c) ]0 ›==[ (d) ]- 5 0[ 


& (4A)Thecurvey 23(X-5? «7 by translation 3 units in the positive direction of X-axis 
and one unit in the negative direction of y-axis is ............... 


(a) y=3(X+8) +6 (b) y 23(x-8)- 
(c) y=3 (X-8)° +6 (d) y=3 (X+8)?-6 
Led » XEO 
* (S)Iff: f= is symmetric about y-axis › then g (X) =з 
g (X) » X«0 
(a -2 (6) X? «2 (c) -X2 «2 ()-Х7-2 


Exercise 5 Solving absolute value equations 


Test yours: 


Lj From the school book | ® Understand OG Apply ee Higher Order Thinking Skills 


| Fist | Multiple choice questions | 


Choose the correct answer from the given ones: 


© ( 1 ) The solution set of the equation : | X — 2| 23 is «+--+ 

(а) {2 »3} (6) {-1 55} (с) [- 1 55] (d) {5,-5} 
© (2) The solution set of the equation : |5 X - 1| - 4 2 1 in Ris............... 

(а) C55 ) $$) (© (a) {8} 
© ( 3 ) The solution set of the equation : |2 X - 4| 2 | X & 1 lis сс 

(а) {1 55} (b) {5 5-1} (с) {1 5-5} (а) {-5 5-1} 
© (4) The solution set of the equation : xi 37 3 is eee] where X x 3 

(а) {5} (5) {1} (©) {5 ›1} (d) 2 
© ( 5) The solution set of the equation : X^ m2 AE l A E 

@{1,-1} (5 {2 ›-2} (с) (1 »-2] (à) {-1,2} 
5 ( 6 ) The solution set of the equation : Taxi -12x«9- 5is- 

(a) {4} (b) {- 1} (с) {4 5-1} (d) R 


© (7 ) Which of the following does not belong to the solution set of the equation : 
|Х-21-1Х-11-32 
(а) –2 (b) zero (с) -3 (d) 1 


| 
(Nr?) Л Инда OW - Lk о - дар] | 41 


elf 
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6 (8) The domain of the function f (X) "mL им 

(a)R-{2} — ®БВ-{-2} (c) R 4В-{2,-2} 
© (9) The domain of the function f : f (X) =з арый" 

(a) Ж (b) {3 5-3] ()R-{3>-3}  @R-{3} 
* (10) The type of the function f : f (X) = E Го 

(a) odd. (b) even. 

(c) neither odd nor even. (d) one-to-one. 


ə (11) The false statement in the following is -.............. 


(а) | Ху|-1Х1У!| (91Х1-1-Х| 
(0|ХФу1-1Х141у| @ Vx? =|x| 
$ (12) Ifa» 0 »b «0 » then which of the following is always negative ? 
(a) | ab] (b) a|b| (c)|alb (d)a+|b| 
e (13) Ifa—b>0 » then which of the following could be equal to |a—b|? 
(D a-b (2)b-a (3)15-а| 


(а) ошу (3) (b) both (1) » (3) (c) both (2) › (3) (d) (1) › (2) and (3) 
° (14) Га«ч0-«ь.Шеп|а|-151-15-а1-1а-5|-------г-:-- 

(a)2a (b) 2b (c) a- b (d)b-a 

С Essay questions 


ЕЕ Find algebraically in IR the solution set of each of the following equations : 
© 


(131Х1-7 «{7,-7}» | (2) Ц1|Х143-0 «Ø» 
(3)41Х1-20-0 «(5-5)» | (4)|x-2]=2 «(4.0)» 
(5) П11Х-31-0 «{3}» | (6) Шї1Х-31-6 «[35-9)» 
(7) GQ|2x-7|=5 «(651)» | (8) Ц313-2Х|-7 «(55-2)» 
(9)3-|x+2|=2 «{-1,-3}» | (10)21Х1-3-1х| TT 
(11) (21Х-31-1Х-1| «{1}» | (12) Ц11Х45141Х-3| «{-1}» 
(13) 1х-11=12х+3 | {-4, -3}» | (14)12х-6|=|х-3| « {3} » 
(15) П112Х-1141Х-3141-4-4)» | (16) Ш11Х-11-212-Х140 — «(3.5)» 
(17) £3 fx?-4x«4-4 «(6.-2)» | (88)91Х-312-1Х-31-0 «(3,2,4)» 
(19) ca 4x? -12 x «91x 11 «(4.3)» 


Exercise Five | 


(20)| х2-1|1-1Х-1| «{1,0,-2}» | (1)1х+111х-11=26 «(343»-313 |» 


(22)| Х-112-31Х-411-10-0 «143-6)» 


(23) (X - 5 212 x - 10| «15:73» (24)|x?+x-10]=10 «{0,-1,-5,4}» 


E Find graphically in IR the solution set of each of the following equations and verify 


the results algebraically : 

(1) £B3Ix|-420 «{4,-4}» | (2)IXI 4220 «D» 
(3) Цї1Х-41-3 «(157)». | (4)1х+11-3=0 «(25-4)» 
(5)2-|x+2|=0 «10»-4)» (6)21Х-31-12 «{9,-3}» 
(7)t312x-5|»3 «(54)». | (8)(х2-4х-4-3 «8-1» 
(99Ц11Х-1141Х43| 41-14)» | (10)31Х-2|1--1Х-2| «@» 
(11) Г11Х-71-12Х-31-41-4 4)» 02) 01х-21+1х-11=0 «D» 


(13) O |хХ-3|=|2Х+1| «{-4,2}» 
a Show whether each of the functions defined by the following rules is even » odd or 

otherwise : 

(11700-Х1Х| (2)709-Хх21х1-1 


2 
(317(00-Х1Х-2144 (4) гоо = 0825 


(5) 3 (х) = 21 Хаа X 2 X|tan Х| 


Graph the function f: f (X) =|X —3|+ 1 » and from the graph discuss its monotonicity » 


| then find the solution set of the equation f (X) = 4 « [056] » 


Graph the function f : f (X) 212 Х+5|-3 » determine the range of the function and 
study its monotonicity. 

From the graph » deduce the solution set of the equation : |2 X + 5|—3 = 0 › then verify 
the solution algebraically. «1-15-4)» 


Graph the function f : f (X) = 1-|2 X | and from the graph deduce its range and its 
monotonicity. 

Prove also that f is even. From the graph or by any other method 

» find the solution set of the equation : 1 -|2 X| 2 - 3 «1-2»2)» 


Understand ӨАрріу % Higher Order Thinking Skills 


ЕЙ Write the domain of the function f : f (© =|Х-2 | » then draw the graph of f › from the 
graph deduce its range and its monotony and show whether the function is even or odd or 
otherwise » then find the solution set of the equation : | X 2 | = 3 graphically and verify 

the solution algebraically. «[-155]» 


GB Graph the two functions f, : f, (х) 2| X- 1 land f, : f, (0) 212 X- 5 |, then from 
о 


the graph deduce the solution set of the equation : f, (X) – f, (X) 20 «(254)» 


CA ff Q9 = X?| X| » tell whether the function f is even » odd or otherwise and find the 


solution set of the equation : f (X) 2 1 «(15-1)» 


Choose the correct answer from those given : 


( 1) If the domain of the function f : f (X) = —X— isR -12,-2),Шепа-- 


|X|+a 
(a) 2 (b) -2 (c) + 2 (d) zero 
о (2) If f (X)=|X-2|+4 sthen the solution set of the equation f (X + 2) = 6 
T descen 
(a) {0,4} (b) {2 ,-2] (с) {2,4} (d) {-2,-4} 
о (3)Iff C0 z| X-2]|-4 › then the solution set of the equation f (X + 2) 23 
ИНИНИ 
(a) (153) (b)R (c) 2 (9 {-1,-3} 
© ( 4 ) The solution set of the equation | X — 3 |=|3 — X |in R is e 
(а) {3} (b) (3-3) (c) R (4) Ф 
© (5) The solution set of the equation | X + 1 P +|2 X - 3| 2 0 in Ris e 
@{-1.3} OR © {1,3} (д) @ 
© (6) The solution set of the equation | X? -4 X - 3| 2| X-3 |in R is = 
(a) {0,2} (b) {2 53} (c) {0 53} (d) {0 52 53} 


i 
ЇЇ| | | | 


Solving absolute 


Exercise = ЖОЛБУ 
value inequalities (ee 
121 From the school book | @ Understand @Apply $» Higher Order Thinking Skills 
Multiple choice questions ) 
Choose the correct answer from the given ones : 
© ( 1 ) The solution set of the inequality : | X| «2 in R is e1 
(а) өө» 2[ (6) [-2 »2] (о ]- 2 »2[ (4) R-[-2 »2] 
© ( 2 ) The solution set of the inequality : | X| 2 3 in R is еее 
(а) [3 >of (b) [-3 »3] ()R-]-3.3[ @R-[-3>3] 
© (3) The solution set of the inequality | X | » — 1 is ............... 
(a) [0 ,=[ (b) Ё (с) Ø (à) R - {0} 
5 ( 4 ) The solution set of the inequality ВТ. эхээ 
(а) [- 1 » 1] (9 ]- 1 1I е) [-1,1]-40} «0 1:1 [7 00] 
© ( 5 ) The solution set of the inequality : | 3 - X |> 0 is +--+ 
(а) ]- 3 »3[ (-1-393| (08-13) (d)R 
( 6 ) The solution set of the inequality : |2 X + 3 |< 1 in R is еее 
(а) Ж (b) -2-1 (о [-2 »-1] (4) д 
( 7 ) The solution set of the inequality :|3 -2 X| X 1 in В is ee 
(а) [1 » 2] (b) 1521 (c)R-]1 »2[ (à) R.- [1 2] 
© ( 8 ) The solution set of the inequality aa > i 18 RR 
(a) Jo ›4[ - {2} œ) [0>4]-{2} (010541 (d) Jo ›4] 
© (9) The solution set of the inequality | X + 3 | <0 is -++ 
(a) 2 ]--.-3] | obs 01-31 


Гав) 


@Understand — OApply ə Higher Order Thinking Skills 


© (10) The solution set of the inequality :| X 1| « 2 in R is -+--+ 


(а) ]- 1 »3[ &)R-[-153] (9]-2;2[ (4) 9 
ө (11) f: |X|<a sa E R' >» then XC ............... 
(a)R-[-asa] (Ы) [-а›а] (c) R- ]- a sal (d) ]- a saf 


© (12) The solution set of the inequality |2 X 5 |<916.............. 
(а) ] = » 7[ (b) [-2 7] ()R-]-2 7[ (d) R- [-2 , 7] 
© (13) The solution set of the inequality |4 — 6 X | > 14 is ............... 


@ |-> »3[ OF эз]  юв-Р,: | в-Н 54 
о (14) The solution set of the inequality :|х2-2х-1» dM monis 

(а) [-3 ›5] ()R-]-3,5[ (5]-3»s[ (d) R- [-3 ,5] 
o (15) The solution set of the шедиашу(4 x?—12 x 9 < ОН 

(а) [- 6 » 12] (5 [-3 ›6] (c)R-[-3 56] (d)R-]-3 .6[ 
© (16) The solution set of the inequality : | 2 Х-31416-4Х|«2118--4444 

(a) [-2 +5] )R-]-2,5[ ©]-2,5[ (d) {-2 55} 


© (17) The absolute value inequality represents that the score of a student in one test (X) 
is including between 70 to 90 is ............... 


(a) | X|« 90 (b)| X|2 70 (c)|X-80|<10 (d)] X— 70|x 90 
o (18) Number of the integer solutions to the inequality : | X-2|x 5 is ............... 
(a) zero. (b) 7 (c) 9 (d) 11 


KB Find algebraically in R the solution set of each of the following inequalities : 
о 


(1)|Х-3155 «[-258]» | (2) |х-3|25 «R-L2,8[> 
(3)]2x-3]|«5 «]-15s4[» | (4)]2 X4 5|53 «RR- [- 4 »- 1]» 
(5)]3x-5|x10 «[=2>5]» (6)]3-X|«7 «]-4 » 10[ » 
(7)|2Х+6|<4 «[-5›-1]» | (8) 1 |5-Х|>3 «В- [2,8] » 
(9) Ц1312Х-3157 «[-5›2]» | (10)|2x+3|+2<1 «@» 
(11)|2Х-3|+3>7 «R-[-1,2]» | (12)\[х2-6х+9<3 «0,6 
(13) tà 4x? -2x «1 24 «R-]-3> 5[» | (14)|х-2|+|2-х|<6  «]-15s[» 
(15) 13 x -2|«2]6x-4|220 «R- ]-2.2[» 


Exercise Six 


[2 | LL] Using the following figures: complete : 
E 
(1) (2), (3) 


| | 
Lo 12:31572:728 


++ 
 ®(Х›=2 


| í | КЫШ) | 
x x Xj х| х | | X 
3 ШЕИ 
: | | | 
y y y 
The S.S. of the inequality The S.S. of the inequality The S.S. of the inequality 
f CO «g OO in Ris зз f (X)>g (0X0 in Ris e fOOSgOOinRis зззз- 


a Find graphically in IR the solution set of each of the following inequalities» then 
? verify the result algebraically : 


(1)EB3IX-11|«3 (2) Ш1х-21<5 (3) 1х+41<2 
(4) Ц11Х-3122 (5)I2- X|«-1 (6)1Х-21»-1 


(7)12x-5|22 (8) сүх +2х+1>3 


а CJ Write in the form of an absolute value inequality each of the following : 
© 
„== (2)0<Х<6 (3) Х220:Х5-2 


[Г] Write the absolute value inequality which expresses : 
( 1 ) The student's mark in an exam ranges between 60 and 100 


( 2 ) The temperature measured by a thermometer ranges between 35°С and 42°C 


Choose the correct answer from those given : 


(1)На>0 b «0 › then which of the following is always negative ? 
(а) |ab| (b) alb| (c)la|b (4)а-15| 
& (2)ИХЄ|-154| »then|2 X-3|s eee 


(a) 3 (b) 4 (c) 5 (d) - 5 
© (3 ) The solution set of the inequality [х2-4х+ Ass dne ds „онаа 
(2 R-{2} (b)R-{-2} OR (4) 9 


БА 


1 @Understand — OApply ə Higher Order Thinking Skills 


5 ( 4 ) The smallest value of the expression Бү! icio ebd 

(а) – 1 (b) zero (c) 1 (d) 2 
& (5)112*«61 /їШей|Х-6141Х-5 |= өөөөөс 

(а)-11 (b -1 (c) 1 (d) 11 
n (6) Иа? b» 053 «0 > thena? +b- 0-a) = — 

(a)2a (b) -2b (c)—2a+2b (d) zero 


Life Applications on Unit One P 


121 From the school book @ 
KB (0 Trade: 

5х » 0=Х=5000 
The function f : f (X) 21 2 Х+ 2500 » 5000 < X < 15000 

4 х» 10000 › 15000 < Х < 60000 
represents the amount of money charged by a company to distribute an electrical 
appliance in L.E. where X represents the number of distributed appliances. 
Find : 
(1) f (5000) ( 2) f (10000) ( 3) f (50000) 

« LE. 12500 » L.E. 22500 » L.E. 85000 » 


Я 11! Geometry : 
If P is the perimeter of a square of side length l , write P as a function of l [P d )] 
» then find : 


(1) P(3) (2)р(15) «12 length units » 15 length units » 
ЕЙ (3 Geometry : 

If A is the area of a circle of radius length r » write A as a function of r [A (1)] 

» then find : 

(А(4) (2) А (5) «st square units » 25 Л square units » 
ЕЗ Trade: 


A grains merchant pays 50 L.E for each ton getting in or out of his warehouse for loading 
or unloading the goods. Write down the function representing the cost of loading or 
unloading › then represent it graphically. 


EJ |! Urban communities : 


Rectangular pieces of land are specialized for youth housing in a new urban community. 


If the length of each is X metre and the area is 400 square metre. 


( 1) Show that the length of the piece of land is inversely proportional to its width. 


(Vit) Vet Y / (ool әш) - zs ooo, - yalsdl | 49 | 


1 


( 2) Write down the rule of the function which shows the width of the piece of land in 


terms of its length. Represent it graphically. 


( 3) From the graph › find the width of the piece of land whose length is 25 metre 
» then check that algebraically. « l6 m.» 


18 | LL] Industry : 


An iron gate whose two sides are 3 metres high and 


its arc is in the form of a part of the curve of the y 

function f : f (X) = a (X — 2)? + 4 has been designed 

as shown in the opposite figure » find : 4 m. 

( 1 ) The value of a Ц х 


( 2) The maximum height of the gate. 
( 3) The width of the gate. 


«i 24m. ›4 т.» 


uU LL] Roads : Two roads; the first road is represented by the curve of the function f 
where f (X) = | Х— 4 | and the second one is represented by the curve of the function g 
where g (X) 23 » if the two roads get intersected at the two points A and B 
» find the distance from A to B known that the length unit represents 1 km. only. «6 km.» 


— ees 


a CI A meteorological station has recorded the temperature of Cairo on a day. If the 
temperature has been 32° in difference 7? from its normal rate on that day. What is the 


expected temperature recorded in Cairo on that day ? « 25? or 39° » 


EB C Athletic medicine : Bassem's weight differs from his ideal weight for 5 kg. What is 
his probable weight if his ideal weight is 60 kg. ? « 55 kg. or 65 Кр.» 


Life Applications | 


[10] 111 Ка light ray falls on a reflective surface whose pathway 


is subjected to the modulus function » the measurement of the vem дэг, 
incidence angle equals the measurement of the reflection angle. 1 i à 
In addition › the pathway of the billiard ball before and after Mm : 
colliding it against the table edge. 


The opposite figure shows a billiard player 
shooting at the black ball. Considering OX and 
Oy the perpendicular coordinates axes » and 
the path of the ball follows the curve of the 
function f where f (X) = 4 |x-5| 


Does the black ball fall in the pocket B ? 


Explain your answer mathematically. 


о А 


= 8 units 


& 111 Vacant jobs : One of the natural gas companies allows employing a counter reader if 
his height ranges between 178 cm. and 192 cm. Express all possible heights for the persons 
applying to join this job using the absolute value inequality. «|Х- 1851<7» 


Е The aviation speed of planes is measured during the normal aviation on air disregarding 
taking off and landing time. Express the aviation speed ranging between 700 km/h. 
to 900 km/h. using the absolute value inequality. «|Х- 800 |< 100 » 


ША dairy factory produces cans of weight X gram. To control the production quality › the 
cans pass on the production control weight line which allows the cans to pass if 
| Х— 1600 | « 15 » determine the heaviest and the lightest cans that can be sold from the 


production of that factory. « 1615 gm. » 1585 рт.» 


Exponents, logarithms 


and their applications 


Unit Exercises 


E Rational exponents and exponential equations. 
E Exponential function and its applications. 

E Logarithmic function and its graph. 

E Some properties of logarithms. 


* At the end of the unit : 
Life applications on unit two. 


Гаа 
Rational exponents ВЕ 
and exponential equations TUR URN 


22 From the school book Фә Higher Order Thinking Skills 


| First | Multiple choice questions | 


Choose the correct answer from those given : 


(a) am? (b) à? (с) 2а" (4) та? 
(2) LI i£ 34-529 , then X iore 
(3) - 7 (b) -3 (c) 2 (d) 7 
(3)1£2**! 28 , then X=- 
(a) 1 (b) 2 (c) 3 (d) 4 
(4 3+5=4, » then X = еее, 
(a) - 3 (b) 8 (c) - 8 (d) 3 
(5) 15 2 43-Х , then X2 
(a) i (b) 3 (c) zero (d) 1 
( 6 ) The solution set of the equation : 5 dd, 7х? -4 18 ee 
(а) {2} (b) {-2} (с) {2 »-2} (d) {zero} 
AUI I£2**125X*1 „щей: eke 
(а) zero (b) 1 (c) - 1 (d) 3 


OApply 


2 e Understand 


XS (b) (45 XP 
$ (9) Q (F)? > then x= 
(а)2 (b) 3 (с) 4 
o (10) @ If 2!*! = 32 » then Х---- 
(a)5 (b -5 (с) +5 
(11) If 2% = 4! = 64 ›Шеп X + y = зс 
| (а)3 (b) 4 (c) 6 
(12) If (7 5 db Wiese aces vilae 
| (а) 1 (b) -3 (c) 2 
5 (13) The solution set of the equation : 7х? ШЕ ЫС 
(91-21 (b) {-2 »4} (c) {-2 3} 
© (14) 1f3%=2 » 2 =9 ,then Xy = = 
(a) 2 (b) 3 (c) 8 
о (15) Н55-2 , then (25) = ------------ 
(а) 10 (b) 625 (c)4 
о (16) If 2% =5 » then 2% +? = -~+ 
(а) 15 (b)4 (c) 10 
2) (11 X2 - 64 »then X2 --------------- 
(a) 512 (b) 16 (c)4 
о (18) х3-4 ə then X = --------------- 
@)4 (b) 16 (с) +4 
$ (19) car (х =9 » then X E- 
(а) {27} (Ы) {27 ‚-27} (© {1} 
e (20) Га Х-3-8 Miel Ame ncs 
(94 (b) -4 ©) 1 
© 2DIf4 X5 = 128 » then X = --------------- 
| в (b) +2 (2 


Ы 


4» Higher Order Thinking Skills 


@a Ya 
(d) 5 

(d) 10 

(d) 9 

(d) 3 

(d) {2-4} 
(d) 18 

(d) 2 

(d) 20 
(4)2 

(d) x 32 
(d) Ø 
9-1 


(4)-2 


Exercise Seven | 


e (22) (128) = ТОУ 

@2 | 1 ОР: (d)4 

(23) Ш (64) 6=-.............. 

(a) 2 (b) -2 (c) + (d) d 
e (24) m Ix? = s 

(a) x^ (b) -X (c) x7 | (9) -|x| 
© (25) 172 х 4*-? 216 ,Шеп X = з 

(a) 5 ЭГ (b) 7 (с) 4} @-11 
ВС „==: 

(a) 1 (b) 6 (i 016 
@ (27) If X sy ER » then] x? уб = ei 

(a) ху? (b)|Xy>| (с) + x?y$ (d) + X 
$ Q9 гд A ye» s 

@ x y? (b) |X| y? (c) ху? ху? 
€ (29) If 27-1 = 44 y then 2-2 = нение 

(а) 18 (b) 22 (c) 10 (d) 16 
© (30) НХ3-2у3-32 »Шеп Х+у= nomaa 

(а) 16 (b) zero. (c) 16 »— 16 (d) zero » 16 
^ (31) The solution set of the equation : 3**14.3* = 12 in Rig «e 

(a) {0} œ) {3} (© {1} (4) {1,0} 
© (32) The solution set of the equation : 4*4 33a OS pene 

(а) (152) (b) {0 ›3} (c) {3 »4} (1-15-2) 
^ (33) The solution set of the equation AAx2- 3^ Achim „ненен 

(a) (158) (b) {9 3} (с) {8} (d) {1} 
^ (34) The solution set of the equation : 9*30x 3*-714 920i «mm 

(a) {0,1} (b) {1,2} (c) {0 »2} (d) {0 »3} 
© (35) The number of real roots of the equation : X" = a where n is an odd number is =- 

(a) 1 (b) 2 (c) 3 (d) n 


e Understand OApply $% Higher Order Thinking Skills 


© (36) The number of real roots of the equation : Х = a where a» 0 » is =+- 


(a) 1 (b) 2 (c) 3 (d) 6 

о (37) The number of roots of the equation : X ЭД өөхөө 
(а) 1 (5) 2 (с) 3 (0) 4 

© (38) The number of real roots of the equation : X^ = —16 is «+ 

| (a) zero (b) 1 (c) 2 (d) 4 

9 (39) (21 The set of the real roots of the equation : (X — 2)* = 16 equals ----------..... 
(a) {0} (b) {4} (c) {8} (9 {0 54} 

о (40) The solution set of the equation : (X — 3 32 in R is ------- 
(a) {2} (b) {11} (c) {11 »-5} (à) [- 11 511} 


5 
& (41) 22 Which of the following is not equal to | 37 


5 4 4 4 1\4 
а(х) ох! © хз (@ (x5) 
* (42)If a «0 « b «c › then which of the following does not belong to R ? 


(a) fab (b) bc (lab «c «ас 


4 
© (43) i£3*-? -^[27 » then x 2 ——— 


BET. DE: ©3 (46 
о (44) CI I£2* 220 »n« X «n 1 sn isan integer › then n = =+ 
(a) 4 (b) 5 (c) 6 (d) 7 


© (45)If2* 2a ,3* 2 b ,5* 2 c , then (90)* = -+ 
(a) abc (b) a?bc (c) ab*c (4)а-25-с 


Second 


[1] Write down each of the following in an exponential form : 
. 


amx (2) eaa (3) £32 {п 
(4)3 Ty" CEPI (в)гаўа?Ъ? 
3 
3 [х a 
(7)x4x (8) 69. LI 

VE {а 


Exercise Seven | 


[2 | Write down each of the following in a root form : 
. 
(1) а? (2) дь? (3)5a3 
4 2 1 
(4) 18:59 (5)31(3х):3 (6) X2x x3 


Ш If X? =a s find the values of X in В (if found) in each of the following cases : 
(1)n=5,a=0 (2)n=4,a=81 
(3)n=2,a=-4 (4)n=3 ,a=-8 


GB Find the value of each of the following in the simplest form : 
9 


(1) 67 (23(25ү? 
3: 
(3) cs? com (4102)? 


com 2-15) ПИ 


yey (8) ca 243 (512 


(9) 08 (27)3- ways (10) £2 (192 (8)3 
an 16x? (12)4[-32 х5 


(13) СА A 8 a^ p? (14) t3 £64 (a? + 3) 
(15) 481a? (16) c3 {128 (a + by’ 


a Find in the simplest form the value of each of the following : 
o 


(туш (а)? (2) Yxx xt 
(3)m x?+x3 (4) (х2-х72) (x2+ x3) 
(5) 03-93) (a3 aiia) (ou быс 
О) вуш № 

a {а 


(А f) А ОЕ Y/ Gu old - ule о, - yalsel 


UNIT 


2 


О Simplify to the simplest form : 
© 


e Understand 


Q7)? x (12)? 


5 2m 
(эш 16 x (81)? 


1 
16Х-1х9Х"1 


(2 ат 


(9) Ш (1255 х (81) х (15)- 


EB Prove that : 
e 


(луш 22х92" -3 


2х 
3x18* 


а [Г] Find the error: 
. 


(1){х*=х 


OApply 


$% Higher Order Thinking Skills 


2 2 
aA (as x xS a. 
(12)? x 35 3 
4n -2n 2n 
1 6"“х (30) ^ x2 
«g? 4 EIU RM үн «227, 
(18)? x (15) 
gín*ly 42-2n 
«3% (6) 391+1 у 481-1 «1» 
i g 
«і» (8) 25 х (LL? вр) TT 
8 4 
E (10) m — 3— «4» 
2 


(2) 43 X- 4x (a X*! = 
(196? * x 4 


1 
7 


3 
(2)1£ X324 then X28 


ЁЗ Find in R the solution set of each of the following equations : 
© 


(1)Ш х?=36 
(4) Ш1Хх7--32 
(7) C0 x~*= 6 


(10) x 3-32 
a3 а - 4 
ae = 81 
a9 (х + 2-3 


(2) х?=-49 
(5) £l x? 2- 128 
(8) x*- 128 


(11) (3x t= 3 
(14) £3 (x 03-8 
ат ca |0с-17-32 


4 g 
(20) х5-5Х5-4-0 


(3) GQ X? 2 125 
(6) Д x*= 1296 
3-1 
(9) x= 4 
(12) x5 = 243 


(15) Q (x-5)?=32 
(18) (2x+3)3=81 


Exercise Seven | 


& Find in R the solution set of each of the following equations : 
© 


(1) 3+4=9 4-2» | (2)Ц125-5-4, «(0)» 
(3) 1175-2-1 «(2)» | (4)3%+5=1 «{-5}» 
(5) 14!-х=1 «(2)» | (6)5**3 2 4X*3 «{-3}» 
(79552? «{5›-2}» | (8) EH 2x3*-?2 54 «(5)» 
(9) 0] 23%-6 = 5Х-2 «(2)» | 0)2X -?21 EM 
X«3 | 3ү2Х-1 27 
(11) 2x 4**+3 = 4. «{-6}» | ad (3) - «(2)» 
Х-2 
азуга(3|77-4 d-i} | 04 8 2%x5-%= 4 NON 
as (7)?! =49 «25-61» | (16) 5€ 225X** «зай 
& Find in R the solution set of each of the following equations : 
9 
(1) £33* 43! *X-36 «(2)» [(2)5**14 5X-1226 «(1)» 
(3)3**3. 3X*? 2162 «(2)» (4)29***1. 53Х-2..56 43)» 
(5) (19Х5-3х3Х-0 «{1}» | (6)2Х+25-Х=12 «{2 3} » 
(7)55442-30 «(1э21» 108) £04*42X*1-8 «fij» 
Choose the correct answer from the given ones : 
© (1) 18 2 хуз =VX » then х= aas 
(a) 27 (b) 48 (c) 72 (d) 108 
& (2) С The number (5** 1 + 5%) is divisible by --------------. for all natural values of X 
(а) 7 (b) 6 (c) 13 (d) 17 
a b 
о (3)1£3*-4 ,then9* + 162a = 
(a) 7 (b) 12 (c) 20 (d) 25 
© (4)Н2-3 ,3-7 , 7°=11 „еп 28% = ss 


(a) 11 (b) 27 (c) 21 (d) 231 


co 


^ 
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(5) If X CIR' >n is an even integer » which of the following is true 7 
(a) X^» 0 (b) X" «0 (c) X" «0 (d) X^ 20 
2 
( 6 ) The equation ХЗ = a has a solution in R if -+ 


(a) a ER (b) a €i* (c) a ER (d) a ER* U {0} 


Use the calculator to simplify the following operations 


(Round to two decimals) : 
гаты 


(1)75 (120 
4-3 


: 8 Exponential function and 
Exercise : ete 
its applications 
[| From the school book | @ Understand $» Higher Order Thinking Skills 


| First | Multiple choice questions | 


Choose the correct answer from the given ones : 


e (1)1ff : f CO =аХ вап exponential function » then a € .............-. 


(а) IR (b) В+ (c) IR^ (d) R*— {1} 
€ (2)1f: f 0023**? , then f (-2) = sis: 

(а) 3 (b) zero (c) -1 (d) 1 
© (3)I£f Q0 2 4*-! , then f (X+ 1) = 

(a) 45 (b) 4X*! ()4X*2 фу2Х 
9(4)ИГС0-2Х,0еп/(-3)------ 

@-2" ю(5)/ ()2**! «(1 ~ 
Ф (53110045 еп LAR s oe 

(а) 5 (b) i (c) 25 (d) & 
© (6)1ff (X-1) 22**! ,thenf (X) = 

(a) 25 (2*1 (с)2Х+? (à2X-2 
$ (7)1ff Q9 2 a* , then f (X+ Dx f (X- D = f 6 ) 

()2Х-1 Бах (02x (d)2 
© (8)I£ f (X * 1) =2 and f (а) 2 8 sthena = -++--++ 

(a) 3 (5) 2 (c) 4 (d) 5 


UNIT 
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© (9)1£f 0023? s then the solution set of the equation : /(Х-1)-8118----- 


(a) {7} œ) {5} (©) {4} @ {3} 


© (10) If f (x)= 2~ , then the solution set of the equation f (2 X) – f (X + 1) = zero 


(a) {0} (b) {0,1} © {1} 44-1} 


о (11) If f 09 23* » then the value of X which satisfy the equation : f (X + 1) - f (X— 1) 224 


(a) 2 (b) 3 (c) 8 (d) zero. 
ө (12) If f 00 23 X , then the value of X which satisfy the relation : 
f (2X)—-24 f (X-1)- f (2) =0 is eee 


(2,1 (b) 2 » zero (c) 2 (d)2,-1 
$ (13) (13 The exponential function of base a is increasing if +++- 

(ауа»0 (Б)а> 1 (с) 0 <а<1 (а а= 
* (14) C The function f : f CO = ах is decreasing on its domain if -= 

(а)а=1 (Б) а> 1 (с) 0 <а<1 (@ а= -– 
© (15) The range of the function f : f (X) = (47 JE 

(a) ]- e >= (b) ]- <= 5 of ©, =[ 01151 
e (16) If f CO = 2 * ,then f (X) is decreasing when X € -e 

(а) R (b R* (c) R^ (d) 2 


о (17) Which of the following functions is increasing on its domain ? 
х = х 
wto- ^ ®уод=з-* | (юуоо=(2)`  @убоо=5^ 
(18) If n (X) = Ы" | » then it represents .............-. 
5 n(X)=|-5 p 
: : : 1 
(a) an exponential function with base (2) 
(b) an exponential function with exponent (X + 1) 


(c) not an exponential function because the base « 0 


(d) both (a) and (b) 
о (19) If (х = 2X*! and the point (a , 1) Ею the curve of the function f › then a = ~- 
(a) > 0-1 (с)2 (4-2 


Exercise Eight | 


© (20) If f Q9 =a” s then ————- 

(а) Р(Х+у) =f (X) + f (y) (b) f (X-y) =f C-O- f (у) 

(с) (X+y=f (X). (у) (4) f (Xy = Р(Х). (у) 

© (21) If the curve of the function f : f (X) 22 X is shifted one unit to the left › then the new 


function is g : g (X) = --------------- 


(a) 2X* ! (b) 2X-! (c) - 2X (d)-2!-X 
© (22) C] If the curve of the function f : f (X) = ах passes through the point (1 »3) 

s liene vesc 

(a) zero (b) 1 (с)-1 (4) 3 


© (23) C3 The curve of the function f : f (X) = 3* is the image of the curve of the function 
5:2 (Х) = (4 by reflection іп ·-------------. 

(а) X20 (b) y 20 (c)y=X (d)y=3X 

© (24) C] If the curve of the function f, : f, (X) = 3* intersects the curve of the function 


fa : fa 00 2 4 — X at the point (К » 3) » then the solution set of the equation 


di a TS 
(a) {1} (Ы) {2} (©) {3} @ {4} 

© (25) (13 The curves of the two functions f : f (X) = 2% and 8:5(Х)- ЗХ аге intersecting 
at алсан 
(а) –1 (b) zero (c) 1 (d) 2 

© (26) The curve of the function f : f (X) = 5Х intersects the y-axis at the point -+ 
(a) (1 ›0) (b) (0 » 1) (c) (5 » 1) (d) (1 » 5) 

© (27) The curve of the function f : f (X) =2Х+? intersects the y-axis at the point = 
(a) (0 » 1) (b) (0 »2) (с) (0 ›4) (d) (0,8) 

© (28) The straight line y = 9 cuts the curve of the function f : f (X) 23 X at the point «өнөө 
(а) (0 » 1) (b) (2 ›0) (с) (2 » 9) (d) (1,9) 


о (29) If the point (a » b) where a x 0 lies on the curve of the function y = 2Х , which of 
x 
the following points lies on the curve of the function y = (1) ? 


(a) (a » b) (Бу (а +0) (с) (a »- b) fa» lv) 


UNIT 
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© (30) If the point (a » b) Нез on the curve of the function у = 2 X , then which of the following 
points lies on the curve of the function y = 2 **? 


(a) (a » b) (b) (a - 3 » b) (c) (a »b +3) (d) (a 8 b) 
о (31) Which of the functions that are defined by the following rules represents an exponential 
growth function ? 


x 
(f00-2-* . (уоо=(4)' өг00-35 | «foo-(2)" 
© (32) Which of the functions that are defined by the following rules represents an exponential 
decay function ? 
(a) f 09 22* wre=(4)*  er0-3* ^ @убоо=(2) 


ө (33) 1 Which of the following functions represents an increasing exponential function on 


х 


its domain IR ? 


х 
(@y=3(105)* (у= (<) ()y=3+05)* (0)у= (005) 
у, 


105 
© (34) The opposite figure represents the curve of the function у = ах 


o then a = .............. 
(a) 2 
(b) 3 


(c) 4 

(d) 9 

| (35) The function f where f (X) = 2 is represented by the figure 
У 


1 


(а) (b) (c) 
© (36) The opposite figure shows the function f where --------------- 
(a) f 09 22**! 
(b) 700-2-5 
()700-3-5 
(d)f 00 =2* 


Exercise Eight | 

& (37) An amount of 5000 pounds is deposited in a bank gives a yearly compound interest 

5% for 7 years = зс pounds. 

(a) 6750 (b) 7035.5 (c) 5350 (d) 8500 
& (38) Galal bought a car for 200000 pounds » if the car price depreciated Бу 0.4 % yearly. 
Which of the following functions express the car price after n years ? 
(а) y = 200000 x (0.4)" (b) у = 200000 (0.996)" 
(c) y = 200000 х (1.4)" (d) y = 200000 (0.2)" 


Second Essay questions 


Show which of the functions defined by the following rules is an exponential 
function ; then determine the base and the power of each : 


(1)f 09 22x? (2)f00-2 * 
(3)f00- x (4) 700=3х2-1 
(5) лоо = (2)^ (6) 709= 7% 
шах ‚1@+4)-{ (+з) 1, 
E 09-5 m бий e valne da TO rb 55 


a Ш If f Q9 =3~ » prove that : f (a) x f (b) =f (a+b) 


_5Х+1 . fOOxf(X-0) _ 
G8 arfos Зее. TTS ES | 


à -0Х 10-41), FAD 17 
If f 0922 gemit rd EET 4 


О] If f (29 = 2* , find the solution set for each of the following equations : 

(1) 700-8 Br (DfAA «Ce 

CI If f (x) = 3** ! , find the solution set for each of the following equations : 

(1) 709 =27 «Qe [G»fx-D-$ «{-2}> 

(I3 If f (х) 2 7*-? , find the solution set for each of the following equations : 

(1) 700 = 343 d |(2) Fem=4 «(o)» 
(А: г) М oast Y / (o OW - LE eost, - yalsdl 
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EJ it f 00 =7**! , then find the value of X that satisfies : 
о 
M be 


If f (X) = 3Х , then find the value of X satisfying : f (X + 1) + f (X — 1) = 90 «3» 
о 


т шш 
рут гүүрн 
] f, (2X-1) + f, (X+ 1) 2 756 тэ 
GD 1f f 00 =7* sthen find the value of Xsatistying: Я 
] fOx-D«fQx«n)s 30 o 


@ усх) 2 3X! , then find the value of X satisfying : f (X + 2) + f (4-Х = 30 «Оог2» 
o 


[15] If f (X) = 2Х , then find їп R the S.S. of the equation : f (2 Х)—6 f (X) + f (3)=0 «{1,2}» 
ө 


РО Х+2) + (2х-1) 7 


-3Х : АБАЛЫ Боан 
a If f (X) 2 3^ › then prove that : 500-7 0х1) 2 


Xl . F(X+1) x f (X+2) _ 
ü If f (2) 53 » then prove mE NN =f (X) 


[18] CI Represent graphically each of the functions defined by the following rules › 
then find the domain and the range of each › also determine which is increasing and 
which is decreasing : 


(1)f0923* (2)f0022* | (3) f09=(4)* 
(4) 700) =27Х*! (51 342575 

(18 | Find graphically in IR the solution set of each of the following equations : 

© 
(1)Ш3^=3 (2)ГЦ2^*!=5 
(3)3X24-x (4) GQ 3**!2-x 
(5) 125-4 x«1 (6)2%=2x 


[20] If f : R— К where f (X) = 3X-! , graph the function where X € [-2 53]» 
© 
from the graph find : 


(1э5(3) ( 2) The value of X when : 3Х71-7 


1 «17528» 


Exercise Eight 


Applications on the exponential growth and decay 


ЁД Saving : 


' Find the sum of L.E. 8000 deposited in a bank giving a yearly compound profit of 5% for 


7 years. « L.E. 11256.8 » 


In-habitation : 

If the population of a country at the end of the year 2000 is 43.3 million and the rate of 
population increasing is 1.5% yearly. 

( 1 ) Find a form represents the population of this country after n years from the year 2000 


(2 ) Use this form to find the expected population of this country at the year 2020 
« 58.3 million people » 


Sport : 

The number of spectators of a football team decreases at the rate of 4 % each match as 

a result of recurrent loss in a championship. If the number of spectators in the first match 

was 36400 » write the exponential function which represents the number of spectators (y) 
in the match (t) » then estimate the number of fans in the tenth match. « 24200 fans » 


LL] If the maximal production of a gold mine is 1850 kg. per year and this production 
starts to decrease yearly in ratio 9% : 


( 1 ) Write an exponential function representing the gold production of this mine after n year. 


( 2 ) Estimate the production of this mine after 8 years to the nearest kg. « 870 kg. » 


A man deposited L.E. 2000 in a bank given yearly complex profit 796 » find the sum of 
money after 10 years in each of the following cases : 


( 1 ) Yearly interest. ( 2) 6 month's interest. (3 ) Monthly interest. 
« L.E. 3934.3 4 L.E. 3979.58 5 L.E. 4019.32 » 


If the marketing price of a car decreases according to the relation X = 160000 (0.95)" 
such that X is the price of the car in L.E. and n is the time in years from the moment of 
buying it. Find : 

( 1 ) The car price when it was brand new. 

( 2 ) The car price after 5 years of its buying date. « LE. 160000 » L.E. 123804.95 » 


LL] Fish wealth : 

If the number of Salmons in a lake is increasing according to the function of the 
exponential growth f : f (n) = 200 (1.03)" » where n is the number of weeks ; find the 
number of Salmons in this lake after 8 weeks. « 253 Salmons » 
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28) Population : 

Т The number of population in а city of A.R.E. reached 4.6 million people with an average 
increase 4 % annually. 
( 1 ) Write the exponential growth function after t years. 


( 2 ) Estimate the number of population after 5 years. « 5.6 million people » 


The price of an article is increasing yearly in the ratio 8%. If the original price of this 
* article is L.E. 4000: 


( 1 ) Write a mathematical form gives the price after n year. 
( 2 ) Evaluate the price of the article after 4 years to the nearest pound. « LE. 5442 » 


[30 LL? Investment : 
= 
е; 


* Ifa man has invested L.E. 1000000 in a project in a way that this amount of money 


grows according to an exponential function with yearly increase of 6% : 


( 1 ) Find a formula showing the growth of this money after n year. 
( 2 ) Estimate this money after 10 years. «Г.Е. 1790847.697 » 


[31] The price of an article is increasing yearly in the ratio 10% If its original price is 
2 


° І.Е. 2000: 


( 1 ) Write a mathematical form giving the price after n years. 
( 2 ) After how many years the price will be L.E. 2420 ? « After two years » 


Choose the correct answer from the given ones : 
* ( 1 ) The function f : f (X) = (2a)* is decreasing when a Є -e 
(а) 10,11 (b) Ji >of (©) Jo »2[ @ Jo. 51 


x 
e ( 2 ) If the function f : f (Х) = (2) is an increasing exponential function 5 then -............. 


(а)а»0 (Б)а> 1 (c)a>3 (d)a«3 


* ( 3) Which of the following curves intersects X-axis ? 


eoo-(i ^ qero0-2*«3 (QfOo-3-1 ФЗ 


# (4) IEF OO = Ses sten f OO + fL О = 


2 9*43 1 
(a) Sun \ == (03 (d) 1 


Logarithmic function and its graph 


Test yourself 


111 From the school book e Higher Order Thinking Skills 
LI У t 


| First | Multiple choice questions | 


Choose the correct answer from those given : 


(a) log, у= X (b) а= х (c) a* 2 y (d)y=aX 
ЦО POMPES 

Гов; 625 

(a) - 2 (b) -4 (c) 3 (d) 5 


If log 0.01 =3 X+ 1 » then X= еее 
(a) -3 (b) - 1 (c) 2 (d) 7 
If log, X22 » then X = vee 


(a) 3 (b) 5 (c) 8 (d) 9 
If log (Х5-1 o then X = e 

4 
(a) - 4 (b)- 1 (c) 1 (d) 4 


If log , X= log, 9 »then X = vee 

(a) 1 (b) 2 (c) 3 (d) 4 

If log; Х= 2 » then log (40 X) = зз 

(a) 3 (b) 25 (с) 100 (d) 1000 


[69 | 
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© (8)IfLog; X23 »then log 5% =. ОУУ 


(а)2 (b)3 (c) 25 (d) 125 
o (9) If log (X+ 11) Z2 » then X = v 

(2)—9 (b) 22 (c) 89 (d) 91 
о (10) Itlog Tx +7= 1 5s THEA ЙБ нен. 

(a) 2 (b) 4 (c) 6 (d) 8 
© (11) The S.S. of the equation log, 81 = 4 in В is еее 

(а) {-3} ( {3} (c) 13 ›-3} (d) {9} 
о (12) The solution set of the equation : log x3 = 2 in Ris зз... 

@{1} (b) {9} o4] (d) яа) 
[o] (13) If Log „25 22 then X? e X2 S messe 

(a) 95 (b) 105 (c) 145 (d) 155 
© (14) If log , 2 X * 3) 22 s then X = +--+ 

(a) 3 (b) 2 (c) 9 (d) 4 
о (15) The S.S. of the equation log, 3) 125 =3 in Ris еее 

(а) {5} (b) {3} (c) 2 (à) {2} 
© (16) The solution set of the equation log (X — 1) = zero is -- 

01:51 ( {1} (©) {2} 1-1) 
о (17) The S.S. of the equation log, (3 X - 2) = 2 in R is зз 

(a) {1,2} (b) {1} (c) {2} (4) 2 
© (18) [11 S.S. of the equation log X (X + 6) = 2 in R is зз 

(a) {3 »- 2] (5 {3} (©) (3,1) (4) {6,1} 
© (19) If the solution set of the equation : log „64 X = 4 in R is ---- 

(a) {2} Œ) {4} (c) {6} (4) {0 ›4} 
© (20) If log у, ,,64- 3 s then X Єз 

(a) {6 ,-2] (b) {2 ,-6} (c) {0 »-8} (d) {4 ,-8} 
© (21) The value of log, 33 = (by using calculator) 

(a) 1.95 (b) 0.0512 (c) 2.297 (d) 0.74 
© (22) The value of X where log X = 0.35 is -.............. (to the nearest thousandths) 

(a) 3.534 (b) 2.839 (c) 2.239 (d) x 2.239 


Exercise Nine | 


© (23) The curve of the function f : f (X) = log › (X + 1) intersects the X-axis at 


the point --------------- 
(а) (0 +0) (b) (1 +0) (с) (2 ›0) (d) (1 » 1) 
© (24) The curve of the function f : f (X) = log, (3 — X) intersects the X-axis 
at the point =- 
(a) (1 »0) (b) (2 »0) (c) (0 » 1) (9) (3 ›0) 
© (25) LL] The curve of the function f : f (X) = log, X is passing through the point (8 > -= ) 
(a) 2 (b) 3 (c) log, 3 (d) 256 
© (26) (21 The function f : f (X) = log , X is decreasing for every a E += 
(a) 0 » eof (b) ]- » »0[ (о Jo » 1[ (9) эе 
© (27) If the function f : f 00 = log; X » then f (1) + f (8) = 
(a) -3 ®- 1 (c) 2 (9) 5 
© Q8)Iflog; f CQ =X »then 8 f Q + f C) f (0) = 1 
(а) i т (c) 11 (d) 22 
© (29) If the curve of the function y = log, (1 — a X) passes through the point (i >- 4 
seras oet 
(a)2 (b) 3 (c) 4 (d) 8 


© (30) If the curve of the function f where f (X) = log, X passes through the point 
(8.3) › then f (4) = --------------- 


(a) 1 (b) 2 © 2 (9) 2 
© (31) The domain of the function f where f (X) = logg _ y) 3 15 ve 

(a) ]- ee ;o[U ]o » 1[ (6) ]-  »1[ (c) ›=[ (5 ]- 1 »i[ 
о (32) The domain of the function f : f (0) = loga х) X is eee 

(a) X»0 (b) X«1 ()0«Х-1 (90<х<1 


© (33) The opposite figure shows 

the curve of the function 

f:f O9 = 108, X» 

Шәй Ds «ace 

(a) a? (b) a --3 
(c) а? (d) 3* 
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56с014 Essay questions - 
Express each of the following in the equivalent exponential form : 
© 
1 
(1)1og, 128 =7 (2) logyy 7 = 5 (3) logy 5-2 


(4)log, d. =-4 (5) log 0.001 23 (6) log, 442 = 3 


д Express each of the following in the equivalent logarithmic form : 

? (1)125=5 (2)81=92 (3)50=1 
4 -3 1 

(4) (42) =4 (5)5*- 4. | (6)c=2" 


25 
EB Find the value of each of the following : 
© 


(1) log, 16 «4» | (2) 1087 «1» 
(3) @ log; 1 «0» | (4) log,9 «2» 
( 5 ) log 0.00001 «-5» | (6)log, 22 «3» 
(7)log 128 «T» | (8) E log + 3» 
(9) logy 125 € (10) log 7812 "S 

EB Solve each of the following equations in R : 

! (1)1og; X27 «128» | (2)1og; Х=-1 «3» 
(3)1og, X-4 «9» (4) log, x?=4 «9» 
(5) юз X= + «27» | (6) logg, 3x2 1 "T 
(7)1ogy; Х--2 «25» | (8) EL) 0; =-2 «25» 
(9)1og,,2* 2-4 «4» | (10)юр,(2Х-5)-0 «3» 
(11) Ш log, (X + 2) 23 «123» | (12) @ log, (X + 5) 23 «3» 
(13) Œ log, (Х- 1) =2 «10» | (14) Е log, (3Х-1)-1 «2» 
(15) log, Vx +4= 4 «2» | (16) log,|xX|=1 «+3» 
(17) log; |2 х+1|=1 «20-3» | (18) log, Х(Х+6)=4 «20г-8» 
(19) log, (X- 1? 22 «Зог-1» | (20) log,(x?-2x)=1 «Зог-1» 
(21) (log, X}? - 91og, X +20 20 «810243» | (22) log; Х-21-2 «10 or 1» 


Exercise Nine | 


Find in R the S.S. of each of the following equations : 

(1) log, 9-2 «{3}> | (2) Glog, 9= 3 «(27)» 

(3) log, 0.001 = = «[10000)» | (4)log 81-4 48, 

(5) Ш log, (9 =2 «аЬ (6) 108,27 =3 «{4}> 

(7) logy _, (7-2) =2 «3» | (8) CO) log,,,8 = 2 «{15}> 

(9) log, 5 X22 «5» | (10) Ш log, (X 4 2222 «{2}» 

(11) log, Q X 8) 22 «4» | (42) ов, (|Х-242)-1 «зь 

Find the value of X in each of the following : 

(1) log, 812 X «4» (2) log, d; =x «-3» 

(3) 108; 625 2 X- 1 «5» | (4) (log, 272 X 42 «1» 
-x3 = 

(5 ) log,, 1=x «0» (6) log ,64=Х «4» 

(7) log, 82 =x «$ | (8) log 762595 =x? yts 

LO Using the calculator , find the value of each of the following approximating to 

the nearest 4 decimals : 

(1)1og 15 (2) log, 27 (3) 4 log 7-5 log 13 

Using the calculator › find the value of X in each of the following approximating to 


the nearest 4 decimals : 


(1) log X = 0.2345 (2) log X2 1412 (3 ) log X=-0.3 


Determine the domain of each of the functions that are defined by the following rules : 


(1) f O0 = 108, (2X+1) (2)f 09 22logX 
(3) LD f 09 =log, (X -2) (4) f O9 = log, X 
(5) f (X%)=log,_,X (6) f(X)=log, XX 


Represent graphically each of the functions defined by the following rules › from the 
graph find its range and investigate its monotony : 


(1) к = log X (2) ШВ (х) = log, X 
(3) 01700 -log, x (4) 100 - log (X+ 1) 
(5) Lr 9 -log (X- 1) (6) 00:00 21- log, X 


(Vet) Vogt Yot) old - zat obaly - yalsdl 
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ü If the curve of the function f : f (X) = log, X passes through the point (4 » 2) › find the 
value of a » then graph the function f taking X є[1 8? 8] » from the graph deduce the 


range and monotonicity » then find the approximated value to the number log, 1.5 


ae If the curve of the function f : f (X) = log, X is passing through the point (81; 4) » 
ө 


find the value of a : then graph the function f taking X € [2 , 9] » from the graph : 
(1) Deduce domain and range and monotonicity and the point of intersection with X-axis. 


( 2.) Find approximated value to the number log, 5 
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Some properties of logarithms 


Test yourself 


122 From the school book D $» Higher Order Thinking Skills 


| first | Multiple choice questions ) 


Choose the correct answer from those given : 


log; 5 x logs 2 = зз 


(a) 1 (b) 10 (c) log, 10 (d) log, 10 
1 + log 2 = ............... 
(a) log 5 (b) log 2 (c) log 20 (d) — log 5 


The value of the expression : 2 log 25 + log Ё +2 log 3 – log 30 =з 


(а) 6 (b) 2 (c) 3 (d)- 1 
Which of the following statements is true ? 
(a) log 2-10812 = log 42 (b) log, 1 = zero 
J „Лв? #log2= 
(c) log 5 “Ток (d) log 7 + log 2 = log 5 


it „Г, L 
(а) - 1 (b -2 (с) 5 (d) 4 
CA If log, X 23 » then logy X = еее 
(a) 8 (b) 4 (c) 2 (d) 1 
If log X — log 2 = log 4 » then X = e 


(а) 4 (b) 6 (c) 8 (d) 16 


UNIT 
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© (8) Iflog X+ log 5 =2 » then X = veen 


(a) 3 (b) 8 (c) 17 (d) 20 
(9) 2108;3+3102;2= ------------ 

(а) log; 6 (b) 6 log; 6 (c) log, 72 (d) log, 36 
| (10) £3 mt bs "" — 

(а) 1 (b) 2 (c) 7 (d) 14 
© (11) 21og, X + log, y -log, (Xy) = еее 

(a) log X (b) log, X (с) 108, Ху (d) log, X? 
9 (12) The simplest form of the expression : log, а? x log, bx log, СЕ еее 

(а)2 (b) 3 (c) 6 (d) 1 
© (13) log (£)- — where a »b 5c C R* 

(а) 2 log a + log + log c (b) 2 log a – log b + loge 

(c) 2 log a- log b – log c (d) 2 (log a — log b – log c) 
© (14) НаЕВ*- [1] » Xand y €IR* , log, y #0 ‚бетон = — 

(a) log, x (b) log, (Х- у) (c) log, х_ log,y (d) log, X 
© ((15) log, , = +log,, i — гб 

@ t (5 5- ()-1 (d)1 
© (16) LL] The expression TTE TI is equivalent to the expression «есөн 

(a) log, 2 (b) log, 2 (с) 108, 8 (d) log; 8 
© (17) ШЕЗХ=5 » then X = з 

(a) 3 (b) log, 5 (c) log, 3 @ 2 
© (18) The solution set of the equation : log, (o 4) m5 Хөөс 

(а) (4] (b) {45} (c) {5} (d) {54} 
о (19) The solution set of the equation : log g” + 05 " (Xt 1) =2 is нее 

(a) {1,2} (b) {-2} (© {1 »-2} (4) {1} 

(20) The solution set of the equation : 2 log 2 – log X = log (X + 3) — log 7 is s 

| (а) {7} (5 {4} (©) {7 ›4} (d)g 
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(21) 1t x 2 5 +216 » then log (x « 1.) = 


$ 
(a) 1 (b) 5-26 (c) 10 (4)5+26 
(22) If log , X = logy 25 »Шеп X = --------....... 
(a) 5 (b) 3 ()9 @ 2 
(23) The solution set of the equation : log 2Х+ 084 Xz3is еее 
(а) {2} (5 {4} (©) {2 ›4} (4) {0} 
(24) If log, X 4 log; X^- 6 › then X = vere 
(а)2 (b) 4 (c) 6 (d) 216 
(25) The solution set of the equation : log X? - (log Х)-018---- 
(а) {1} (b) (1510) (c) {1 » 100} (4) {100} 
(26) The solution set of the equation : (log, X)? — log , X? + 220 is v 
| (а) {3} (b) {3 ›9} (c) {9} (4) {1,2} 
9 (27) The solution set of the equation : log, X — 210g, 3 = 1 in R is «+++ 
(a) {8 »3} {8.4} о {9,1} ( {8} 
! (28) If log 23 = а › then log 2300 --------- 
(а)а+2 (b) a-2 (c) 100 a (d) a? 
^ (29) If log 3 = X slog 4 =y » then log 12 = +--+ 
(а) Х+у (b) ху (c) X-y (4) log X + log y 
(30) ABC is a right-angled triangle at A in which AB = (log, 3) cm. » AC = (log, 64) cm. 
| s then its area = з cm? 
(a) 1.5 (b)3 (c) log 16 (d) log, 16 
© (31) If Land M are the two roots of the equation : 3 X?— 16 X 4 12-0 
s then log; L + log; M = eeen 
(a) 2 (b) 4 (c) 12 (d) 16 


Ф (32) In the opposite figure : 


The perimeter of the figure = -+ cm. f  ] 8 
(а) 2 log, 35 (b) log, 70 3 


log;27cm. 
(c) 3 (d) 6 
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Without using the calculator , find the value of each of the following : 


© 
(1) log 2 + log 5 a (2) log, 2 log, 1 «0» 
(3) log, 4 + log, 16 «6» | (4) log, 15 – log, 3 «1» 
(5) £I log, 5 x log, 3 «1» | C6) £2 310g, 5 + log, 242 «5» 
(7) log, 81 x logg 3 «2» | (8) EL) log, 3 + log, 2 «1» 
(9) GO log, 54 – log, 9 «1» | (10) Е log, 12 + log, 2 iiti 
(11) ГЇ log 48 + log 125 – log 6 «3» | (12) log, 15 + log, 14 – log, 105 «1» 
(13) log 54 – 3 log 3 - log 2 «0» 
(14) log, 3 +5108) 5 + log, 27 - log, 125 log, 243 che 
(15) log 0.009 — log 27 + log 15 $ log ту ids 
35 17 
(16) 102109 187 108100 18 + 108100 36 «-1» 
(17) CA log, 16 + log, (3 + log 0.1 «ade 
1 -log 2 
pasa T 1, 
(18) Q log 125 *3 
log 49 + 31og 7 
(19) M E «5» 
(20) 1 + log 3 – log 2 – log 15 «0» 
log 8 x log 16 
(21) log S oga 64 «2» 
(22) log, y X + logy y y «1» 
(23) log,,, a + log,,, b + 1085 c «1» 
(24) (234 log, a+ $ log, b + 2 log, c — log; lab – log, 3c? “... 
+ «2» 


log, 12 ш logg 12 Ы logg 12 
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Я Without using the calculator › prove each of the following : 
] (1) log, 16 + log, 64= 5 

(2 ) log, 243 – log, 9 =3 

(3) log, 125 + log 10 + log, (25 + 2) 2 7 

(4) log, "m —log, Б + log, a = log, 125 

(5) log (4? - 22) - (log 4? log 22) = log 3 

(6) (1 — log 5) (2 - log 25) = 2 (log 2? 


log, 243 - log, 32 


(7) 
log, 27 – log; 8 


LS 
3 
(8 (log 5)2 log 5? 


=1-log2 
log 5 - log 100 


ЕЗ Using the calculator , find the value of X in each of the following » approximating to 
two decimals : 


(1)5Х=13 «159» | (2)2X*128 «2» 
(3)3**?26 «-037» | (4) Q 5*-1 22 «143» 
(5) Ц14х7Х-2-1 «129» | C6) (2) X- 0042 «346» 
(TIT? 299-2 «-489» | (8) 32Х-3=111-Х «124» 
(9)E12*-?23**! «-784» | (10) Х15-945 «+1717» 
(11) 7*+147%*-! = 300 «192» | (12)25%-27x5*+50=0 «20г043» 


KJ if log, 7 = 2.807 , then find without using the calculator : 
$ 
(1) log, 14 (2) log, 56 (3) log, 7 


ge If log 2 = 0.301 , log 3 = 0.4771 , then find without using the calculator : 
(1)1og 6 (2)1og9 (3)1og 12 


a Find in R the solution set of each of the following equations : 
o 


(1) C log X = log 3 + log 10 « {30} » 
(2) @ log, X-1og, 2-2 « {50} » 
(3 ) log, (X + 6) = 2 log, X « {3} >» 
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(4) @ log, X + log, (X + 2) 23 «{2}» 
(5) @ log X + log (X-3)=1 «фр 
(6) @ log (X + 3) -log 3 = log X ТЕЗЕ 
(7) log, (X- 1) – log, (Х-2)-2 «Gp» 
(8) log, X+ log, X? 23 «(3)» 
(9) log (X + 1) + log (X- 1) = log (X + 5) «{3}» 
(10) log (X + 8) – log (X-1)=1 «{2}» 
(11) log, X? + logs 2 = log; 18 «(35-3)» 
(12) log, (7 X? - 4) 2 2 log, X+ 1 log, 9 «{1} » 
(13) 4 log,, 3 – log; 18—3 log, X + log; 2 =0 «{3}> 
(14) log (X + 2) + log (X — 2) = 1 – log 2 « {3} » 
(15) log, X = log, 9 «(3] » 
(16) log, Х= log, 3 43941» 
_ (log 3)2 - log 27 
(17) log X- "Tog 01003 «ap 
(18) (log X)? - log X? =3 « {0.1 » 1000) » 
п Find in R the solution set of each of the following equations : 
1 1 

Ou xti 2 416) 
Я 22 Р | 

(2) EH log X- wx"? {0.1 5 1000} 
1-3 PS ий. 

ат 2 un om) 
(4) log 7 х log 729 = log 49 x log X? «{3}» 
(5) log, X + log, 2=2 «{2}» 
(6) (log ХУ = log x? « {1 5 1000 ›0.001 } » 
(7) log, (X? +6 X +9) – log, (Х- 1) = log, 625 «(5)» 

-3 

(8) log, X*log,X75- «{4}> 


Exercise Ten | 
8 | CL Find the perimeter of each of the following figures : 


(1) (2) 


log 8 TN log 4 ст. 


log 627 ст. 


log 5 ст. 
«бст.» E «4cm.» 


KJ С] Prove that : log, a x log, b x Іов, с x log, d = 1 › then calculate the value of : 
© 
log, 3 x log, 5 x log; 16 


ШТ 
Choose the correct answer from the given ones : 


& ( 1 ) Which of the following statements is true 7 
(а) log 3 + log 3 = log 6 (b) 1 -1og 5=2 


(с) log 2 x log 2 = log 4 (d) log (1 +2 + 3) = log 1 + log 2 + log 3 


log X _ log 36 _ log 64 И 
e (2) Е las mes Igy › Шеп Х+у = 


(а) 25 (b) 8 


(c) 17 (d) 33 
В ес И эы ®= = =т= t 
# (3) 1+log,a+log,c 1 +108. а+10р, b " 1+log,b+log,c - 
(a) log, bc (b) log, ac (c) log, ab (d) 1 


: 1 1 —— — eiue 
BOE, IARE ELE EU »then X= 


(a) 1 (b) 2 (c)4 


(d) 8 


(11:10) Noa Y / Gul) OW - LE SLs, - walxel 


Life Applications on Unit Two 


LL From the school book @ 
KB Econony : 


If it known that the profit (r) of a bank on a sum of money (a) after (n) year is given 


1 
by the relation : r = (Sh: — 1 where c is the total money after n year. If Gamal has 
deposited L.E. 10000 and after 3 years the sum of money becomes L.E. 12597 ; find 

the yearly percentage of the profit. «8%» 


Я п Trade: 
Mohammed has started a project to grow rabbits. If the number of rabbits at the 
beginning of the project was 75 rabbits and the number of rabbits in their reproduction 
has followed the relation : 2 = 75 (4.22)6 where n is the number of months. 
Find the number of rabbits expected over 5 months. « 249 rabbits » 


Е CL] Volumes : 


3 
If the edge length of a cube l is determined by the relation : {= ТУ where У is the 
volume of the cube in cubic units. Find the edge length of a cube whose volume is 1331 cm? 


«Ilem» 
[4 | Geometry : А 
If the radius length of a sphere r is given by the relation г = 2%} where V is the volume 
of the sphere › find the increase in the radius length when the volume changes from 
л to 36 Л cube unit. « | length unit » 


E п] The number of marine organisms decreases according to the function of the 


n-1 
exponential decay y = 8192 (1) where n is the number of weeks from now. 


2 
( 1 ) Find the number of the organisms after 4 weeks from now. « 1024 organisms » 
(2 ) After how many weeks does the number of these organisms get 256 ? « 6 weeks » 
[ 6 | {Ш Biology : 


A microorganism reproduces by binary fission where the number of these organisms is 
replicated each hour because each cell is divided into two cells. If the number of cells at 
the beginning was 20000 cells : 

( 1 ) Find the number of cells after 5 hours. « 640000 cells » 
(2 ) After how many hours does the number of cells get 2560000 ? « 7 hours » 


Life Applications 


KA [ШЇ If the relation between retention of materials of a student in the first secondary form 
and the number of months (t) starting from the end of study of the class is : 
f (t) = 70 — 4 log, (t + 1) › find the score of the student : 
(1) At the end of the study of the class (t = 0) « 70 marks » 
( 2 ) After 7 months from the end of the study of the class. « 58 marks » 


a {Д A country use a taxes system such that the taxpayer pays yearly the decided 
taxes according to the following function : 
10%хХ >» where X< 5000 
717 OO = | 10% x + 100 log (X — 4999) where Х > 5000 
Where X is the yearly net profit » find : 
( 1 ) The decided taxes on a taxpayer whose yearly net profit is 3600 pounds. 
( 2 ) The decided taxes оп a taxpayer whose yearly net profit 8000 pounds. 


« 360 pounds » 1147.7266 pounds » 


E Population : 
If the population of a city increases by yearly rate 7 96 : 


( 1 ) Find a formula of the population of the city after 1 year. 


( 2 ) After how many years the population is doubled assuming that it rises at the same 
rate ? « 10 years » 


[Т] If the population of a city starting from 2010 is given by М = 105 (1.3)! 201 
» where N is the number of population : t is the year. 
( 1 ) Find the population of this city in 2015 
( 2) In which year the population of this city is 1.4 million people ? « 371293 people › 2020 » 


П СО Industry : 
If the efficiency of a machine decreases yearly according to the relation 
k = k, (0.9)" where К is the machine efficiency › К, is the primary efficiency of 
the machine and n is the number of years the machine works. 
If you know that the machine stops working if its efficiency is 40 % of its primary 
efficiency › how many years does the machine work before it stops working? «9 years » 


[88] 


- 
2 
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Limits. 


Trigonometry. 


Unit Exercises 


Exercise Exercise Exercise 


Exercise 


Introduction to limits of functions 
"Evaluation of the limit numerically and graphically". 


Finding the limit of a function algebraically. 


Theorem (4) "The law". 


The limit of the function at infinity. 


Introduction to limits of functions 
"Evaluation of the limit numerically and graphically" 


11: From the school book | e Understand O Apply Ф Higher Order Thinking Skills 


Multiple choice questions 


Choose the correct answer from those given : 
© (1) All the following are unspecified quantities except ..............-. 


(a) zero + zero (b) e» — co (с) eo + оо 


• (2) In the opposite figure : 
Lim f (X) TTT Ty 


(a) 1 

(b) -1 

(c) does not exist. 

(d) 2 

® (3)In the opposite figure : 
Lim f Q9 = 
(а) -3 

(b) 2 

(с)-1 


(d) does not exist. 


Exercise Eleven | 


è (4) In the opposite figure : 
lim ТОО =... 
(а) zero 

(b) 2 

(c) 3 


(d) does not exist. 


9 (5) From the opposite figure : 
First : Lim, T (X) exime 


(a) zero (b) -3 

(c) - 2 (d) does not exist. 

Second : Lim РОО = 

(а) zero (b) -2 

(c) -3 (d) does not exist. 

Third : Lim, f O92 

(a) zero. (b) -4 ()-1 (d) does not exist. 
Fourth : Lim TOO masses 

(a) zero. (b) 4 (с) 1 (d) does not exist. 


© ( 6) Using the opposite figure : 
First : Lim e a 


(a) zero (b) -2 

(c) 1 (d) does not exist. 

Second : Lim, f Q9 = е 

(a) zero (5)-1 

()-2 (d) does not exist. 

Third : Lim TO m ecc 

(a) zero. (b) 1 (c) 2 (d) does not exist. 


Fourth : Lim f o s 
(a) zero. (0)-1 (c) -2 (d) does not exist. 


UNIT 
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5 ( 7 ) Using the opposite figure : 


First : Lim, EO a 
(a) zero. (b)-1 

(c) 4 (d) does not exist. 

Second : f (2) = e-+ 

(a) zero. (5) 3 

(c) 4 (d) undefined. 

Third : f Oaren 

(a) zero. (b) 2 (c) 5 (d) undefined. 
Fourth : Lim J'y existens 

(azero: (b)2 (c)3 (d) does not exist. 
Fifth : Lim ОО = «am 


(a) zero. (b) 2 (c) 4 (d) does not exist. 


Х-2. 
ха 


CO Complete the following table and deduce Lim 


EB Find each of the following limits graphically and numerically : 
. 


(1)Lim (2Х-5) 


su 9 
(2) bin “4-3 
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€ In each of the following figures › find : Lim foo 


(5) (6) 


CL] From the opposite figure › find : 
(1) Lim f OO 

(2)fC2) 

(3) Lim 700 


(4) f@) 


(Y: P) out Tigo) oW — Lk clot, - walxell 
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L6 | Study the opposite figure ; then find : 
© 

(1) 70) 

(2) Lim f Q9 


GB Study the opposite figure › then find : 
| (1)f(0) 

(2) Lim 700 

(3)fQ) 

(4) Lim 709 


a Ш From the opposite figure : 
9 
Find each of the following if possible : 
(1)f G) 


(2) Lim 700 


a From the opposite figure : 
ө 
Find (if possible) each of the following : 


(1)fQ) 
(2) Lim 709 


Exercise Eleven 


[10] From the opposite figure : 
© 


Find (if possible) each of the following : 
(1)f@) 
(2 ) Lim f 09) 

-3 


ш Ш From the opposite figure : 
Find : 
(1)f ©) 
(2) Lim fH 
—0 
(370) 
(4) Lim 709 


26 when X«2 


B CI If the function f where f (X) = 
X+2 when X22 


Graph the curve of this function 
› then investigate graphically the presence of Lim f% 
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Choose the correct answer from those given : 
* (1)Which of the functions represented by the following figures does have a limit 


atX=3? 


« (2) Inthe opposite figure : 
When 0 — 7 y e 
s then : y = Más cm. € 
(a) 0 (b) 5 (c) 10 (d) 1042 


© (3) Ifthe curve of the polynomial function f intersects the X-axis at X = 3 , then 


(a) Lim f 09 20 (b) Lim f (x) =3 


(c) Lim f 09 =0 (d) Lim f (0 =3 


© (4)Ifthecurve of the polynomial function f intersects the y-axis at y = 3, then 
(a) Lim f 00 = zero (b) Lim f Q9 =3 


(c) Lim f (0 = zero (d) Lim f 09 =3 


Finding the limit | 1 
Exercise 12 of a function algebraically Test yourself 


111 From the school book | @ Understand БА Higher Order Thinking Skills 


| first | Multiple choice questions | 


© Choose the correct answer from the given ones : 


(1) Lim (О eene 
T 


(a) 5 (b) 20 (c) 10 (d) 104 
(2) Lim (зх) = акагы 
(а)8 (b) 10 (c) 14 (d) 16 


@2 (b)3 (c) 4 (d) 5 
- 
(4) EB Lim ини 
@1 ®-1 (© 4 -4 


(a) 18 (b) -3 (c) 12 (d) - 12 
: 3-2Х 
(6) Lim go] emnes 
(а) -3 (b) 1 (©) d «2-1 
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1 2 Х- 6 = 
(DIA 
а) 2 ( 2 ()$ 93 
(8) Lim = — I 
(a) zero. (b)-1 (c) does not exist. (d) 1 
(9) Lim Xx'-7X*12... 
х—3 Х-3 
(а) 1 (b) -1 (c) 7 (d) - 2 
р 2 
(10) Lim хах РНН 
Х7-1 
(a) zero. (b) - 4 (c)-1 (d) has no existence. 
Lim X?-X-6 |... 
(D 553 4-1 
(а) 3. 04 ()-1 @-5 
(12) Lim, 3 = ЗӨВ conn 
== + 
(а) 32 (b) - 32 (c) 24 (d) — 24 
| 2 
(13) Lim a „ КОС 
х2-4 
(a4 ъ 5 (o2 (@ 2 
: 4_х2_20 
(dy Lin "Зан, un M 
= xfs 
(a) 9 09215 (915 (91815 
за 00-37-1 
(15) Lim (x-3 -1 xm 
(a) zero (b) 2 (c) 3 (d)4 
(16) £3 Lim Е И ааа 
Ji x 
(a) zero 12 (c) i (d) has no existence. 
(17) lim 1х+1-2 _ айд 
кка мез 
@4 ©) 4 (c) 6 @ 2 
4 6 
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Lim Tee, 


dalim TEE зная 
(ay 22 ый о-в (à) -242 


Lim 00-3? -1 _ 


M Їх-2-2 


(a) - 6 (b) - 8 (c) - 2 (d) does not exist. 


Lim (2x-1-1 


(19) 


apis VL 
1 3Х-41-2 
(a) 1 (b 2 04 @ + 
Ei ЭР Tow 
т WD Snes 
(a) zero. (b) -3 (c) 3 (d) does not exist. 
: 3 
55), Lim „Ж —9X*96. „ы 
02) $73 уа ах 
OE 03 © «т 
7+2 
(23) Lim p — — 
d (b) 8 (c) 9 (d) 1 
Q Lim tan x Zee 
aa gn p 52- 
(20 (b) 1 (с) & (d) does not exist. 


(25) Q Lim 982... 


(а)2 (b) 1 от (4) zero 
Li sin xX- 

в) Lim, Sh... 

(a) 1 ыт > (с) 2 (d) has no existence. 
27) cor fim z a Т=4 > then a= О 

@)3 (b)4 © 3 (@ 12 
(28) Lim 3-3 З a mee 

(а) –1 (b) - (c) 3 (d) does not exist. 


2 
-4a . 
(31) If Lim AG exists »then a = 


(3-1 (b) 1 
НИ! Essay questions 


GB Find each of the following : 
о 


(1) Lim X725 «10» 
(3) Lim СХ д, 
Un pu ЗЕЕ + 
eng TES + 
(9) Q Lim X mm mm 
"st + 
аз Lim 23551550 эь 
(15) а Lim, Ix d 


a Find each of the following : 
о 


S +27 -4 
CEN ynx = 
2 
(зутан 7-Е. 8. 


Х-»2 2Х72-3Х-2 


x—+m 4Х2-9 12 
x ээ 
ei 5 
Lim X *3X-4 
(30) If 2 ES "ob s then а=... 
(a) -1 (b) 1 


@ Understand OApply Ф Higher Order Thinking Skills 


E 2 
(29) 1¢ Lim 2% —X-35. 5 өнөөх 


(c) 0 (d) 4 


x?-8X-415 


(2) pim 2525 


(4) Lim — = 
Х—0 3Xx?-2x? 


2 
(OM Jim, 4228 


2 
(8) Ш Lim X=! 
X—-- x24. x 


2 
(10) Lim X—*4X*3 
Х---3 x?-9 


2 
(12) Lim X—-3x-4 
XC (3205-20-38 


(14) M Lim, 2x?-x-3 


х— 4 4x2-9 


Р 9-х 
аө tn me o (81 


: s. (0280-19-41 
(2) Lim = 


‚ (X*5)?-9 
(4) Lim, x?-4 


5452-20 
say Lim а = и 


Х-2 


(7) Lim Eu 


х2 х 


(9) gq Lim X. NOS es 2 


Х-1 


) 


-3Х 


(13) Lim ы 


х- 


Find each of the following : 


us X ds c4 
Opis = 4 
X*-21X?*420xX 
X-4 
=10%=3 


5 Ls 2° 
( на Lim, 2-55-38 


(3) Lim 


2 
x—2 X -X'-8X-12 


Find each of the following : 


(1) Him у 
(3) £D Ii —X EL 
—3 4х+5-2 
(5) 63 Lim 1Х+3-2 
х—1 X-I 
(7) Lim {2х+9-з 
— „ык 
(9) Li m. 


«33» 


Exercise Twelve | 


02-4)? 4)? 
(6) Lim ср E zero 
2 8? 
(8) Е Lim 22-25 «3» 
х1 x?_x 
3. yi 
(10) Q Lim 24 X 3*1 „, 
feta xX? +1 
i _3Х+4 “ 
(12) Lim (2-1 5321) 2 
«1» 
aed 
(2) Lim X —2X*1 al 
3-1 0-0, ы 
N Lim Х2-Х2-5 Х+6 ой 
(010 Lim Xo | 
3 2 
(6) Lim 22292494 Vid 
#—+#-2 X «8 
ante 
5 


(s г) дя Y / G2) o - LE obok - а] | 97 | 


«30» 


«б» 


UNIT 
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If Lim вэ = 1 » where f is а polynomial function › then find : lim f o9 «5» 


2 
If Lim х —a-DX-s. 4 »then find a 


Х-»-1 X41 


GN sess 


«-5» 


4. Choose the correct answer from those given : 
( 1) If f is a function satisfying that : X (f (х) + 1) = (X) + X? 
»then Lim РОО mee 


(a) 1 (b) 2 (c) 3 (d) zero 
im X +ах+ь _ = — 
(2)1f Lim — 5-7] -5 › thena bis 


(a)-1 (b)-4 (c) 3 (d) 7 
(3)1f Lim (2709-5200) =10 > Lim (700-800)-6 
"Ric POM 
»then Lim 2 00 = 
Oia (b) 4 (c) 10 (d) 20 


Ln п-т 
И 


aise 
чи » Ё 


Theorem (4) " The law " ccm геч 


Test yourself 


маг. ФАрру | $» Higher Order Thinking Skills 


| first | Multiple choice questions | 


| Choose the correct answer from those given : 


E ag 
L] ( 1) Lim ГО ЭР" E 
(а) т (b) (a) Oma" (d) 2a" 
5 
| гаг t =E хх 
г) (2) Lim TEC IAM ME 
(a) 31 y* (b) 32 x 2* (c) 64 (d) 5 x 2° 
| xy 
e (3) Lim XLI meses 
(a) zero. (b) 1 (c) 9 (d) 10 
"EE um n 
© (4) Lim € t: — — 
(a)2 (b) 5 (© 35 (9) 8 
Li xP +1 _ mE 
PS), == 
(a) 5 (b) 4 (с) – 5 (d) - 4 
eee ts: ROSE 
© (6) @ Lim x38 БЭРРРЭРЛРЭЭЭ 
а) 4 (b) 3 (c) zero (d) 62 
1 4Х =й! LIU 
тыш 32x5-1 
(a) 2 (b 3. (o2 Ore 


{ 99 | 


В 7 
Ф (8) Lim X +128 _ 


" 
$ (9) £D Lim сэр. 


ача а АНА 


x4—18 
(a) 9 (b) -9 


(a) 9 (b) 1 


: ТИГ 
$ (10) Lim +... 


(a) x? (b) 7 x$ 


(a) 1 4 
1 х°— 64 _ hh nnm 
@ (13) Lim x 
(a) 6 (2 (b) 128 
13 1 
5-0 2 
9 (14) Lim 2-3 =... 
* "JA 
(а) 12 (b) 1 
за (9.398) 128 
$ (15) Lim, 9-359 в. 
(a) 336 (b) — 336 
sas Gh-d) 4*1 
9 (16) Lim Gul NR 
(a) -3 03 
тат ың, a amaso 
m x 
(а) 7 (b) 28 
na 00511-81 
ọ (18) Jim О... 
(a) 18 (b) 81 
n 
9 (19) Lim SEN — 
Х--«1 ia Vx 
n 
(а) 1 (b) 


@ Understand OApply 


(c) - 14 


(c) zero 


(c) zero. 


(c) 80 


(c) zero 


(c) 64 (2)° 


(c) 2 


(c) 448 


(с) 3 


(c) 64 


(c) – 108 


(c)-1 


es Higher Order Thinking Skills 


(d) 14 


(d) 10 
(d) 1 


(d) 100 
(E 


(d) 63 


(d) X 

(d) – 448 
(d) 5 

(d) 448 


(d) 108 


(4) 2 


| Lim 939739; 
© (20 ———— 
Q0) х=, Х2-3Х-10 
(а) 80 
Li Mx +2 x-3 
1 00:54-7- са 
(a) € 


; x 
(25) 1 Lim 


(а) 2 


8228. 


(а) 4 


Second 


3 
(1) £2 Lim € 
5 
(3) Q Lim X a. 
zo 107-128 
(im 5570 
(7) Lim 


x—2 x!—128 


(9) Lim, 


(11) Lim == 


Ж--»-2 


= 32 , then n = 


(a) - 20 
23) f Lim X-a" п 
e (23) ид X"-a" m 
(a) 1 
4 (24) y Lim 99 99 = E 
(a) 3 


к 
= 80 , then k = 

k 
© (26) if Lim XE = 48 thena = 


Essay questions 


п Find each of the following : 


© (22) lf f C02 х5 5g Q0 = X? -A > then Lin 
(b) 20 


(b) -2 


Exercise Thirteen | 


m 109-32 _ 


(c) m 


(c) 9 


(c) 52 


(c) x4 


s 3-625 
(2) 23 Lim. Х-5 


07.1302 
x^ 
3 


(4) Q Lim 
Д 

(6) Lim ——$ 
x—1 x21 

4 

х + 243 


(8) Lim, X43 


4 
(10) Lim ŽL 
Х---3 X?4243 


3 
(12) Lim 2X -128 


X*—16 


(d) 50 
(d)3 

(d) 32 
(dm 
(d) 12 
(d) 16 


(d) +6 


@Understand @Apply sə Higher Order Thinking Skills 
р x$-64 : х.х 
€ € = ae ee =3 
09) Lim, Зэс 6 U-- hel и sh 
"PES к 2 188:Х7--1 
15) 1. «35 ЕЕЕ cd 2 
( Jim [ES T" ao ru. 3205-1 “Р 
"WE ad sx 243 X^ 432 
17) Lim, ———— «as 18) pim >= 20 
( › Аш, 64 X$-1 л ас бал 27x58 “3” 
[2] Find each of the following : 
e -7 -7 
‚_ xXx7-Q) е гаг 20251 
1 oo > «2 
( ) Lim Х-2 5756 (2) p х 8-1 9” 
T NN -5-4 
| 32 20 х 4 
539 Би "NEN efe | (41 Ge 5584 “зз” 
128 
7 
x*-a9? х-1 
5)L -4 І 
( ) Lim x «-w (6) Lim X-1 «T» 
Ax 3 21 i 
х-12 1 x? x? 
"= ж - 5 
US у зз” (8) Lini м 2 ын 
x* x 
2 х1 
9) Lim ————— IZ; 
(9) JAN тух “8 
т Find each of the following : 
]4 Xj —4 (8-:5)-1 
1 мин 0. | (2 Lim КЕ " 
OP aimi Ы МЕ " 
р Х-3)7-1 : D. 
(3) Lim, 8327 ess | (4) шиг чин чи» 
40 8 
(БУГД tim £598. даь | C6) Lim 290-1 «32» 
һ—*0 6h fed h 
„_ (X42)-81 zo Gi 
(7) L3 Lim X-1 « 108» (8) Q Lim т «-4» 
‚ МЫ 20 (+38) - Xx? 
(9) Lim "o «-2» | (10) Lim n «15 Х*» 
3 
INL ITA А х-4 
(11) Lim 4—77— <> | 02£ Lim 9973 «80» 


KJ Find the value of k if : 


[7 ir 


3 


Exercise Thirteen 


a Find the value of a if : 
© х 


. 1Х43-2 | s Х+2)+1 4 
RY A Er “Ta —=— «27» 
(13) Lim. Х-5 12 a4 xia Х+1 
"TE um 2. XX 2 
сс ВИСЛЕ NE ad « » ----- « 16» 
(15) Lim эв | 27» | 06) Lim = ! 
a Find each of the following : 
e 
3 4 
: - — 16 31 
(1) Lim (X 8.28.) «21» 
х—2 УДЭ-32) X= 128 - 
(зулаа (E 55-2, 2 20) edis 
х—-— Х+1 X541 5 
А s Х-2 
D (2% гэн «81» 
сурш х?-4 “3-3 
4 3 
(4) Lim (X =!) -— 
x—-3 X427 
x12_ 412 


Lim ————— = 30 «+5» 
—a X10 410 


15 . 5 15 
Lim X *l.Lim X =k” веба 
х0 X4] ХК y3_43 


n 
Lim х8. ‚ find the value of each of : n and l « 6 › 192 » 


The limit of the function at infinity 


Test yourself 


1.2 From the school book | € Understand | O Apply Е E Higher Order Thinking Skills 


"met | Multiple choice questions | 


Choose the correct answer from those given : 


Г 1 3 = 
è (1) а Lim (5,-2)= 
(a) 3 (b) 2 ()-3 (d)-2 


i 3X = 
$2) Lm. s — 


(a) = 4 (OE: (d) zero. 


: 2 
кыре "m 


(a) zero. (b) does not exist. (c) со (d)2 


x x 
© (4) Lim € +5- ——" 


(a) zero. (b) 2 (с)! (d) = 
о (5),Lim s 


(a) zero. (b) 1 (с)-2 (d) оо 
ө (6) Lim GX «4x *«5)- ОООО 
(а) 12 (b) өө (с)5 (d) zero. 


-3 -2 

7 Lim 3X | FAX -2 _ 
ФСЭ 73x75. x 3:6 

(a) оо (b) zero. (c) 3 (d) =} 


(а) zero. 


Lim _3x? 
100 ох 


(a) $ 
i 1-х =. 
PaO Tim 1-4X 7 
(a) 3 
А +5 » 
100 pim xor s 
(a) 3 
cz 
© (12) Lim 323 — 
езж +1 
(a) + 
ө (13) Lim —2X_-= 
— СЕУ 
(a) 2 


()212. 


7 GS) =—- 3X42 
(a) 4 
2 
© (16) Ш Lim ur. 
(a) zero. 
: 8Х7-1 
L = 
Т тА 
(а) 2 
© (18) Lim {эзх?+з _ 
11-8х7 
(а) 22 


Е) 
3 
ia VOEN m 


е (14) Lim, Ig 49 x? s s 


(c) оо 


(c) zero. 


(c) 1 
© + 

(c) 5 
4 
()-212 
ОЕ 
(с)2 


(c) zero 


©з 


Ехегсїзе Еоипееп | 
JL. 
@ 4 


(d) 3 


(d) 1 


(4)-1 


(d) 4 


«= 


(16:03 V oat ҮЛ Gu od - LE сз, - yalsdl 


UNIT 
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$ (19) Lim 4-39 а 


T ess 


(а) - 3 (b) 1 (c) zero 
Lim (3X2*2X*1Yf 2. 
e ao tin 275 хэ2 i. 


(a) 3 (b) 9 (c) 27 
1 


X. 
$ QI) Lim. y= — 


(a) 1 (b) zero. (c) E 
P? 
ө (22) Lim r rr where k is a positive constant. 
k E 
(a) 3 (b) 4 (c) 3 
о Q3)If Lim 3X*$-4 , then a= eee where a € Ж 
(a) 2 (b) 4 (c) 6 
2 
$ (24) if Lim £X*7 8 › then a = .............-. where a Е Ж 
(a) 2 (b) zero (c) £4 
2 
$ Q5) it Lim 8X —3X 23 heni amam 
au cre 
(a) 3 (b) 6 (c) 9 


(m +2) X?-x+4 


© (26) If m ER and Lim -— or Я жа 
(a) zero. 04 (o2 
о Q7) Lim (X? +7 X? +8) = ние 
(а) оо (b) zero. (c) — ee 
9 Q8) Lim (ре+х-х)= цонх 
(а) d (b) zero. (o2 
6 (29) If:a>b sthen Lim = кые 
(a) zero. (b) ee (c) 1 
o (30) If:a«b «zero »then Lim = — 
(a) ео (b) — = (c) zero. 


(d) = 


(d) 81 


(d) = 


(d)3k 


(d) 8 


(d) +8 


(d) 12 


(d) 1 


(d) 1 


(d) does not exist. 


(d)a—b 


(d)a-b 


| Second | Essay questions | 


Find each of the following : 
e 


Exercise Fourteen 


.2Х-5. 


(1) Lim 2Х-5 5 « Zero » 
тээж зу x—- 3x?48 
(3) Lim 2x55 «oo» 
C 9548 
E Find each of the following : 
е 
(1) Lim 5x-4 «5» | (2) Lim 4-2X РЕ И 
X—-9 3X-2 : x—- 3Х-1 : 
(3) Ш Lim 2X* 3/55 1 “+ (4)[Ц Lim 5-6x-3x? «3» 
v"  $X?-7 — DX" add 
(5) £D Lim X «i» | (6) Lim $X-4x* «4. 
хә ||? X— co 2-7x3 
(7) Lim 2X + DRS] «-1» |(8) Lim _4xX5+5 mu 
Xe 76 xà 3x4 X— SS, vk л 2 
§ 567.06 8x enta 
(9) Lim _ 123241 _ «zero» | (10) Lim 2X°+3X-2 — 
TS aa? gau ЭГЭЭ б кд д 
(11) Lim 5Х7-2Х-1 «es | (12) Lim 5-72 432" um 
Xe 6х%+13 Nets єр, бла ot ” 
: 7.2 um БӘС ea 2-3 - 
(13) Lim (5-4 -3) «-3» | (14) Lim 5X 7*4x 7-3 ads 
хо \ x? X ncm ТЖ RR FR е 
(15) іт 5X*-4x"+2 «5» | (16) M Lim (3+5 2+1) — 
Se E 80/9 Atem 
(17) Lim (32-55) "m 
a Find each of the following : 
(1) Lim GX«9QX«7) «5 | (2) Lim 3X*-4x+5 «3» 
CES ЕЕ ОО ae (жоу? 
(3) Lim @х+3)? «-4» | (4) Lim _6x?-5x в» 
523X-x* == (3-X)Q4X) 


UNIT 


3 


Ф Understand ОАрру Ф Higher Order Thinking Skills 
(5) Ei Lim ны «5» | (6) Lim |. 822-x«1 «4» 
28 x7 (x41) (2 x?-3) 
(7) Lim A Res «l» | (8) Lim @х+3) (4Х*-5) е т 
(2х-1)? x" (3 x2_ 8) (5 X-3) ” 
Lim QX*36X-1(X-2) 10 (rax) x) 
Olen =e *5* 109 pm 4X-3 
KJ Find each of the following : 
e 
32 х?+81 
(1) Lim = «1» |(2 Lim —— «1» 
ee 49 х2-25 3 (2) Хог 23-41 
‚444х241 ET 
(39:01 Мт x. > (V0 pim -EE mn 
Х"-5 
(5) Lim + 13+4x? «2» |(6) Lim —2Х+1__ «i» 
—* Tax?«3x-4 
2Х-3 в хз+5х—2 
7) Lim —— 2, Lim —— ———— 2 
(7) Lim 3 31253755 «$» |(8) Lim 3Х-2 “Р 
Р?” (9х7-3х18 
(9) £D Lim зах «-3» | (10) Lim Е. Е. A. 
dx $9 -d3x?«15x?«2 
. x^ : \4х2+7+зх 
(11) Li EL «I» (12) Lim ———— — « 
2848 Үх*+2. X—+ o 2Х-9 
Find each of the following : 
"E PE x 2 
1) Lim (24 ) «1» 2Х 
(1) Lim (2 ^ (2) @ Lim ые. кд 
(3)£0 para) «| (4) на (2- 3X) re 
+2 (Х-3) —= 13 2Х-7 
3. Axad : 2x9 
5 Lim m ———À——— « » — 
( Ш im (> x? A 2 (6) Lim = x) « Zero » 
: X71 355431 2 2 
(7) Lim (1-21) «-4» (8) Lim (52-2 - үх +х) «-7» 


108 


Exercise Fourteen | 


(9) Lim (52x хат) «1» 
(10) Lim 4 (4x7 1-581) “а 
(11) Lim. (e +5х -x) 


( АХ? +1 -2х) «1, 


Find the value of each of a and n if : Lim 4aX"-4X+5_, «652» 
Lcd 4 038 


ILE 
Find the value of a if : Lim Yax?+3 _ =—1 «-8» 


” 4х? +7 


Trigonometry 


Unit Exercises 


The sine rule. 


The cosine rule. 


Exercise Exercise 


Exercise 


Solution of the triangle. 


• At the end of the unit : 
Life applications on unit four. 


5, 


Exercise 15 The sine rule 


Fromtheschoolbook Ф Understand OG Apply $ Higher Order Thinking Skills 


| E = 
| Fist | Multiple choice questions | 


Choose the correct answer from the given ones : 


è (1) папу triangle XYZ » ХУ: YZ = ------......... 


(a) sin X : sin Y (b) sin Y : sinZ (c) sin Z : sin X (d) sin Z : sin Y 
$ (2) ШААВС ›Ищ (Z A)=30°,C= 1513 cm. m(Z С) = 60° then a = --.-........... ст. 

(а) 30 (b) 45 (c) 15 (d) 60 
© (3) DEF isa triangle in which m (Z D) = 80° and m (Z E) = 60° ; if f= 12 cm. 

Мел: «me cm 

n 2E ME л. 
© (4) ДАВС »ifaz4cm.»b-7cm.»m(Z С) = 120? , then the area of 

the triangle = .............. cm? 

(a) 73 (b) 1413 ©7 (d) 14 
e(5) XYZ is an equilateral triangle › the length of its side is 1043 cm. » then the length 

of the diameter of its circumcircle is --------------- cm. 

(a) 5 (b) 10 (c) 15 (d) 20 
$(6)InAXYZ ; dem = 6 › Шеп the length of the diameter of its circumcircle 

is e length units. 

(a) 6 (b) 12 (c) 3 (d) 9 


111] 


UNIT 
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о (7 ) In the opposite figure : 


The length of Е МЕО ЕЕ cm. 
(a) 6 (97 
(08 (d)9 


© (8) In the opposite figure : 
AD // BC ,АВ 24cm. »m (4 DAC) = 40° » m (Z B) = 60° 


» then the length of E cm. 
(a) 5 (5) 3 
©2 (d)4 


о (9) In the opposite figure : 
М 15 the centre of the circle 


»BM = бст. then AB =з: cm. 
(a) 6 sin 50° (b) 12 sin 50° 
(c) 6 cos 50° (d) 12 cos 50° 


о (10) £3 A circle with diameter of length 20 cm. » passes through the vertices of A ABC 
which is an acute-angled triangle in which BC = 10 cm. » then m (ДА) = s- 


(a) 30 (b) 60 (c) 45 (d) 150 

о (11) In triangle ABC » m (Z A) = 45° ; the length of the radius of its circumcircle = 6 cm. 
, еп а = эээ ст. 
(a) 13 (9612. (c) 12 12 


о (12) If the length of a side in any triangle = 12 cm. and the measure of the opposite angle to 


this side = 55? , then the circumference of the circle that passes through the vertices of 


this triangle жс cm. 
(a) 36 (b) 42 (c) 46 (d) 52 
© (13) If the perimeter of triangle ABC equals 15 ст. эт (4 A) = 53° » m(Z В) = 47° 
» then the length of АВ анны ст. 
(a) 6 (b) 7 (с) 5 (d) 8 
(14) In triangle ABC ›а= 27 ст. » m(ZB)-282 » m(ZC)=56° 
s then its surface area = cm? 
(a) 540 (b) 447 (c) 350 (d) 400 


Exercise Fifteen | 


© (15) In triangle ABC m(ZA):m(ZB):m(Z C) =2:3:4,АВ = 12 ст. » then the 


€ (20) Ц1 In A ABC , if RA = 


length of АО ст. 
(а) 10 (b) 11 (c) 16 (d) 18 
* (16) In triangle ABC › which of the following statements is true ? 
(а) sin + соѕ B=a+b (b) a sin В =b sin А 
Е: a | sinB 
(c)a=bsine ЕВ 
© (17) In A XYZ 52r sin X = eee "where r is the radius length of its circumcircle" 
(а) 2 (b) y (c) X (d) area of A XYZ 
© (18) C] If ris the length of the radius of the circumcircle of the triangle XYZ » 
M n e Ps 
шим 773 
(a)r (2r (Fr (d)4r 
: l 
© (19) Ц In any triangle LMN "RE 66 
m n m+n 
(a) sin N (b) sin M © sin N + sin М er 


sinB »then 2 sin A — sin B — sinA 


umm a 
(а)а-5 (b)2a+b (c)a—2b (d)2a-b 
© (21) In acute-angled triangle ABC ›2а= xz s then m (Z A) = veces 
(а) 30° (b) 45° (с) 60° (d) 75° 
© (22) In AABC ›зїп A =2 sin С » BC =6 cm. » then АВ = cm. 
(a) 2 (b)3 (c) 4 (d) 6 
© (23) If the radius length of circumcircle of A ABC equals 3 cm. 
and sin А + sin B + sin C = 2; then the perimeter of triangle ABC = .............. cm. 
(a) 6 (b) 9 (c) 12 (d) 24 
i А+) ee 
© (24) QJ In any triangle ABC » er a 
c a b 
ei oi rS 894548 утте 
© (25) ШААВС , —à.. = ВА 
а+ b аи 
(а) sin В (b) sin C (c) sin A+ sin B (d) sin A+ sin C 


(Ме Р) egit Y / Gn) ol - LE ocu; - ука ҖЕ) 


4 e Understand O Apply Ф. Higher Order Thinking Skills 


ө (26) Ш In A XYZ »if3sinX = 4 sin Y = 2 sin Z s then X: y : Z = eee 


(a)2:3:4 (b)6:4:3 (c) 3:4:6 (d) 4:3:6 
© (27) Ш ABC is a triangle in which E = ape = me o then a: b: C= нение 
(a)6:5:8 (5)8:5:6 ()7:2:4 (4) 3:5:4 
. (28) In AABC 11374 = ig = sme » then the greatest angle in measure is ............... 
(a) ZA (b) Z B (c) ZC (d) right 
о (29) In triangle ABC »m (4 А): m (4 В): m (4 C) =3:5:4 
» then с2:а2 = ............... 
(4) 16:2 (b) 2:3 (c) 4:3 (d)3:2 
$ (30) шААВС »= x 2. = — 
(а) <a ые (c) 4r (d)1 
© (31) In A ABC › if the radius of its circumcircle = 4 cm. 
I Аа ИЕ" 
(а) 4 (b) 2 (с) 8 (d) 16 
© (32) И the radius of the circumcircle of A ABC equals г › then the perimeter of 
the triangle = --------------: (sin A + sin B + sin C) 
(а)г (b)2r (с) 412 (d) 8? 
о (33) ШААВС »a-bz4cm.»sinA- 3 sinB › then a = -------------.. ст. 
(a) 4 (b) 6 (c) 8 (d) 12 
© (34) If the perimeter of A ABC is 24 cm. and sin A + sin В = 3 sin C ,ШепС----- cm. 
(а) 4 (b) 6 (c) 8 (d) 9 
o (35) ABC is a triangle » sin B + sin C = 4 sin A and b + c = 2 a + 10 cm. 
9 then a = -+ cm. 
(а)2 (5) 3 (c) 4 (d) 5 
о (36) ШААВС ›АВ=8 сш. » ВС= 12cm. » m(ZA)-m(Z C) = 90° 
y then tan C = «es 
@ 2 03 © 3 @ 2 


Exercise Fifteen 


© (37) If ris the radius length of the circumcircle of A ABC and a=r 


„епт ( LS A) Sed СИЕРРА 
(a) 30° only. (b) 30° or 120° (c) 150° only. (d) 30° or 150° 
© (38) If the area of the triangle ABC is A and r is the radius length of the circumcircle of 
the triangle ABC ; then: Ard РАВ 
абс 
(a) 1 (b) 2 (c) 4 (d) 8 
© (39) Ш In A ABC , ct mee r (where r is the radius of its circumcircle) 
(a) 1 (b) 2 (c) 4 (d) 8 
© (40) If the triangle ABC is an isosceles right-angled triangle and г is the radius length of 
the circumcircle of the triangle ABC › then the area of A ABC =з (in terms of r) 
(а) 2.102 (b) 212 (c) e (4) 412 
© (41) In the opposite figure : 
A 
If the perimeter of A ABC = 20 cm. › 
80 
then the diameter length of its circumcircle = =- cm. 
(a) 2 (b) 4 é М, 
(с) 6 (d) 8 


XYZ is a triangle in which : m (Z X) = 80? , m (ДУ) = 60? and z = 10 cm. 


» find each of X and y to the nearest cm. « 15 cm. » 13 ст.» 


ABC is a triangle in which : с = 19 cm. » m (Z A) = 112? and m (4 В) = 33° 

© 
Find to the nearest hundredth each of b and the length of the radius of the circumcircle of 
the triangle. « 18.04 cm. › 16.56 ст. » 


ЕЗ СО) XYZ is a triangle » if y 68.4 cm. » m (Z Y) = 100? and m (/ Z) = 40° 
find: (1) X 
( 2 ) The radius length of the circumcircle of the triangle XYZ 
( 3 ) The area of the triangle XYZ « 44.64 cm. » 34.73 cm. + 981.34 cm? » 


ABC is a triangle in which : b = 10 cm. » m (4 A) = 40? and m (Z C) = 80° 
| Findthe length of the greatest side of A ABC «П em.» 


UNIT 


4 @Understand QOApply « Higher Order Thinking Skills 


Æ ABC is a triangle in which : c = 4.5 cm. » m (Z A) = 100° and m (Z B) = 15° 
© 


Find the length of the smallest side of A АВС «13 ст. » 
[ 6 | Use the sine rule to find the value of X to the nearest tenth : 


(1) 


« 7.4 ст. »92 ст.» 


ЁЛ ABC is a triangle in which : m (Z A) = 60° and a - 7 ^[3 cm. 
Find the area and the circumference of the circumcircle of A ABC (n - 2) 


« 154 em? › 44 ст. » 
KJ ABC is a triangle in which : а = 13 cm. » m (А A) = 53° 8 эс = 15 cm. Find the radius 

1 length of the circumcircle of A ABC › then find m (Z C) «8.1 em. » 67° 239 or 112° 36 51 » 
EJ ABC is a triangle in which m (Z A) = 35° ›а = 8 cm. and = 6 cm. 

| Find: m(ZB) « 25° 28 43 » 


11) C шие triangle ABC » m (4 A) = 67° 22 » m (Z C) = 44° 33 and b = 100 cm. 
Find the perimeter of the triangle ABC and its surface area. «275 cm. › 3473 cm? » 


(3 ABC is a triangle in which m (Z B) = 35° » m (Z C) = 70? and the radius length of 
the circumcircle of the triangle АВС = 16 cm. Find the area and the perimeter of A ABC 


to the nearest whole number. «262 cm? › 79 ст.» 


ABC is an isosceles triangle in which : m (4 A) = 120° and the length of the radius of 
the circumcircle of A ABC is 12 cm. 
Find c and calculate the area of A ABC « 12 ст. › 62.4 cm?» 
KE] ABC is an isosceles triangle in which : а = b and m (Z A) = 15? and the perimeter 

О 
of A ABC is 25 cm. Find the area of the circumcircle of A ABC «474 cm? » 


D If the perimeter of A ABC = 40 cm. » m (Z A) = 44° and m (Z B) = 66° › 
© 
Find the lengths of the sides of the triangle АВС « 10.9 cm. › 14.3 cm. › 14.8 cm.» 


Exercise Fifteen 


08 ABC is a triangle in which : c = 12 cm. and m (4 B) 23 m (4 А) = 60° 


Find a and the area of A ABC to the nearest cm? «42 cm. »22 cm? » 


a 11 If the area of the triangle ABC is 450 cm? эт (Z B) = 82? and m (Z C) = 56° 


» find the value of a «27 cm. » 


@ ABC is an acute-angled triangle in which AC = 12 cm. › sin А = 0.6 and its area is 43.2 cm? 
е 


Find the length of each of AB and BC ; also find m (ДВ) « 12 ст. › 7.6 cm. ›71° 34 » 


FT] Find the perimeter of the acute-angled triangle ABC if a=7 cm. »b = 8 cm. 


and m (Z A) = 60° « 20 ст. » 


KE) £3 Find the diameter length of the circumcircle of A ABC in the two following cases : 
о 


(1) м (ДА) = 75° ,а= 21 cm. 
(2) м (4 В) = 50° ,m(Z C) = 65°, с-Ъ= бст. «217 cm. » 42.8 ст. » 


ABC is triangle in which : b = 5 cm. » tan С = 4 and m (Z В) = 30° 
g 
х. 3 


find a » c and the area of the triangle to the nearest integer. «10 cm. »8cm. »20 cm? » 


Ei) XYZ is a triangle in which : sin X + sin Y + sin Z = 2.37 and its perimeter is 56.88 cm. 
o 


Find the length of the radius of the circumcircle of A XYZ « I2cm.» 


ЯА ABC is a triangle in which sin A: sin B: sin C =2 : 4 : 5 and c -b =3 cm. 


Find each of a and b « 6cm. » 12cm.» 


EE] (2: ABC is a triangle in which m (Z A): m(Z B) : m (4 C) 23:4:3 ,На= 5 cm. 


» then find the perimeter of the triangle ABC « 15.9 cm. » 


[24] ABC is a triangle in which m (Z A) = 2 m(ZB)-4 m (Z C) » the length of the 


radius of its circumcircle = 10 cm. Find the area of A o « 110 cm?» 


ЯЗ ABC is a triangle in which 6 sin А = 4 sin B = 3 sin C and its perimeter is 45 cm. 
о 


Find each of a and с « 10 cm. +20 ст.» 


e (13 AB and AC are two chords in a circle. If their lengths are 43.5 cm. and 52.1 cm. 


respectively and they are drawn in two different sides of the diameter AD whose length 
is 100 cm. 
Find : (1) m (4 BAC) ( 2.) The length of BC 

« 122° 49 , 84 ст. » 


e Understand O Apply Ф Higher Order Thinking Skills 


Я] ABCDi is a parallelogram in which m (4 A) = 50° » m (Z DBC) = 70? and BD = 8 cm. 


Find the coe MNA of the parallelogram. « 38 cm. » 


QI ABCD isa ЕД ABCD ва parallelogram in which AB = 18.6 сш. эш (2 CAB)-3622 in which АВ = 18.6 cm. » m (Z CAB) = 36° 25 


and m (Z DBA) = 44° 38 
Find the length of the diagonal AC and the area of the parallelogram. « 26.46 ст. › 292 cm? » 


ABCDisa Alpine либо дов fried. = M is the point of intersection of Из two diagonals. 
Let AC = 20 cm. » m (Z AMD) = 130? and m (Z CAB) = 85? 
Find the ee eS жй н» of BD and the area of the parallelogram ABCD « 282 ст. »216 cm? » 


ABCD is a trapezium in ABCD is a trapezium in which AD//BC ,Ар = 20cm. smt D) -120^ о AD // BC › AD = 20 см. »ш (Z D) = 120? , 
m (Z B) = 62° and m (Z АСВ) = 23° 25 


Find the length of each of AC and BC to the nearest cm. «29 em. »33 ст. » 


ЕП £3 ABCD is a quadrilateral in which CD = 100 cm. › m (4 BCA) = 36° , 
о 
m (Z BDA) = 55? , т (Z BCD) = 85? and m (Z CDA) = 87° 


Find the lengths of BD and AC to the nearest centimetre. « 112 em. › 144 cm. » 


ЕЙ ABCD is a quadrilateral in which т (Z АВС) = 90° , т (4 BAD) = 80° 
‚АВ = AD = 10 cm. › BD = BC. Calculate the area of the quadrilateral ABCD — « 102 cm? » 


CI ABCDE is a regular решавоп» whose side length is 18.26 cm. 
Find the length of its diagonal AC «29.5 ст.» 


4. Choose the correct answer from the given ones : 
( 1 ) If the radius length of the circumcircle of the triangle ABC equals 3 cm. 


—— — ——— HUY D IIO 
* 'sinAsinBsinC | 


(а) 3 (b) 6 (c) 27 (d) 216 
(2 ) IF ABC is a triangle › then : a csc A + b csc В +c esc C = ereen 
(a)2r (b) 4r (c) 6r (d)8r 
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Exercise Fifteen | 


( 3)Ifazsin B »b-sin C »c=sinA »then the circumference of the circumcircle 
of A ABC equals зе length unit. 


(a) 1 OES (c) л (d) 27 
(4) ШААВС , 35inA * bsinB-csinC - 
a.b. 
(a) =, O+ (с) 2r (d) r? 


Exercise 16 The cosine rule 


Test yourself 


LÌ From the school book ® Understand OApply Ф Higher Order Thinking Skills 


ити Multiple choice questions _ 


Choose the correct answer from those given : 
о (1) In A XYZ >» the expression x Ul z? equals «+--+ 
(a) cos X (b) cos Y (c) cos Z (d) sin Z 
© (2) GMA XYZ sy? +22 - X? 22yz x re 
(a) cos X (b) sin Z (c) cos Z (d) sin X 
© (3 ) In A ABC »cos (А+ B) = eee 
(a) cos C (b) - cos С (c) sin C (d) - sin C 
(4) CA In апу triangle ABC » cos = oe 
(a) — (cos B + cos C) (b) cos B — cos C 
(c) cos (B + C) (d) — cos (B + C) 
о(5) И Z Ais supplementary to Z C »then cos + cos C = ereere. 
(a) 0 (b) 1 (c) -1 (d) i 
о ( 6 ) If ABCD is a cyclic quadrilateral › then cos A + cos С = --.--..-..-.... 
(а) 1 (b) zero. 04 (d)-1 
(7) MAXYZ ›2 Xy cos (X + Y) 
| лса Ф)у2+2-х2  (x'-2-y — q2-xi-y 


Exercise Fifteen | 


© (15) In triangle ABC m(ZA):m(Z B):m(Z C) =2:3:4,АВ = 12cm. sthen the 


length of TT — ст. 

(а) 10 (b) 11 (c) 16 (d) 18 
* (16) In triangle ABC ; which of the following statements is true ? 

(a) sin A + cos B=a+b (b) a sin B =b sin A 

=bsi _а -sinB 

(c)a=b sinc (d) AT b 
€ (17) ШАХҮ7.2г5шХ----- "where r is the radius length of its circumcircle" 

(а) 2 (b) y (c) X (d) area of A XYZ 
© (18) LL! If ris the length of the radius of the circumcircle of the triangle XYZ › 

— PR 
9n snY = 

(a)r (2r (04: (d)4r 

© (19) (21 In any triangle LMN ripe 
m n m+n 

© SN OL Chaney 3 
© (20) C In AABC ‚уг ПА = SDB then 288 А--50В _ RA 

(a)a+b (b)2a+b (c)a-2b (d)2a-b 
© (21) In acute-angled triangle ABC ›2а= EIL s then m(Z A) = eeren 

(a) 30° (b) 45° (c) 60° (d) 75° 
© (22) In A ABC ,ѕіпА = 2 sin C » BC 26cm. » then AB = »-------+ cm. 

(a) 2 (b) 3 (c) 4 (d) 6 
© (23) If the radius length of circumcircle of A ABC equals 3 cm. 

and sin A + sin B + sin C = 2; then the perimeter of triangle ABC =............... cm. 

(3) 6 (b) 9 (c) 12 (d) 24 
(24) CI In any triangle ABC (A+B) | — 

sin A + sin B 
С а b 
@ 1 ais 5+5 @ а+с 
(25) In AABC »—8_ = ША 
а+ b € 
(a) sin B (b) sin C (c) sin А + sin B (d) sin A+ sin C 


(Ме: Р) ода Y/ GU OW - LE сл, - walsell 
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ө (26) [Hi In A XYZ »if3sinX = 4 sin Y = 2 sin Z then X: y : Z = --------------- 


sinA  2sinB _ sinC 


© (27) CJ ABC is a triangle in which »thena:b:c2 ...... 


sin C 
о (31) IDA ABC › if the radius of its circumcircle = 4 cm. 


a+b+c 


(a) 2:3:4 (b)6:4:3 (c)3:4:6 (d)4:3:6 


3 5 4 

(4)6:5:8 (5)8:5:6 ()7:2:4 (4)3:5:4 
° (28) nA ABC: If S24 = = = sine » then the greatest angle in measure is ...........---. 

(a) А (b) 2B (c) ZC (d) right 
о (29) In triangle ABC »m (4 A): m (4 В): т (4 C) 23:5:4 

» then с? : а? = —€— M 

(a6 : 2 (2:3 (с)4:3 (d)3:2 

a sinB | — 

© (30) шААВС эх cm n 

(a) —© ( sia C (c) 4r (d) 1 


»then Е knee 

(4) 4 (b) 2 (c) 8 (d) 16 
© (32) If the radius of the circumcircle of A ABC equals г › then the perimeter of 

the triangle = --------------: (sin A + sin B + sin C) 

(a)r (b) 2r (с) 412 (d) 813 
© (33) In AABC »a-b 4 сш. »sinA= 3 sin B , then a = = cm. 

(a) 4 (b) 6 (c) 8 (d) 12 
© (34) If the perimeter of A ABC is 24 cm. and sin A + sin B = 3 sin C ,ШепС----. cm. 

(a) 4 (b) 6 (c) 8 (d) 9 
о (35) ABC is a triangle › sin B + sin = 4 sin A and b + c = 2 a + 10 cm. 

епа ene ст. 

(а)2 (b) 3 (c)4 (d) 5 
о (36) InAABC ›АВ=8 ст. › BC- I2cm. » m(Z A)-m(Z C) = 90 

s then tan C = «n 

O 0$ © 3 @ 4 


Exercise Fifteen | 


© (37) If ris the radius length of the circumcircle of A ABC and a =r 
‚ then m (Z A) = cesses 
(а) 30° ошу. (b) 30? ог 120? (c) 150? only. (d) 30? or 150? 


© (38) If the area of the triangle ABC is A and г is the radius length of the circumcircle of 


the triangle ABC ; then : i А — 
(a) 1 (b) 2 (c) 4 (d) 8 

© (39) Q] In AABC » z^ meeeeeseses r (where r is the radius of its circumcircle) 
(a) 1 (b) 2 ()4 (9) 8 

© (40) If the triangle ABC is ап isosceles right-angled triangle and г is the radius length of 
the circumcircle of the triangle ABC ; then the area of A ABC =з (in terms of r) 
wtr (b) 21? (с)г? (4) 422 


© (41) In the opposite figure : 
If the perimeter of A АВС = 20 cm. › 


then the diameter length of its circumcircle = =- cm. 
(a) 2 (b) 4 
(c) 6 (d) 8 


Second 


1] XYZ is a triangle in which : m (Z X) = 80° » m (Z Y) = 60° and z = 10 cm. 
© 


» find each of X and y to the nearest cm. « 15 cm. » 13 ст.» 


ЕЗ ABC is a triangle in which : с = 19 cm. »m (Z A) = 112? and m (4 B) = 33° 

© 
Find to the nearest hundredth each of b and the length of the radius of the circumcircle of 
the triangle. « 18.04 cm. » 16.56 cm. » 


ЕЗ СО) XYZ is a triangle » if y = 68.4 ст. » m (Z Y) = 100? and m (4 Z) = 40° 
find: (1) X 


( 2 ) The radius length of the circumcircle of the triangle XYZ 
( 3 ) The area of the triangle XYZ « 44.64 cm. » 34.73 cm. » 981.34 cm? » 


ЕЗ ABC is a triangle in which : b = 10 cm. » m (Z A) = 40? and m (Z C) = 80° 
Find the length of the greatest side of A ABC « 11 cm.» 


(15 


UNIT 
4 e Understand O Apply 4» Higher Order Thinking Skills 
Е ABC is a triangle in which : с = 4.5 cm. » m (4 A) = 100° and m (4 B) = 15° 
о 
Find the length of the smallest side of A ABC «13 ст.» 


(O Use the sine rule to find the value of X to the nearest tenth : 
(1) 


B 10cm. 


«7.4 ст. ›9.2 ст.» 


ЕЙ ABC is a triangle in which : m (Z A) = 60° anda - 7 {3 cm. 
? Find the area and the circumference of the circumcircle of A ABC (л 2 2) 


« 154 cm? +44 ст. » 


KJ ABC is a triangle in which : а = 13 cm. » m (4 A) = 53° Š >c = 15 cm. Find the radius 
© 
length of the circumcircle of АВС › then find m(Z C) «8.1 ст. › 67° 239 or 112° 36 5Ì » 


ABC is a triangle in which m (Z A) = 35° ›а= 8 ст. and = 6 cm. 


Find : m (Z B) «25° 28 45 » 
СД In the triangle ABC » m (ДА) = 67° 22 т (Z C) = 44? 33 and = 100 cm. 
Find the perimeter of the triangle ABC and its surface area. «275 cm. › 3473 cm? » 


ABC is a triangle in which m (Z B) = 35? » m (4 C) = 70? and the radius length of 
the circumcircle of the triangle ABC = 16 cm. Find the area and the perimeter of A ABC 


to the nearest whole number. « 262 cm? › 79 cm. » 


ABC is an isosceles triangle in which : m (Z A) = 120? and the length of the radius of 
1 the circumcircle of A ABC is 12 cm. 
Find c and calculate the area of A ABC « 12 ст. 5624 cm? » 


ABC is an isosceles triangle in which : a = b and m (Z A) = 15? and the perimeter 
© 
b of A ABC is 25 cm. Find the area of the circumcircle of A ABC «474 cm? » 


If the perimeter of A ABC = 40 cm. » m (А A) = 44? and m (Z B) = 66° 5 
© 
| Find the lengths of the sides of the triangle ABC « 10.9 cm. › 14.3 ст. + 14.8 ст.» 


Exercise Fifteen 


KE) ABC is a triangle in which : c = 12 cm. and m (Z B) = 3 m (4 A) = 60° 
Find a and the area of A ABC to the nearest cm? «42 ст. »22 cm? » 


[ГЇ If the area of the triangle ABC is 450 cm? , m (Z В) = 82? and m (Z C) = 56° 


» find the value of a «27 cm. » 


p 

a ABC is an acute-angled triangle in which AC = 12 cm. »sin А = 0.6 and its area is 43.2 cm? 
9 === == 

Find the length of each of AB and BC › also find m (4 B) « 12 ст. » 7.6 ст. » 71? 34 » 


KT Find the perimeter of the acute-angled triangle ABC if a = 7 cm. , = 8 cm. 
о 
and m (4 А) = 60° «20 ст. » 


& (Q Find the diameter length of the circumcircle of A ABC in the two following cases : 
Ф 

(1)ш(2А)-75 ›а=21 cm. 

(2) т (В) = 50° ›м (4 C) = 65°, c—b=6cm. « 21.7 ст, › 42.8 ст. » 


ABC is triangle in which : b = 5 cm. tan С = 3 and m ( B) = 30° 


find a » c and the area of the triangle to the nearest integer. «10 ст. »8cm. »20 cm? » 


Я XYZ is a triangle in which : sin X + sin Y + sin Z = 2.37 and its perimeter is 56.88 cm. 
Find the length of the radius of the circumcircle of A XYZ « 12 ст.» 


ABC is a triangle in which sin A: sin : sin C =2 : 4 : 5 and c — b = 3 cm. 
Find each of a and b «6cm. › 12 ст. » 


СП ABC is a triangle in which m (Z A): m (4 В): m (4 C) =3:4:3 ›На= 5 ст. 
» then find the perimeter of the triangle ABC « 15.9 ст.» 


gl ABC is a triangle in which m (Z A) = + m (0 В) = i m (Z C) » the length of the 
© 
à radius of its circumcircle = 10 cm. Find the area of A ABC « 110 cm? » 


ABC is a triangle in which 6 sin A = 4 sin B = 3 sin C and its perimeter is 45 cm. 


Find each of a and c « 10 cm. › 20 ст.» 


LL AB and AC are two chords in a circle. If their lengths are 43.5 cm. and 52.1 cm. 
respectively and they are drawn in two different sides of the diameter AD whose length 
is 100 cm. 
Find : (1) m (4 BAC) ( 2) The length of BC 

« 122° 49 584m.» 


117) 
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Я] ABCD is a parallelogram in which m (Z A) = 50° , т (4 DBC) = 70? and BD = 8 cm. 
о 


Find the perimeter of the parallelogram. «38 ст.» 


ШЇ ABCD is a parallelogram in which AB = 18.6 ст. › m (Z CAB) = 36° 22 
and m (Z DBA) = 44° 38 


Find the length of the diagonal AC and the area of the parallelogram. « 26.46 ст. › 292 ст?» 


ABCD is a parallelogram. M is the point of intersection of its two diagonals. 
Let AC = 20 cm. » m (Z AMD) = 130? and m (/ САВ) = 85° 
Find the length of BD and the area of the parallelogram ABCD «282 cm. ›216 cm?» 


ABCD is a trapezium in which AD // BC » AD = 20 cm. »m (Z D) = 120° 5 
m (Z B) = 62? and m (Z АСВ) = 23° 25 


Find the length of each of AC and BC to the nearest cm. « 29 cm. »33 ст. » 


{Ш ABCD is a quadrilateral in which CD = 100 cm. » m (Z BCA) = 36? , 
m (Z BDA) = 55? » m (Z BCD) = 85? and m (Z CDA) = 87° 


Find the lengths of BD and AC to the nearest centimetre. « 112 ст. › 144 ст. » 


32 ABCD is a quadrilateral in which т (Z ABC) = 90° , m (Z BAD) = 80° 
› AB = AD = 10 cm. › BD = BC. Calculate the area of the quadrilateral ABCD « 102 cm?» 


LL] ABCDE is a regular pentagon» whose side length is 18.26 cm. 
Find the length of its diagonal AC « 29.5 cm. » 


& Choose the correct answer from the given ones : 
( 1 ) If the radius length of the circumcircle of the triangle ABC equals 3 cm. 
abc 


ste: ae —À 

(a) 3 (b) 6 (c) 27 (d) 216 
( 2) If ABC is a triangle › then : a csc A+ b csc В + c ese C = er 

(a)2r (6) 4r (c)6r (d)8r 


Exercise Fifteen 


(3)Ifa=sinB »b=sinC »c- sin A »then the circumference of the circumcircle 
of A ABC equals «нө length unit. 


(a)1 2 (ce) X (27 
(4)InAABC ,28inAtbsinB+csin€ L... 
a+b? + с2 
0) Oz ()2r OS 


Exercise 16 The cosine rule 


Test yourse 


111 From the school book | e Understand Ф Higher Order Thinking Skills 


Multiple choice questions | 
Choose the correct answer from those given : 
uu X y -z? 

о (1 ) In A XYZ › the expression m ^ equals «нэн, 

(a) cos X (b) cos Y (c) cos Z (d) sin Z 
© (2) LQ MAXYZ sy? -Z- X?2 2y zx vee 

(a) cos X (b) sin Z (c) cos Z (d) sin X 
ө (3) In A ABC 5 cos (A+ В) =............... 

(a) cos C (b) - cos С (c) sin C (d) — sin C 
6(4) In any triangle ABC » cos A = -........-.... 

(a) — (cos B + cos C) (b) cos B - cos C 

(c) cos (B + С) (d) — cos (В + C) 
o (5) ШІ Z A is supplementary to Z C ; then cos + cos С = o- 

(a) 0 (b) 1 (c) -1 (d) i 
© ( 6 ) If ABCD is a cyclic quadrilateral › then cos A + cos С = -+--+ 

(а) 1 (b) zero. (c) 3 (4)-1 
ө (7) ШАХҮХ ›2 Xy cos (X +Y) = eree 

(а) x?’ +y -z (b) y? +z? -x° (0Х2.-2-у (z-x?-y? 


Exercise Fifteen | 


© (15) In triangle ABC »m (Z A): m (4 В): m (4 C) 22:3:4 AB = 12 ст. › then the 


length of AC = +++ cm. 
(a) 10 (b) 11 (c) 16 (d) 18 
è (16) In triangle ABC › which of the following statements is true ? 
(a) sin + cos B=a+b (b)asinB=bsinA 
(c)a=bsinc (22 -318 
€ (17) In A XYZ ;2rsinXz 1 "where г is the radius length of its circumcircle" 
(a)z (b) y (c) X (d) area of A XYZ 


© (18) (13 If ris the length of the radius of the circumcircle of the triangle XYZ » 


then Tapes 
(a)r (b)2r (94 r (d)4r 
© (19) CO In any triangle LMN T шэээээөөөө 
m n m+n 
O nN O aM 47777771 Мин 
9 (20) O шААВС sif SA = SRB then 2885-5088 sinA 
(a)a+b (b)2a+b (c)a-2b (d)2a-b 
© (21) In acute-angled triangle ABC ›2а= d s then m(Z A) = --------------- 
(а) 30° (b) 45° (c) 60° (d) 75° 
© (22) In A ABC »sinA-22sinC ›ВС=бсм. » then AB = -++--++ cm. 
(а) 2 (b) 3 (с) 4 (d) 6 
(23) If the radius length of circumcircle of A ABC equals 3 cm. 
and sin A + sin B + sin C = 2, then the perimeter of triangle ABC = ............... cm. 
(a) 6 (b) 9 (c) 12 (d) 24 
i RII -— 
© (24) Ш In any triangle ABC › € nmm n 
c a b 
өн 0) a+b ad rm (9) atc 
(25) In AABC , à. = 52А 
а+ b Sex e EY 
| (a) sin В (b) sin C (c) sin A + sin B (d) sin A+ sin C 


(Nort) of gil Y/ Gol OW - 2 з, - а] 
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© (26) LL] In A XYZ » 3 sin X = 4 sin Y = 2 sin Z , then X: y : Z = oe 


(а)2:3:4 (5)6:4:3 ()3:4:6 (4)4:3:6 
o (27) CJ АВС is a triangle in which “А = 2928. sin ə then a: b: c= eese 
(a)6:5:8 Dikt (c)7:2 54 (d)3:5:4 
* (28) IDAABC: ЕВА = GB. = тс » then the greatest angle in measure is ............... 
(а) АА (b ZB (c) ZC (d) right 
© (29) In triangle ABC >m (Z А): m(Z B):m(Z C)z3:5:4 
» then c?: а? Sennas 
(а)ү6 : 2 (2:3 (с)4:3 (93:2 
© (30) шААВС ›-+-х зав = TERM 
(а) ес (b) 2С (o) 4r (d) 1 
© (31) In A ABC › if the radius of its circumcircle = 4 cm. 
‚йеп аре — 
(a) 4 (b) 2 (c) 8 (d) 16 
© (32) If the radius of the circumcircle of A ABC equals г › then the perimeter of 
the triangle = - (sin A + sin B + sin C) 
(а)г (b) 2r (с) 412 (d) 8? 
© (33) In A ABC »a-b-4cm. »sinA= 3 sinB › then a = eee cm. 
(a) 4 (b) 6 (c)8 (d) 12 
© (34) If the perimeter of A ABC is 24 cm. and sin A + sin B = 3 sin С 5 then С =. cm. 
(a) 4 (b) 6 (c)8 (d) 9 
o (35) ABC is a triangle »sin B + sin = 4 sin A and b + c = 2 a + 10 cm. 
ə then a = -------------- ст. 
(a) 2 (b) 3 (c) 4 (d) 5 
о (36) шААВС ;AB - 8cm. » ВС= 12cm. » m(ZA)-m(4 C) - 90» 
» then tan C = -+ 
(a) 2 DE (©) 3 9 3 


su 
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© (37) If ris the radius length of the circumcircle of A ABC and a =r 


s then m (4 А) metuo de ТАРИА 
(a) 30? only. (b) 30? or 120? (c) 150? only. (d) 30° or 150° 
© (38) If the area of the triangle ABC is A and r is the radius length of the circumcircle of 
the triangle ABC ›Шеп : АтА Я 
абс 
(а) 1 (b) 2 (c) 4 (d) 8 
© (39) LL] IDA ABC > EN ЕЕЕ г (where г is the radius of its circumcircle) 
(a) 1 (b) 2 (c) 4 (d) 8 
© (40) If the triangle ABC is an isosceles right-angled triangle and г is the radius length of 
the circumcircle of the triangle ABC › then the area of A ABC = s (in terms of r) 
(а) 1 (5) 212 (o) à («аг 


© (41) In the opposite figure : 
If the perimeter of A ABC = 20 cm. » 


then the diameter length of its circumcircle = ===- cm. 
(a) 2 (b) 4 
(c) 6 (d) 8 


second 


3 XYZ is a triangle in which : m (Z X) = 80° эт (ДУ) = 60? and = 10 cm. 


» find each of X and y to the nearest cm. « 15 ст. » 13 ст.» 


ABC is a triangle in which : с = 19 ст. » m (4 А) = 112? and m (4 В) = 33° 
Find to the nearest hundredth each of b and the length of the radius of the circumcircle of 
the triangle. « 18.04 cm. › 16.56 cm. » 


ЕЗ C XYZ is a triangle › Шу y 68.4 cm. m (4 Y) = 100° and m (Z Z) = 40° 
‚ йпа:(1)х 
( 2.) The radius length of the circumcircle of the triangle XYZ 
( 3 ) The area of the triangle XYZ « 44.64 cm. »34.73 cm. »981.34 em? » 


nnn. $m 


a ABC is a triangle in which : b = 10 cm. » m (4 А) = 40? and m (Z C) = 80° 
Find the length of the greatest side of A ABC «Ист.» 


4 e Understand O Apply se Higher Order Thinking Skills 


Е} ABC is a triangle in which : c = 4.5 cm. » m (/ А) = 100? and m (/ В) = 15° 
о 
Find the length of ће smallest side of A ABC « 1.3 ст.» 


ЕЕ Д Use the sine rule to find the value of X to the nearest tenth : 
(1) 


« 74 cm. 392 ст.» 


# АВС is a triangle in which : т (4 A) = 60° and a=7 {3 cm. 
Find the area and the circumference of the circumcircle of A АВС (n — 2) 


« 154 ст? › 44 ст.» 


{С} ABC is a triangle in which : а = 13 cm. » m (/ A) = 53° 8 5c = 15 cm. Find the radius 
о 
length of the circumcircle of A ABC › then find m(Z C) «81 em. 567° 239 or 12° 36 51 , 


o ABC is a triangle in which m (Z A) = 35° , a = 8 cm. and b = бст. 
o 
Find : m (Z B) «25° 28 43 » 


(11 In the triangle ABC » m (/ А) = 67° 22 „т (Z С) = 44° 33 and b = 100 cm. 
н Find the perimeter of the triangle ABC and its surface area. « 275 ст. » 3473 cm? » 


[ШЇ ABC is a triangle in which m (Z B) = 35? › m (Z C) = 70? and the radius length of 
the circumcircle of the triangle ABC = 16 cm. Find the area and the perimeter of A ABC 
to the nearest whole number. « 262 cm? » 79 cm. » 


ABC is an isosceles triangle in which : m (Z A) = 120? and the length of the radius of 
| the circumcircle of A ABC is 12 cm. 
Find c and calculate the area of A ABC «12 em. › 62.4 cm? » 


ABC is an isosceles triangle in which : a = b and m (Z A) = 15? and the perimeter 
© 
b of A ABC is 25 cm. Find the area of the circumcircle of A ABC «474 cm? » 


If the perimeter of A ABC = 40 cm. » m (Z A) = 44° and m (4 B) = 66° , 
| Find the lengths of the sides of the triangle ABC « 10.9 cm. » 14.3 ст. › 14.8 ст. » 


Exercise Fifteen | 


B ABC is a triangle in which : c = 12 cm. and m e В) =3 m (4 А) = 60? 
Find а and the area of A ABC to the nearest cm? «42 cm. +22 cem? » 


CA If the area of the triangle ABC is 450 cm? m (/ В) = 82? and m (4 C) = 56° 
^ 8 
» find the value of a «27 ст. » 


ABC is an acute-angled triangle in which AC = 12 cm. » sin A = 0.6 and its area is 43.2 cm? 
Find the length of each of AB and BC › also find m (Z B) « I2 ст. »76cm. ›71° 34 » 


Find the perimeter of the acute-angled triangle ABC if a = 7 cm. »b = 8 cm. 
and m (4 А) = 60° « 20 ст. » 


LL Find the diameter length of the circumcircle of A ABC in the two following cases : 
(1)m(ZA)275? ›а=21 cm. 
(2)m(ZB)=50° »m(Z C) = 65°, c-b-6cm. « 21.7 cm. »42.8 cm. » 


ABC is triangle in which : b 2 5 cm. ап С = 4 з and m (4 В) = 30° 


“8 


find a » c and the area of the triangle to the nearest integer. « 10 ст. 58 cm. › 20 cm? » 


a 


XYZ is a triangle in which : sin X + sin Y + sin Z = 2.37 and its perimeter is 56.88 cm. 
Find the length of the radius of the circumcircle of A XYZ « 12 ст. » 


EX] ABC is a triangle in which sin A: sin B: sin C =2 : 4 : 5 andc—b=3cm. 
© 
Find each of a and b «6cm. › 12 ст. » 


Q] ABC is a triangle in which m (4 A): m(Z В): m (4 C) 23:4:3 ,На=5 ст. 
» then find the perimeter of the triangle ABC « 15.9 cm. » 


B 


ABC is a triangle in which m (Z A) = 2 $ m(Z в) = 2 m (Z C) » the length of the 


radius of its circumcircle = 10 cm. - the area of A рэн « 110 cm? » 


ABC is a triangle in which 6 sin A = 4 sin B = 3 sin C and its perimeter is 45 cm. 


Find each of a and c « 10 em. › 20 cm. » 


(26 ш AB and AC are two chords in a circle. If their lengths are 43.5 cm. and 52.1 cm. 
T respectively and they are drawn in two different sides of the diameter AD whose length 
is 100 cm. 
Find : ( 1 ) m (4 BAC) ( 2.) The length of BC 
« 122? 49 ,84 cm. » 


UNIT 
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Я] ABCD is a parallelogram in which m (Z А) = 50° » m (Z DBC) = 70° and BD = 8 cm. 
о 


Find the perimeter of the parallelogram. « 38 cm. » 


С ABCD is a parallelogram in which AB = 18.6 cm. » m (Z CAB) = 36° 25 
and т (Z DBA) = 44° 38 
Find the length of the diagonal AC and the area of the parallelogram. « 26.46 cm. » 292 cm? » 


ABCD is a parallelogram. M is the point of intersection of its two diagonals. 
Let AC = 20 cm. » m (Z AMD) = 130? and m (Z САВ) = 85? 
Find the length of BD and the area of the parallelogram ABCD «282 cm. »216 cm? » 


EI) ABCD is a trapezium in which AD // BC › AD = 20 cm. >m (4 D) = 120°, 
o 


m (Z В) = 62° and m ( АСВ) = 23° 25 
Find the length of each of AC and BC to the nearest cm. «29 cm. › 33 cm. » 


© ABCD is a quadrilateral in which CD = 100 cm. » m (2 BCA) = 36° ; 


о 
m (4 BDA) = 55° › m (4 BCD) = 85° and т (4 CDA) = 87° 
Find the lengths of BD and AC to the nearest centimetre. « 112 ст. » 144 ст. » 
ABCD is a quadrilateral in which т (Z АВС) = 90° › m (2 BAD) = 80° 

© 


, АВ = AD = 10 cm. › BD = BC. Calculate the area of the quadrilateral ABCD «102 cm?» 


СП ABCDE is a regular pentagon» whose side length is 18.26 cm. 
Find the length of its diagonal AC «29.5 ст.» 


& Choose the correct answer from the given ones : 
( 1 ) If the radius length of the circumcircle of the triangle ABC equals 3 cm. 


abc № 
sinAsinBsinC |. 


> then : 

(a) 3 (b) 6 (c) 27 (d) 216 
( 2) If ABC is a triangle » then : a csc A + b csc В + с ese С zs 

(a)2r (b) 4r (c) 6r (d)8r 


Exercise Fifteen 


(3) На=зш В »b=sinC »c-sinA » then the circumference of the circumcircle 
of A ABC equals се length unit. 


(a) 1 (b) 7. (c) xt (d)2 zt 
(4) ШААВС ,23inA-*bsinB-csinC |... 
a b + с2 
(a) 3 (b) + ()2r (9) 12 


Exercise 16 The cosine rule 


(2 Fromthe school book Ф Understand 


Multiple choice questions | 


Choose the correct answer from those given : 
24 y2_ 72 


~2Xy оо 
(a) cos X (b) cos Y (c) cos Z 
© (2) Ш InAXYZ »у2+22– Х2=2 ух ee 

(а) cos X (b) sinZ (c) cos Z 


о (1)InA XYZ › the expression 


6(3)InAABC ‚соз (A + B) = ·---..-........ 
(a) cos C (b) - cos C (c) sin C 
о (4) CI In any triangle ABC »cos A = vse 


(a) 0 (b) 1 (c) -1 


(a) 1 (b) zero. (c) i 
6 (7) IDAXYZ,2Xy cos (X + Y) = --------------- 


(a) x?«y!-z (b) у?+22-х? ()х2-2-у 


120 


(а) — (cos В + cos C) (b) cos В - cos С 
(c) cos (B + С) (d) — cos (B + С) 


о (5) (T1 If Z Ais supplementary to Z С › then cos + cos С=с 


о ( 6 ) If ABCD is a cyclic quadrilateral » then cos А + cos С = ..........-. 


Ф Higher Order Thinking Skills 


(d) sin Z 
(d) sin X 


(d) — sin C 


94 
(4)-1 


(4) 22-х2-у? 


Exercise Sixteen 


| эн . a^bp?-c? Я 
© (8) ] ШААВС › the expression ВЕ — equals zero if -------------- 
(a) m (Z A) = 60° (b) m (Z B) = 90? 
(c) m (Z C) = 120? (d) m (Z A) + m (Z B) = 90° 
© (9) InALMN ›(=5 ст. » т=7ст. » m(ZN)=60° 
› then п = e cm. (to the nearest tenth) 
(a) 6.2 (b) 5 (c) 4.3 (d) 3.5 
© (10) InAXYZ ;X=5cm. » y=3cm. » ш(27)-47 
, then Z = eese 
(a) 7 (b) 8 (c) 9 (d) 4 
© (11) In A ABC › Им (Z А) +щ (ДВ) = 120° › а=2 ст. » 5-3сш.» 
then Cm.eeeeenH cm. 
(a)4 (3 17 «5 
о (12) IDAABC »a-9cm. » Ь= 15 ст. › m(ZC)=106° 
» then its perimeter = = cm. 
(a) 44 (b) 24 (c) 34 (d) 28 
* (13 ШААВС › b=2cm. » с=2.5 ст. » cosA- 2 
s then A ABC is --------------- 
(а) a right-angled triangle. (b) an isosceles triangle. 
(c) an equilateral triangle. (d) a scalene. 
© (14) In A XYZ if X= y » then cos X = ve 
2y? E 8. Р. 
(а) 0955 OFX 9-2, 
© (15) In A ABC ,сов(А-В)- vee 
а2+62 с? а2+с2-Ъ2 Ь2+с2-а? сыа bs 
(а) Fab (0^ аъ Tbe 9 аъ 
© (16) The measure of the greatest angle in triangle the lengths of its sides are 3 cm. » 5 cm. 
» 7 cm. equals EUER 9 
(a) 110 (b) 150 (c) 100 (d) 120 


© (17) ААВС »b-z4cm. » ачс= 11 ст. » а—-с=1сш.„,һеп- зе 
(а) the triangle is an obtuse angled triangle. 

(b) the triangle is a right angled triangle. 

(c) m(Z B) 22m (Z A) 

(d) m (Z A) 22 m (ZB) 


(VA) oft Vay) OW - zi ouo; - wall 
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© (18) In A ABC ,а2 +52 - c? +3 ab 20 » then m (4 С)--- ° 
(а) 30 (b) 150 (c) 60 (d) 120 
© (19) In A ABC sif m(4 C) =60° 5 а? +? — c =Каь › Шеп К = ............... 
(a) + (b) 2 (c) 1 (d)-1 
о (20) IDA ABC »4sinA-3sinB-6sinC »thenm (4 C) = .-.-........... (to the nearest degree) 
(а) 89° (b) 29° (c) 57° (d) 82° 
© (21) In A ABC › i sin A = 4 sin B = i sin C »then cos C = ............... 
(а) = DE: = Qi 
о (22) If ABC is a triangle in which : 5 sin Asin B = 6 sin B sin C = 9 sin C sin A 
s then m (Z С) = vee о 
(а) 28 (0) 32 (с) 36 (4) 42 
© (23) If ABC is a triangle in which : 6a = 4b = 3 с › then the measure of the smallest angle in 
the triangle = -++ 
(a) 57° 28 (b) 41° 12 (c) 28° 57 (d) 36° 52 


о (24) ABC is a triangle in which m (Z A)=60° » Ь:с=5: 8 and the area of the 
circumcircle of the triangle ABC is 147 7t cm? then the perimeter of 


A ABC = eree ст. 
(а) 21 (b) 34 (c) 54 (d) 60 
o (25) ABCD is a parallelogram in which AB = 8 ст. › ВС= И ст. › BD=9cm. 
» then the length of AC = ............... cm. 
(a) 9 (b) 10 (c) 11 (d) 17 


© (26) In the opposite figure : 


ED озн» сш. 
(а) 6 (b) 7 
(c) 8 (d) 9 

© (27) In the opposite figure : » 4 


ABCD is а parallelogram А 
, then AC СРР”Ө”ЭЭЭЭС cm. n 

£N 
azri (5 2137 TH 


©2417 (d) 148 


122 
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© (28) In the opposite figure : D A 
ABCD is a parallelogram pw 
m (2 ABD) = 80* , BD = 7 cm. ИЖ. "M 
AB = 5 см. › then the perimeter " " 
of parallelogram = .............- to the nearest cm. 
(a) 25 (b) 26 (c) 29 (d) 30 


© (29) In the opposite figure : 


cos B = ............... 
@ + 
(b) 2 
© $ 
@ + 
© (30) In the opposite figure : D 
ABCD is a quadrilateral in which АВ = 8 cm. Со = 
»BC=6cm. »m (4 В) = 90° d 
» DC = 5 cm. and т (Z ACD) = 60° Е 
» then the area of the circumcircle of а А 
the triangle ADC = ·------------- cn? 
(a) 9 7t (b) 16 7 (c) 25 7t (d) 49 7t 


Second 


DE) XYZ is a triangle in which: т (4 Z) = 95°, X= 13 cm. у= 16 ст. Еіпіл «21.5cm.» 


ABC is a triangle in which : a = 3 cm. »c = 5 cm. and m (Z B) = 36° 27 


Find b to the nearest cm. «3cm.» 


Ц ABC is a triangle in which а = 3 cm. »b = 5 cm. and c 24/19 ст. , find : 


(1)m(ZC) ( 2 ) The area of the triangle ABC «вот, 
LO If two side lengths of a triangle are ( 10 + 2) and ( 10- 2) and the measure of the 
| included angle = 60? , find the third side length. «22» 


123 
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ge ABC is a triangle in which : а = 4 cm. » b = 6 cm. and m (Z C) = 57° 
1 find the perimeter of A ABC to the nearest cm. « 15 ст.» 


Find the measures of the angles of the triangle ABC in which a = 7.6 cm. 
>b = 5.8 cm. and с = 3.4 ст. « 108° 34 546° 20 ›25°6» 


ABC is a triangle in which а = 13 ст. » b = 14 cm. and c = 15 cm. Find m (4 В), 
then find the area of the triangle ABC to the nearest cm? « 59° 29 ,84 cm? » 


Find the measure of the smallest angle in A XYZ › where X = 18 ст. » y = 27 ст. 
and z = 24 cm. Find also the area of the circumcircle of A XYZ «40° 48 5596 cm? » 


СД ABC is a triangle in which a = 9 cm. » b = 15 cm. and с = 21 ст. Find the 
measurement of the largest angle of the triangle and prove that it satisfies the relation : 
cos C - 5^[3 sin C - 8-0 «120°» 


The perimeter of the triangle ABC is 52 ст. ›а= 13 ст. and b = 17 cm. Find the 
measure of the greatest angle in the triangle ; then find the area of the triangle to the 
nearest centimetre square. «93° 22 5110 cm?» 
Find the measure of the greatest angle in A XYZ » where X = 24.5 cm. ›у = 18 cm. 

and z = 10 cm. Find the circumference of the circumcircle of A XYZ (x = 2) 


« 119° 19 88 cm.» 


If the ratio among the lengths of the sides of the triangle XYZ is X: y:z=4:5:6 
» prove that the measure of the smallest angle of the triangle approximately equals 41? 25 


XYZ is a triangle in which sin X : sin Y: sin Z=7 : 8 : 12 


Find the measure of its greatest angle. «106° à » 


ABC is a triangle in which : а = 4 ст. »b = 5 ст. and cos C == 
Find c and the area of A ABC «7.8 cm. ›5[3 cm? » 


ABC is a triangle in which : 2 sin A = 3 sin B = 4 sin С 
Find the measure of the smallest angle. «26° 23 » 


ABC is a triangle in which i sin A = i sin B = i sin C » find m (Z C) and if the 
perimeter of the triangle = 24 cm. ; find its area. «90° 524 cm: » 


—8—8—8——8—8—8——8——8—0—€—80— 
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Ki] ABC is a triangle in which BC = 20 cm. » m (4 B) = 29° » m (4 C) = 73° and D is the 
T midpoint of BC , find the lengths of AB and AD to the nearest two decimals. 
« 19.55 ст. » 11,84 cm. » 


1) ABC is a triangle in which : a = 8 cm. »b =7 cm. and c 2 9 cm. Let D ЄВС such 
€ —_ 
that BD = 4 cm. Calculate the length of AD › calculate also the length of the radius of 


the circumcircle of A ABC «7cm. 34.7 cm.» 


KE) ABCD is a parallelogram in which : AC = 16 cm. › DB = 20 cm. and m (4 AMB) = 50° , 
T where M is the point of intersection of its diagonals. 


Find AB and AD to the nearest cm. «8cm. s 16 cm.» 


20) ABCD is a parallelogram in which АВ = 9 cm. › ВС = 13 cm. and АС = 20 cm. 
ө к-с 
Find the length of BD « 10 ст. » 


ABCD is а trapezium in which : AD // BC › AD = 42 cm. ; AB = 30 cm. » 
Ф — — 
ВС = 48 cm. and m (4 A) = 100° , find the length of each of : BD , CD 


« 55.7 cm. » 29.3 ст. » 


{1 ABCD is a quadrilateral in which : AB 29 cm. › ВС = 5 cm. › СЮ =8 cm. » 
Ў DA Z9 см. and АС = 11 cm. 
Prove that : The figure ABCD is a cyclic quadrilateral. 


ABCD is a quadrilateral in which : AB = 6 cm. › ВС = 14 cm. » CD = 10 ст. 
and AC = BD = 16 cm. Prove that : ABCD is a cyclic quadrilateral. 


ABCD is a quadrilateral in which : AB = 27 cm. » ВС = 12cm. › CD = 8 cm. 
»DA= 12 ст. and AC = 18 cm. 
Prove that : AC bisects Z BAD 


ABCD is a quadrilateral in which : m (Z DAB) = m (4 DBC) = 90? » BD = 10 ст.» 
T AD = 8 cm. and m (4 DCB) = 30° , find AC to the nearest cm. « 22 ст. » 


[26 {1 ABCD is a quadrilateral in which : АВ = 15 cm. » ВС = 20 cm.» CD = 16 cm. 
? › АС = 25 cm. and m (Z ACD) = 36° 52 5 find the length of AD to the nearest centimetre 
» then find the area of the quadrilateral ABCD « 16 em. › 270 cm? » 


[125] 


UNIT 
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Я] ABC is a triangle in which : a = 3 b and m (Z С) = 60° ; find m (4 B) and m (Z A) 
«19° 6 $100? 54 » 


о 
à ABC is a triangle in which : a = 5 cm. эт (Z B) = 120° and its area is 1013 cm? 
9 
Find each of c and b and also m (Z A) «8 ст. › 11.36 ст. »22* 24 » 


A] ABC is a triangle in which : Р-а= 8 cm. ›Р-Ъ = 6 cm. and P- c = 4 cm. › find the 
measurement of the largest angle in the triangle where 2 P2 a-- b + с « 78° 28 » 


CO In the triangle ABC » if P — a = 26 cm. » b = 28 cm. and P+ a= 98 cm. where 2 P is 
the triangle perimeter: find the side lengths of the triangle » then the measurement of the 
smallest angle. « 36 cm. › 28 cm. › 60 cm. › 17° 5] » 


ABC is a triangle whose area is 64 cm? эт (ДА) = 30° ,6:с=3:4 
9 
Find the perimeter of A ABC «41.8 cm. » 


If sim A: sinB: sinC=3:5:7 
» prove that : cos A: cos B : cos C= 13:11:- 7 


ABC is a triangle whose perimeter is 34 ст. ›а = 12 cm. and b — с = бст. 


Find the measure of its smallest angle › then calculate its area. «34° 46 19 5479 cm? » 


CA In the triangle XYZ »if y? = (z - X +z X 
» prove that : m (Z Y) = 60° 


[ГЦ Discover the error : 


In the triangle ABC › Ша a 5 ст. »b = 10 ст. »c 2 7 cm. and m (Z A) = 27.66? 
Find : m (Z B) 


Ziad's answer 


TOME 
` sinB ПА 
10 9 


Karim's answer 


_ (6) + (7)? – (10)? 
Е 2х5х7 
= – 0.3714 


“.m(Z В) = 111.8° 


"5 В = 81027.66° 
10 sin 27.66° 


s. sin В = шин ^ 0.9284 


<. m (Z B) = 68.19 


Which of the two answers is correct ? 
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4» Choose the correct answer from those given : 


( 1) If the area of АВС = 12 cm? › then (b? + c? - a?) tan A = ------------... 


(a) 12 (b) 24 (c) 48 (d) 96 
(2)InAABC » if m(Z A) = 60° › then: (1 4a) (1 LP = енене 
(а) zero (b) 1 (c) 2 (d) 3 
NER 43 
(3) IDAABC ; if + eC 223 ‚ then m AY = --------------. 
a+b+c 
(a) 30° (b) 60° (c) 45° (d) 150° 
(4 ) In the opposite figure : 
ABCD › XCEF are two squares D 
if BC = 3 CE > then 
sin (4 ВХЕ) L FADEN F X 
== 2. 
15 15 


J From the school book 


| First | Multiple choice questions | 


Choose the correct answer from those given : 


( 1 ) Solving the triangle means -------------- 
(a) to find the lengths of its sides. 
(b) to find the measures of its angles. 
(c) to find the relation between the lengths of its sides and the measures of its angles. 


(d) to find the lengths of its sides and the measures of its angles. 


© (2 ) The perimeter of A ABC ; in which b 11 cm. » т (ДА) = 67° т (Z C) = 46° 


equals «есөн (to the nearest cm.) 
(a) 22 (b) 38 (c) 31 (d) 27 

о (3) By solving the triangle ABC in whicha=5cm. » b=7cm. » m(Z C) = 65° 
(eie em cm. (to the nearest tenth) 
(a) 44 (b) 2.1 (c) 6.7 (d) 8.2 

о (4) By solving A ABC in whichaz2cm. » b = 412 cm. , c 225 cm. » then 
First : cos A ж.с 
(а) -2— (b) 4 ()-2- q 110 

То fio : 


Second : m (Z C) = -re 
(a) 329 18 (b) 27° 43 (с) 135° (d) 45° 


Exercise Seventeen 


è ( 5) The number of possible solutions of A ABC in which m (Z C) = 115? 


9¢= 12 ст. за=Э em. is 
(a) 1 (b) 2 (c) 3 


эт (ДА) = 42° is НИЕ 


98a = 5 ст. is rere 
(a) 1 (b) 2 (с) 0 


əm (4. X) = 70° equals эз 
(а) zero. (b) 2 (c) 1 
ə (9)InA XYZ»X230cm. ›у= 20 cm. »m (Z X) = 100° 
» then these conditions verify «эээ, 
(a) unique solution. (b) two solutions. 
(c) three solutions. (d) no solution. 
ə (10) шААВС ›а= 20 ст. »b = 25 ст. » m (Z A) = 40° 
» then these conditions verify =- : 
(a) unique solution. (b) two solutions. 
(c) three solutions. (d) no solution. 
ə (ID IfA XYZ »m(Z X) = 100° , Xz3cm. »y 24cm. > 
then these conditions verify =-=- 
(a) unique solution. (b) two solutions. 


(c) three solutions. (d) no solution. 


| Second | Essay questions 


measures of two angles 


ЕВ Solve the triangle ABC in which : b = 11 cm. » m (Z A) = 67° and 
ө 


(d) zero. 


o ( 6 ) The number of possible solutions of A ABC in which a = 8 ст. » b = 10 cm. 


(а) 1 (b) 2 (c) infinite number. (d) zero. 
è ( 7 ) The number of possible solutions of A ABC in which m (Z A) = 60° 5b=3 cm. 


(d) infinite number. 


$ (8 ) The number of possible solutions of А XYZ in which X = 5 cm. » y = 6 cm. 


(4) 3 


1 Exercise on solving a triangle knowing a side length and the 


m (4 C) - 46? 


« 11 ст. 38.6 cm. › 67° » 


Solve the triangle ABC in which : а = 8 cm. » m (Z A) = 60° and m (Z В) = 40° 
g 


« 5.94 em. 39.1 cm, › 80° » 


(WP) \ ф/м УЕ) OW - UE Olek, - маха! 


Understand — OApply Ф Higher Order Thinking Skills 


EB C Solve the triangle ABC in which : m ( A) = 49° 11 , т (Z В) = 67° 17 ,с= 1122 cm. 
o 


«9.5 cm. » 11.6 cm. › 63° 32 » 


KJ Solve the triangle ABC in which : AB 29 cm. and m ( A) -2m (4 B) = 80? , then 
? calculate its area to the nearest cm? « 10.2 cm. › 6.7 cm. » 60° » the area = 30 cm? » 


{Е} Solve the triangle XYZ in which : XY = 40 cm. » m (Z X) = 75° 12 
© 5 LL 
and m (Z Y) = 48° 15 , then find the height of the triangle drawn from Z to XY 
«46.4 cm. » 35.8 cm. › 56° 33 » the height = 34.6 ст.» 


Exercise on solving a triangle knowing the lengths of two sides 
and the measure of the included angle 


О Solve A XYZ in which : m (4 Z) = 60° , XZ = 16 cm. and YZ = 13 cm. 
[7] 


« 14.7 em. »49* 5] 57059 » 


EJ Solve the triangle ABC in which : а = 5 cm. »b 2 7 cm. and m (4 C) = 65° 
? « 6.7 cm. » 71° 50 ›43° 10 » 


EJ Solve the triangle ABC in which : m (Z A) = 153° 12 and b = c = 6 cm. 
ү « 11.67 cm. » 13° 24 5 13° 24 » 


« 11.96 cm. » 76° 53 , 34° 22 » 


Solve A LMN in which : LM = 48.5 cm. › MN = 46 cm. and cos M = — 0.6 


a Solve A LMN in which : l = 12.5 cm. »n 2 7.25 cm. and m (4 M) = 1 2d 
we 
« 84.53 cm. »25° 48 , 126° 52 ›27° 20 » 


Exercise on solving a triangle knowing the lengths of the three sides 


Kl] Solve the triangle ABC in each of the following figures : 
© 


( 1 ) c (2) А 35 ст. c 
s < 
S 
A 27 cm. B B 


a Solve the triangle ABC in which : a = 13 cm. » b = 14 cm. and = 15 cm. 
о ^ 
« 53^ 8 559° 29 567° 23 » 


Exercise Seventeen 


EE Solve the triangle ABC in which : = 5 cm. and b = 2 c = 8 cm. 
e 


«30° 45 ›125° 6 ,24* 9» 


Solve the triangle ABC in which : a = 2 cm. ;b = 412 cm. and c = 215 ст. 


« 18° 26 5 116° 34 545° » 


09 Solve the triangle XYZ in which : XY = 15 cm. › YZ = 25 cm. and XZ = 30 cm. 
© 


«56° 15 93° 49 , 29° 56 » 


Exercise оп the activity 


ET Solve the triangle ABC in which : а = 10 cm. , b 2 9 cm. and m (Z B) = 57° 


Solve the triangle ABC in which : m (ДА) = 50° , a = 4 cm. and b = 3 ст. 


Solve the triangle ABC in which : m (4 C) = 116? ›с 12 cm. and a = 10 cm. 


9 

^is Show if the following conditions satisfy the existence of one triangle or more , or 
o 

don't satisfy the existence of any triangle at all; then find the possible solutions ; 


approximated the side lengths to the nearest tenth and the angles measures to the 
nearest degree : 


(1jaz 15 ст. b= 10 cm. and m (Z A) = 120° 
(2)а= 12 ст. ›Ь = 15 cm. and m (4 А) = 100° 
(3) а= 20 см. ›Ь = 28 cm. and m (Z A) = 42° 
(4) Q] a=5 cm. ›Ь =7 ст. and m (Z A) = 60° 
(5) Q a= 12 ст. »c =7 cm. and m (Z A) = 27? 


Miscellaneous exercises 
Solve the isosceles triangle ABC in which : m (4 A) = 110? and = 8 cm. 


« 4.9 cm. 34.9 cm. » 35° › 35° » 


Ei] Solve the triangle ABC in which : a = 21 cm. »cosB = E and tan C = б 
о 


« 17.3 cm. › 8,3 em. » 104° 13 53° 8 522° 37 » 


[22 Solve the triangle ABC in which : а = 5 cm. » m (Z B) = 120? and 
Ф 


its area is 1013 cm? « 11.36 ст. › 8 cm. ›22° 24 › 37° 36 » 


131 


@Understand — OApply ə Higher Order Thinking Skills 


EE) Solve the triangle ABC in which m (Z А): m (4 В): m (Z C) 24:5 : 6 and its 
© 
perimeter equals 50 cm. « 14.5 cm. » 16.9 ст. » 18.6 cm. » 48? » 609 » 72° » 


EX] Solve the triangle ABC in which sin A: sin B: sinC 23:4: 6 and its perimeter 
9 5 ` 5 
equals 52 cm. « 12 cm. » 16 cm. » 24 cm. » 26° 23 › 36° 20 » 117° 17 » 


[25| Solve the acute-angled triangle ABC in which a = 21 ст. » b = 25 cm. and the diameter 
© 
length of its circumcircle = 28 cm. « 26 em. ›48° 35 › 63° 14 , 68° Ш» 


Life Applications on Unit Four 0) 


LJ From the school book @ 
GB |) The distance between two lighthouses Lighthouse 
А апа В is 20 km. on one line from North to 
South. If a ship is located at position C where 
т (Z ACB) = 33? and m (Z ABC) = 52° , find the 
distance between the ship and each lighthouse. 


B 
Lighthouse 


« 29 km. › 36.6 km. » 


Я C Ahmed and Salah stand in front of a minaret and A 
the distance between them is 50 metres as shown in 
the opposite figure. How high is the minaret to the 


nearest tenth of metre ? 


EJ © Inthe Opposite figure » there are three geographical 
positions forming a triangle. If the distance between 
position X and position Y is 9 km. » the measurement 
of the angle at position X is 40° and the measurement 


of the angle at position Z is 105°, 


Find : ( 1 ) The distance between position X and position Z 


(2 ) The area of the triangle whose vertices are X, Y, Z «5.3 km. +15 km? » 


SSS 


KJ C3 Sports : Ahmed run a distance of 8 km. in a certain direction » then he turned with 
an angle of measure 80? to run a distance of 9 km. How long is it from the starting point 
to the final point ? «П km.» 


Е} C3 Sports : In a soccer match › ће midfielder was distant from the right wing player for 
15 m. If the midfielder turned with an angle of measure 45? and saw the left wing player 
distant from him 17 m. How far is it from the right wing player to the left опе? «124m.» 


KJ СО) Land survey : A triangle-like piece о land whose с 
side lengths are 300 m. › 210 m. and 140 m. Use the cosine SŽ 20, 


rule to find the area of the land to the nearest square metre. 


ЕЗ C Transportation : Ahmed travels by his motorcycle to 
cover a distance from point A to point В › then to point C 
with speed of 50 km/h. and he returns directly from point C 
to point А with speed of 60 km /h. How long does he take in 


his back and fourth trip to the nearest tenth of minute ? 


« 9.8 minutes » 


thematics 
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Sass MEN 


~~ Accumulative quizzes. 
School book examinations. 
Final examinations. 


Guide answers. 


Accumulative quizzes оп algebra. 


Accumulative quizzes on calculs. 


Accumulative quizzes on trigonometry. 


EN - Accumulative quizzes on algebra 
Total mark 
общ 1 on lesson 1 — unit 1 


Answer the following questions : 


First question ] 4 marks 1 mark for each item 


Choose the correct answer from those given : 
( 1) The domain of the function f : f (X) =ўх- 2 IS е 


(а) [2 ef (b) ]2 ›=[ (c) ]- e »2] (d) ]- ee »2[ 
( 2) The domain of the function f : f (X) -1х- Со 
(а) [3 ›=[ (b) ]3 » ef (c) ]-< »3[ «Е 


(3) Which of the following graphs does not represent а function in X ? 


(b) 
(4) The opposite figure represents a function whose domain is «сөн 
(4) К 
(b) - [0 » 2 
(c) R - {0} X 
(d)IR - 10,2] 


Second question ) 6 marks 2 marks for each item 


Discuss the monotony of each of the functions represented by the following figures : 


= - Accumulative quizzes | 


Total mark 


| Quz 2 till lesson 2 — unit 1 = 


Answer the following questions : 


9ЛГТЛЬ г imei cc Nn 


Choose the correct answer from those given : 


( 1) The domain of the function f : f (X) = + 18 HM 
(а) IR (b) R- {0} (c)R- {1} (d) {0} 
( 2) Which of the following functions is even ? 
(a) sin X (b) X cos X (c) X sin X (d) tan X 
( 3) The opposite figure represents a function which is ............... 
(a) even. 
(b) odd. 
(c) neither even nor odd. 
(d) symmetric about y-axis. 
( 4 ) The opposite figure represents a function whose range is нэн 
(a) К 
(b) R- [-2 50] х | 
(с) ]- 2 »2[ 
(d) 4-2,2} 


Second question | 6 marks 2 marks for each item 


Determine the type of the functions defined by the following rules whether they are 


odd › even or otherwise : 
(1)feosx*ex? 
(2) р(х) = x?sinx 


Algebra = 


f auz |3 till lesson 3 — unit 1 


Answer the following questions : 
| Frstaueston | 


Graph the curve of the function f : f (X) -{ 


Total mark 


|x| , Х<0 
X^ o. 250 


» from the graph deduce the range » determine its type whether it is even » odd or 


otherwise and discuss its monotony. 


Second question 3 marks 


Graph the function f : f 00 = [^ di sb 


X , 0«X«2 


» from the graph deduce the range and discuss its monotony. 


EMMI Е 


Graph the function f : fM= | 


Х-1 » 24Х:4 
-1 » -2sXs2 


» from the graph deduce the range. 


Accumulative quizzes ] 


Total mark 
Quiz 2 па 


10 
Answer the following questions : 


First question ] 4 marks 


1 mark for each item 


= 


(1) f is a function where f (X) = X? +2 5 then the graph which 
represents f is 


Choose the correct answer from those given : 


( 2 )The range of the function f where f (X) = | 9 * 


XST. 
ИВАН 
-1 at Х»0 
(010) (b){- 1} 
(c)R (4){0,-1} 
( 3 )The symmetric point of the function curve of f where f (X) = X? is ~... 
(а)(1 $1) (5) (0 ›0) (c)(1 ›0) (d)(0 ›1) 
(4 )The range of the function f : f 00 = 521 si ossa 
(a)R- (2) (b)R- {1} (c)R- {- 1} (OR 
Second aveston es 


Use the curve of the function f : f (X) = X? to represent the function g : g (X) = (X — 3) 


› Show the domain of g and its range › discuss its monotony and determine its type 
whether it is even » odd or otherwise. 


QC 1 зуд] Y | (eal) OW iate Lab, walsell (9 | 


Algebra 


Total mark 


| Quiz |5 till lesson 5 — unit 1 Ба 
10 


Answer the following questions : 


4 marks 1 mark for each item 


Choose the correct answer from those given : 


(1) £f Q0 s 5sthenf (7) = ~ 


(a) 1 (b) 5 (c) 7 (d) 35 
( 2) The vertex of the function curve of f where f (X) = A^ E eese 
(a) (1,0) (b) (-1,0) (c) (0,1) (d) (0 »— 1) 


(3) The curve of the function g : g (X) = X? + 2 is the same as the curve of the 
function f : f C02 X 3 by translation 2 units in the direction of - 


(а) OX (b OX (c) Oy (d) Oy 
(4) The solution set in R of the equation : | X | + 1 20 is -+++ 
(а) {1} 1-1 © {1-1} 99 


CEN ies] 


Find in R the solution set of the equation : J x’-2X+1=8 


Third question ] 4 marks 1 mark for each item 


In the opposite figure : 
The curve of the function f : f (X) =| X | is drawn › then 


it is translated in the two directions of coordinate axes » 
write : 

(1) The rule of the resulted function. 

( 2) The coordinates of its vertex. 

( 3) Its range and deduce its monotony. 


(4) The equation of its symmetric axis. 


Accumulative quizzes | 


Total mark 


| Quz 6| till lesson 6 — unit 1 "н 


Answer the following questions : 


| First question Y 2 marks $ mark for each item 


Choose the correct answer from those given : 


( 1 )The solution set of the inequality : | X |— 1 > zero in 8.44 


(а®-[-1, | (]-1›,1[ (08Ё-1-14-4 (4[-1›1] 
(2)If (х) 22 ; then f (2 X) = o 
(а)2 (b)4 (c)zero (d)1 


( 3 )If the function f : f (20 = i » then the symmetric point of the function 
5:5 (09 z f (X4 1) is .............. 
(а)(1 ›0) (5) (0 » 1) (с)(-1›0) (4)(— 1,1) 
( 4 )The range of the function f where f (X) = | X | is ............... 
(а) [0 » =[ (510 = (c)]- ® › 0] (d)]- = ›0] 


[Second question J 4 marks 2 marks for each item 


Find in В ; the solution set of each of the following : 


(132Х-31-1Х-1| 


(2)13x-2|s5 


т auestion e] 


Graph the curve of the function f where f (X) = | X — 3 | and deduce from the graph the 


range of the function » its monotony and whether it is even » odd or otherwise. 


Algebra 


Total mark 


| Quz [7 till lesson 1 — unit 2 [—| 
10 


Answer the following questions : 


1 mark for each item | 


Choose the correct answer from those given : 


(1) The number of roots of the equation : X 7 = — 128 equals ............... 
) 


(a) 1 (b) 7 (c) 2 (d) -2 
( 2) The range of the function f : гоо-Г a 50 dd sees. 
-1 а Х»0 
(а) {0} 0) 1-1) (c) Ё (4) {0,-1} 
( 3) The solution set of the inequality : [X|s1linRis «0. 
а)]-=,] — 01:1] (с) [-1 » 1] (à Hil 


(4) The curve of the function g : g (X) = (X + 4)? is the same as the curve of the 
function f : f (©) = X 2 by translation 4 units in the direction of ..............- 


(a) OX ъ Oy (© OX (à) Oy 
( 5) The solution set of the equation : x3 = 25 in Ris «---------+ 

(a) {5} (9 {5 »-5} (c) {125} (4) {125 »- 125] 
(6) E7X*!1 =32% +2 ,then X= -~.s 

(а) -1 (b) 1 (c) 4 (d) zero 


2 marks for each item 


Find in IR the solution set of each of the following : 
(1) «05-8 


(2) (х2-2х-1-1 


Accumulative quizzes | 


Total mark 


| Quiz 8| till lesson 2 — unit 2 ын 


Answer the following questions : 


1 mark for each item 


Choose the correct answer from those given : 
(1)If f 00 22* , then f C 1) = 
1 1 
(а) 1 (b)1 (c) 3 (à)- 3 


( 2.) The equation of the symmetric axis of the function f where f (X) = (X - 3? +2 


(а) X22 (b) X23 (c)y 22 (d)y 23 

( 3 ) The function f where f (X) = a% is decreasing on its domain R at ............... 
(aja=1 (b)a>1 (c)0 «a«1 (Ча=-1 
32Х„22Х 

GOTT m 
OE: (1 (c)6 (d) 36 


Graph the curves of the two functions f »g where f (X) =Х+1 » g(X)=1-X>from 
the graph find the area of the triangle bounded by the two intersecting straight lines and 


X-axis. 


Third question 


The price of merchandise is increasing at rate 3 % per annum. Given that the original 


price is 1000 pounds › how much is the price after 3 years ? 


Algebra 


Total mark 
| Quz |9 till lesson 3 — unit 2 
Answer the following questions : 
4 marks 1 mark for each item 
Choose the correct answer from those given : 
(1) 108, X23 » ћепХ= s 
(a) 2 (b) 3 (c) 8 (d) 9 
(2)105**127**! ,ten3**1 à... 
(2) zero (b) 1 (c) 2 (d) 3 


(3 ) The symmetric point of the curve of the function f : f (X) = xq Ed eet: 
(а) (4 +3) (b) (3 »—4) (c) (C3 »-4) (d) (3 54) 
(4) The solution set of the equation : log, | X| = 1 in Ris ~+- 


(a) {3} (b) {-3} (с) {3 »-3} (d) {1 5-1} 


Second question ) 3 marks 


If f Q9 = X? |X| » determine the type of the function whether it is even » odd or 


otherwise » then find in R the solution set of the equation : f (X) = 1 


Third question 3 marks 


If f (X) - 7* , find the value of X such that: f (2 X- 1) + f (2 X+ 1)= $ 


[14 ] 


= - Accumulative quizzes | 


| Quiz 10 till lesson 4 — unit 2 


Answer the following questions : 


4 mark for each item 


Choose the correct answer from those given : 


( 1 ) The value of X which satisfies the equation : log, X2-3isXz-- 


Total mark 


10 


04 үз (c)8 (a9 
(2)Iflog3=X » log7=y › Шеп log 21 = 
(a)Xy (b) = (c)X+y (d) X—y 
(3)log, at log, 54108, € = өөөөөөөө 
(а)а (b) b (с)с (9) 1 
( 4 ) The function f where f (X) = 2 (| is equivalent to f : f (X) = ....... 
wf? at X»0 (2 
-2 at X«0 
(с)—2 of? at Xz0 
-2 at X<0 
14 mark for each item 41 


Find in R the solution set of each of the following : 


(1) log, (X 4 2)22 


(2)2591-5 
(3)3X*X*2.3X*1. 18 
(4)]2x-3|x7 


Third question 2 marks 


| 


Use the curve of the function f where f (X) = X? to represent the function g where 


8 OO = f (X) +2 » from the graph find the range of g and prove that it is even. 


-€— 


Second Accumulative quizzes on calculus 


Total mark 


^" В on lesson 1 – unit 3 =з 


Answer the following questions : 


First question ] 4 marks 1 mark for each item 


From the opposite graph › complete each of the following : 
Li ES Boxer 
(Rm ш OO 


(2) Lim fog = 
(3)fC C22 
(4) f ( eee 


Second question ] 6 marks 2 marks for each item 


Choose the correct answer from those given : 


(1) The opposite graph represents 
the curve of the function f 
> then Lim ҒО) = 
(а) 2 (b) 3 
(c) 1 (d) not exist. 


( 2) In the opposite figure : 


When 0 --- у % 
s then y ———»9 сэсэн cm. 
(a) 2 (b) 5 (c) 10 (4) 1092 т" 


't have a limit at X = 1 ? 


- — - - Accumulative quizzes i 


Total mark 


o 2 till lesson 2 — unit 3 = 


Answer the following questions : 


First question ] 4 marks 1 mark for each item 


Choose the correct answer from those given : 


(a)3 (b)4 (©3 (d)1 


(а)2 (b)3 (c)5 (d)7 


(а)1 (b)2 (c)- 1 (d)not exist. 
(4 ) From the opposite figure : 


Lim FQ sertim 


Х--2 


(а)1 (b)zero 


(c)2 (d)not exist 


Second question ] 4 marks 2 marks for each item 


Find each of the following : 


2 
(1) Lim X -5X+6 
X—+»2 x24 


Third queston JEE 


Lim a = 
If шон ХЭЛ 4 » find the value of a 


: Х-1-2 
Lun 2 
(al Х-3 


(f: pa [Ò Y (obal) АА date clou; аа 


Calculus 


тан 


Answer the following questions : 


till lesson 3 – unit 3 


Total mark 


First question | 2 marks 


4 mark Гог each item 


Choose the correct answer from those given : 


(1) The opposite figure represents 
the curve of the function f 
Lim Еее 
» then Pr f% 


(a) 2 
(c) zero 
Lim A E Se 
(2) a 
ям (b) 2 (gym 
Lim Ss 
(3) x ый Х+2 
(а) 18 (b) -3 
T us 
(4) m 735 iem 
(a) 5 (b) 1 


(b) 3 


(d) not exist. 


(с) ("7 


(c) 12 


(c) 4 


нэ. 


(d) п (a) 7 


(d) – 12 


(d) 20 


Second qveston 8-6 
Find each of the following : 


3 
(1) Lim Х-2Х+1 


Х--1 х2-1 


5 
(2) Lim X —92 
Х--2 х2-4 


(xc -l 


T" 
0355» 3 


2 marks for each item 


— 


Accumulative quizzes | 


Total mark 
| Quiz 4| till lesson 4 — unit 3 
Answer the following questions : 
| First question `ў 2 marks $ mark for each item na 
Choose the correct answer from those given : 
2 
ы& NE 
a JP acis o X` 
(a)zero (b)1 (c)2 (d)- 1 


( 2)From the opposite figure : 


Tam FOO Erres 
(a)2 (b)1 
(с) zero (d)3 
Lim 2 X+6 4, SEN 

(3 )If Г аай Е 3 ,thena where а ER 

(а)1 (b)6 (c)zero (d)3 

ыы 

(4) Pres x E 

(a)zero (by[2 (c) 3 (d)not exist. 


Second question ) 8 marks 2 marks for each item 


Find each of the following : 


(1) Lim 5Х2+5Х+1 
Kove NF 


5 
Li (Xx*1)-32 
Gb O^ X 


(3) Lim ([4x*esx-2x) 


3, y2 
Lim X *X -2 
PR n X-1 


Third Accumulative quizzes on trigonometry 


Total mark 


ШОШ = 


Answer the following questions : 


First question ] 4 marks 1 mark for each item 


Choose the correct answer from those given : 


(1) ШААВС ›м (ДА) =30° » a=6cm. »then тани ст. 
(а) 3 (b) 6 OE: (d) 12 
(2) ШААВС 52 sinA=3 sin B=4 sin C » then a: b : ¢ = vr 
(а) 2:3:4 (b) 4:3:2 (c) 3:4:6 (d) 6:4:3 
( 3) The radius length of the circumcircle of A ABC in which m (Z A) = 30? ›а = 10 cm. 
js siens cm 
(a) 5 (b) 10 (c) 20 (d) 40 


(4)%ААВС›2гвшА= өн 


(a) а (b) b (c) с (d) area of A ABC 


Second question ] 3 marks 


In AABC m (4 А) = 23° » m(Z В) = 67° »and the radius length of its 


circumcircle = 10 cm. › find each of a » b to the nearest cm. 


(Thira question e 


In the opposite figure : 


M is the centre of the circle whose radius length is 8 cm. » 
m (Z BMC) = 60° т (4 ACB) = 45° 
Find : the length of each of AB ; AC 


Answer the following questions : 


Accumulative quizzes | 


| Quz 2 till lesson 2 — unit 4 


Total mark 


10 


IER 4 marks 1 mark for each item 


Choose the correct answer from those given : 


= 


( 1) ABC is an equilateral triangle of side length 1013 cm. » then the diameter length of 


its circumcircle equals з 


(a)5 cm. (b) 20 cm. (c) 15 ст. 
2.32 2 
2 i Uui s- AMEN 
(2) In any triangle ABC , 246 
(а) sin А (b) cos А (c) cos C 


(3)InAABC ,а:Ь:с-3:4:5»,Шепш(2С)------- 


(a) 45° (b) 60? (c) 90? 
(4)In AABC »b-c › then cos С = e 

а b 2b 

ET 24273 аан 


Second question | 3 marks 


Find the measure of the greatest angle in A ABC in which 


а=7ст. » b=5cm. › c=3cm. 


| riri question а) 


(d) 10 cm. 


(d)sin C 
(4) 1209 


(o 25 
a 


ABCD is a parallelogram » АС = 10 ст. » BD = 8 cm. » AC and BD intersect at M and 


m (Z AMB) = 70° Find the perimeter of the parallelogram. 


Trigonometry 


| Quz |3. till lesson 3 — unit 4 


Answer the following questions : 


First question ] 4 marks 1 mark for each item 


Choose the correct answer from those given : 


Total mark 


(1) ШААВС ›а=Ъ = 8 ст. › ће perimeter of АВС = 26 cm. » then m (2 C) = ser- 
(а) 35.3° (b) 52.3? (c) 77.49 (d) 108? 


(2) BALMN » = m 


sin 


m n m+n 
(а) nN (b) aM Ocean №" 
„а +622 2 

(3) ШААВС ; the expression -— ^ equals zero if ·-------------- 

(а) m(Z A) = 60° (b) m (Z B) = 90° 

(c) m (Z C) = 120* (d) m (Z A) + m (4 B) = 90° 
(4) шААВС ›совА Suess 

(а) – (соѕ В + соѕ С) (b) cos B - cos С 

(c) cos (B + С) (d) — cos (B + C) 


Second question ) 3 marks 


Solve the triangle ABC in which a 20 ст. » m(Z В) = 67° 37 5 m (Z.C)242? 23 


Third question | 3 marks 


ABCD is a quadrilateral AB 29cm. » ВС=5ст. » CD=8cm. › DA=9cm.> 


АС = 11 em. » prove that : ABCD is a cyclic quadrilateral. 


[22] 


School book examinations in algebra. 


School book examinations in calculus 


and trigonometry. 


First School book examinations in algebra 


Answer the following questions : 


ЕВ Choose the correct answer from those given : 


(1) ЕХ: Ж — К where f (X) = X? , then the figure which represents the function f 


(a) 

(2) 1f5*-3=43-* , then X= за 
3 4 

(а) 4 (b) 3 (c) 5 (d) 0 
(3) The range of the function f where f (X) =| X | is =-=- 

(a) [0 oo| (b) 10 »ес| (c) |- ee 50] (d) L of 
(4) If f Q9 = 5* then f (— 2) = + 

1 1 
(а) -2 (b) 5 (c) 55 «т 


ae (a) If the function f where f (X) = >. » find the range of the function f › the two 
x 
coordinates of the symmetry point of the curve » then find in R the solution set of the 
equation f (+) =4 


л x when-5sX«2 
(b) Graph the curve of the function f where f (X) = 


6-х when 2 < Х=8 
From the graph » determine the range of the function and investigate its monotony. 


E (а) Graph the curve of the function f where f (X) = | X - 3| » deduce the range and 
monotony of the function and tell whether it is even » odd or otherwise. 


(b) Find the solution set for each of the following in R : 


(1)IX-3|z5 (2)|Х-31-0 


= - School book examinations | 


п (а) Find the solution set for each of the following in R : 
( 1)log X= log 3 + log 10 (2)95-3х3Х-0 


(b) Reduce : 


421+1 х 21-1 


( 1 ) 81+2 


(2 )108 54 — log, 9 


{Е} (2) Without using the calculator › find in the simplest form the value of : 


Il pi pl 
log, 30 log, 30 log, 30 


(b) Tell whether each of the functions defined by the following rules is odd or even : 


(1)f CO2 X*sinX (2)1(20=хХ3-2х? 


нисин 


Answer the following questions : 


ЕЙ Choose the correct answer from those given : 
( 1 ) The solution set of the inequality | X |— 1 > zero in R is ---------. 
@)R-[-151] — Li: ()R-]-1:s1[ 1-1,1 
(2)14- log, X › then the equivalent exponential form is ---------- 
(aX? 24 (b)x*22 (c)X = 16 (d)X28 


( 3 )The domain of the function in the figure 


opposite is -......... 
(a) [0 , oo| (5)10 Р cof 
«lo «1] (a)]Jo »2[ 


( 4 ) Which of the following functions represents an increasing 
exponential function on its domain IR ? 


(a)y=3(1.05)*  (b)y=3 C^ ()у=3+(0.5)Х (фу-(005)Х 


(EER) тел [ ү | (bel) OW ate слезы) да] 


Algebra 


@ a If f (=| X-3|+|X+2|> prove that : f 2) = f C 
(b) Use the curve of the function f where f (X) = Х ? to graph the following functions : 
(1) f,:f, 092 X^-3 (2) fy: f,09 2 (c 1 


ЕЗ (a) Find the solution set of each of the following equations in R : 
(1) log, X + log, (541) 21 (2)3Х+31+Х=36 
(b) (1) Find the solution set of the following equation in R : 4X -2**! - 8 


( 2) Without using the calculator » prove that : log, 8 + log, 27 = log, 27 


ЕЭ (a) Find the solution set of the inequality : | X |+ 1 «2 іп R 


(b) Graph the function f where f (X) = l — 1 From the graph › find the domain and the 


range » then investigate its monotony and tell whether it is even » odd or otherwise. 


Х-1 5 -1<Х<2 


Graph the curve of the function f where = 
Во "M f FO) a 525355 


From the graph › deduce the range of this function » investigate its monotony and tell 


whether it is even » odd or otherwise. 


(b) If f (x) 2 2**! , find in R the solution set of : 


(1) 109 =32 (2)70-2)= 


| Second | School book examinations in calculus and trigonometry 
Modei [1] 


Answer the following questions : 


йй Choose the correct answer from those given : 
( 1)InAABC ;ifa-b-8cm.and the perimeter of АВС = 26 cm. › then m (ZC) = e- 


(а)35.3° (b) 52.39 (с)77.4° (d) 108° 
Dium XL... 
(2) It Х-1 
(а)0 (b) 1 (c)2 (d)3 
(3)In A ABC » if m (Z A) = 30° and а = 6 cm. »then PS — cm. 
(а)3 (b)6 (+ (d)12 
(üj Dim BAL а 
х-»1 X-1 
(a)5 (b) 1 (c)4 (d)20 
127 (а) Еша : А 
(1) Lim 23 t3X -6 (2) Lim X*2 


x—.-2 X-3 


(b) If ABC is a triangle in which i sinA- 4 sin B = i sin C; find the measure of its 
largest angle. 


2 
ind : Lim 4-3X* Lim 1Х+1-2 
Mee -7- (2) Ыш —— 
(b) Find the perimeter of A ABC in whicha = 8 ст. » b=6cm. » m(Z С) 248? 
2 2 
E. Lii Х2-6Х-49 pa 22-6 
EB (ayFind : (1) Lim, x-3 (2) 7 Х-2 


(b) Find the diameter length of the circumcircle of A ABC in each of the following cases : 
(1)т (ДА) = 75° » а=21 cm. 
(2)m(ZB)=50° , m(ZC)=65° › c—b=6cm. 


E (a) Find the value of each of the following : 


32-24 


2 3 
Lim 0С-65)-9 Lim 2X 
(1) pu phe үгт 


x—3 x?.-9 


(b) ABC is a triangle in which m (4 A) = 36° › m(Z C) = 45? and b = 9 ст. 
Find the area of the circumcircle of the triangle. 


Calculus & Trigonometry 


Шина. 


Answer the following questions : 


ЕЙ Choose the correct answer from those given : 


: NN 
(1) In any triangle LMN мрн 


т п m+n 
(a) sin N (b) sin M (c) sin N + sinM (4) 3r 
: 4x? +1 
L S usns 
(2); és x-2 
(a) 4 (b) 5 (c) 2, (d) 2 
Li 2 Ёныг 
(3) Lim, 2543) 
(a) 2 (b) 3 (c) 5 (d) 7 
(4) ШААВС > if 2 sinA=3 sin B = 4 sin C »thena:b:cz eee 
(a) 2:3:4 (b) 4:3:2 (c) 3:4:6 (d) 6:4:3 
E a) Find: 
(1) Lim 27-32 (2) Lim (Х-2)*-1 
X—e2 Х-2 2—1 (3-1 


(b) ABCD is a parallelogram in which AB = 7 cm. › the two diagonals AC and BD 


form two angles of measurements 65? and 28? with AB respectively » find the lengths 


of BD and AC 

E (a) Find: ; 
Lim X'-27 Lim 4X?^41 
(3) es х2-9 (2) e x1-2 


(b) ABCD is a quadrilateral in which AB =9 ст. › ВС=5 ст. » CD=8cm. 
‚РА 29 cm. and АС = 11 cm. » prove that ABCD is a cyclic quadrilateral. 


ГД (a) Find: 


а AES KG а 021-80 
OM ш (2) И x 


(b) ABC is a triangle in which cos A= 2 › b=2 4 cm. and c = 2 ст. 
Prove that the triangle is isosceles. 


Е} (a) Find: " 
Lim X -2X+1 Lim (4. 
Q) зше ашу: (2) Lim (+3) 
(b) ABC is a triangle in which m (4 B) = 35° › m (4 С) = 70° » and the radius length 
of the circumcircle of the triangle = 16 cm. › find the area and the perimeter of the 


triangle ABC to the nearest integer. 


Examination models. Scan the 


to solve 
Multiple choice examinations. interactive 


tests 


First Examination models 
Beem 
| Modei 1 а 


Answer the following questions : 


| 1 The range of the given function in the opposite 


figure IG 9A 
(а) {1} (b) {1,-1} 
(1-1) (d) R 

E if 5%- = 42-х, then X = eee 
(a) 3 (b) 3 є) 4 (d) zero 
Lim: 2939 — сугас, 

B. 5х?+4 4 1 
(а) 2 (b) zero (c) 4 (d) Ф 


Ki A ABC 5 if 4 sinA-3sin В = 6 sin C , then m (4 C) & e 


(а) 89° (b) 29° (с) 57° (9) 82° 
E in AABC 5 (2 С) =96° 23 , а=7ст. › b=9 cm. then с = er ст. 
(а)7 (b) 9 (c) 13 (d) 12 


Я т f: — R where f (X) =X 3 , then the figure which represents the function f 


(a) (b) (c) (d) 


E The solution set in R of the equation : 2X 12x2*425520 equals --------------- 
(а) {4,8} (b) {2 53} (c) {16 »2} (d) {1 54} 


[30] 


Final models | 


@ Use the curve of the function f where f (X) = > to represent the function 
8:8 (X) = f (X —2) + 2 and from the graph determine the range and discuss its monotony. 


BLimc€2-2.... 
T M 


х—0 


(a) 25 (b) 64 (c) 80 (d) 100 


(10 Буг? opposite figure represents the curve of 
the function f › then Dm Оба 


(a)1 (b)-1 


(c)2 (d) does not exist. 


GD solve the triangle ABC in which a = 21 cm. › cos В = E »tanCz $8 » approximating 
the side lengths to the nearest cm. 


[12 The function f : f (00 = a* is increasing if --------------. 
(а)а>0 (b)a>1 (c)az1 (90 «a«1 


KB it x 25 +276 , then log (x«3)- а 
(а)1 (s-2*[6 (c) 10 (4)5-216 


(АВС is an equilateral triangle » its side length = 513 cm. » then the diameter length of its 


circumcircle equals ---- cm 


(а) 543 (b) 1013 (c) 10 (d) 5 


og, 49 x log, 5 x log, 8 x log, 9 = vs 
(a) log 100 (b) log 7 (c) log 5 (d) log 2 


i f: R—R , where f 09 = (a+ 1) Х+Ь-2 and f Q9 maps each real number to 
itself 5 then (a » b) = = 
(8) (0 »3) (b) 0-3) (c) (0 2) (d) (-1 +2) 


(5) 7 (с) 42 (d) 1 


[18] The solution set of the equation : log, Xx log, 3=S in Ris see 


(a) {32} (b) {5} (© {3} (d) {2} 
KD) In AABC >m (А): m(ZB): m(ZC)=3:5:4 Шепс” : 8? = 

(a) l6 : 2 (b) 2:3 (c) 4:3 (d) 3:2 
111 In the opposite figure : 


The solution set of the inequality f (X) « g (X) 


(a) {-4›0} (5) [-4 50] 
(c) R- [-4 ›0] (d) ]-4 »o[ 


Fi Fina: Lim {4х?+1 


х—== 5X42 


ED The type of the function f : f (x) = 2X i 
(a) even. (b) odd. 


(c) neither odd nor even. (d) both odd and even. 


(a) = (b) 1 (c) 4 (d) does not exist. 


(3) 2 (b) 4 (c) 8 (d) 9 


ғ Lim 2х+а25, ЕН See 


Х--1 


(а)2 (b)5 (c)8 (d)10 


Ein any triangle XYZ »X*+y?-2 X y COS Z S ereere 
(a) x? (by? (e)z? (d)z 


ET] Find the solution set іп R of the inequality :1 4х2-12х+95<9 


EI) The number of possible solutions for the triangle ABC where : т (Z A) = 60° 5b 23cm. 


5 RS em de ees 
(a)1 092 


(c)zero (d)infinite number. 


[304 1 y 78-2 | where а> 0 , then a= «e 


(а)1 (5)-3 (c)2 (d)3 
Е кл = к » then the range of the function f is ---- 
(011) (b)R ()[-1 »1[ (d){-1 51} 
Lim ¥X+5 EE — '"—— 
Di eA 
(а)1 (b)- 1 (c)ee (d)- ee 


five 
| Model [2 E | 


Answer the following questions : 


Е The range of the function f : ТОО ne 
(a)[0 > | (510 | (c)]- = 50] (d)]-~ ›0[ 


(а)1 (b)-1 @2 (д) 


(о:Ф)\ боаз Y | (bal) OW date СА з ара] 


Final examinations = 


ЕЗ ABCD is a quadrilateral in which AB 2 27 cm. › ВС=12 ст. » CD =8 cm. 
‚РА=12 ст. » АС = 18 ст. Prove that : AC bisects Z BAD 


Lim 2—1... 

x—1 X- 

(а) 5 (b) 1 (c) 4 (d) 20 
Е mn AABC Tu = 6 cm. › then the radius length of its circumcircle = cm. 

(a) 2 (5) 3 (c) 5 (d) 6 


Я її f is an odd function and X f (xX) + X? f C20 22 o then f (2) = -------------. 
(a) 3 3 ©-+ (d) -3 


EB их=5+ 216 » find in the simplest form the value of log (+ + x) without using 


calculator. 


(a) cos X (b) cos Y (с) cos Z (d) sinZ 


(a) zero (b) 1 (c) 2 (d) -2 


& If f (X) 23 X , then the solution set in IR of the equation 
f 229 -28 f (X) + f (3) = zero equals «өөө, 
(а) {1,27} (5 1153) (c) {0,3} (а) {3} 


[11] The logarithmic form that equivalent to the exponential form : 27 = 128 is. 
(a) log, 12827 (b) log, 7 = 128 
(c) log, 128 = 2 (d) log, 2 = 128 


{А The curve of the even function is symmetric about the straight line --------------- 


(a) y=X (b) yy (c) XX (d) y=-X 
(E mam #25 „280. зан then l:m:n= жайран 
(а) 6:8:3 (b) 3:6:8 (c) 8:3:6 (d) 6:3:8 


Final models S. 
| 


| 
Ш A ABC ,с=7ст.,т(4 А) = 70° ›т(/ В)=40° ;thenbe ——— ст. 


(а)3.7 (b)4.8 (c)8.4 (d)7.3 


Gir Lim ax = 12 5then as e 
(а)+ 12 (5) -6 (c)3 (4)-3 


оз the curve of the function f : f (X) = E: to graph the curve of the function 
8:5(Х)- x + 3 from the graph state the domain and range of g and the monotony 


and its type whether it is even » odd or otherwise. 


ть range of the function f : f (X) = x i equals «e 


(a)R (b)R- {2} (c)R-{-2} (d){- 1} 


Mit log 3 =x › log 7=y »then log 21 = seee 
(а) Ху (b)X+y (0Х-у (X 


iog, 5 x log, 3 x logs 16 = s 
(a)30 (b)15 (c)log 10000 (d)log,, 240 


EL) The curve of the function g : g (X) = X? 4 4 is the same as the curve of f : f (X) = X? by 


translation 4 units in the direction оЁ--- 


(a)0X (b)OX (c)Oy (d)Oy 
Х-1-2 
Lim сэн =т= 
a3 $ 72 72 


ть function f where f (X) = a’ is decreasing on its domain if ---.-------.-.. 
(а)г-1 (Б)а>1 (c)0 «a«1 (djaz— 


 ит@х+%-1__ 
х—0 3X 


(4 04 (99 (12 


pS Final examinations 


(a) zero (b) 2 (c) - 1 (d) 1 


(25 | The solution set in R of the equation : | X 7 |22 is 4 -- 
(а) {9,5} (b) {7,3} (c) Ø (a) {3 »-3] 


[26] If f (X) 22 - (X- 1 » then the figure that represents the function f is += 


El] If the perimeter of АВС = 33 ст. > sin A+ sin C= 2 | sin B= 1 
» then AC = А ст. 


(a) 6 (b) 9 (c) 12 (d) 15 


(Х-2)-81 


" Li 
6 Fina : Lim — 


[20 r3? X+7) — 11* , then the value of X to the nearest 1 decimal place equals .............. 


(a) 28.3 (b) 38.3 (c) 3.8 (d) 28.4 
E) Lim (543 X? + = 
(a) not exist (b) 5 (c) © (d) 9 


ЕП ABCD is a parallelogram >m (4 A) = 50° › ш(2 ОВС) = 70° › BD-8cm. 
» then the perimeter of the parallelogram ABCD to the nearest cm. = ++... cm. 


(a) 38 (b) 30 (c) 19 (d) 48 


ЕЙ The solution set of the inequality | X—1] 3 is еее 
(a) [-2 ›4] ъ ]-2 ›4[ (c) ]- 2 ›4] (d) R-[-2 »4] 


Final models | 


‚| НЯ 


Answer the following questions : 


Eli; 00 2 7*7, then the solution set of the equation : f (2 X — 1) + f (X - 2) = 50 


in R equals -+-+ 
(a) {1} (b) {1 »-1} (с) {1 »—50} (9) {7 ,—50] 
@Bit tog 3 = x » log5zy › then log 15 = v 
(а) Xy ых (c) X4 y (d) x—y 
: —2 
E Lim 5-Х eee 
1-3Х 
1 5 3 
(a) з (b) a (c) З (9) 5 
оо - 5х »then f (2) 2 veces 
1 1 
(а)-2 (5) 5 (с) 25 (d) 5 
[5] The domain of the function f : f (X) = log 3 (X-2)is X> 
(а) 3 (b) 5 (c)1 (d)2 
ØO Lim 1x... 
x—.16 Х-16 
(a) zero (b) i (c) 1 (d) does not exist. 
GB Lim 2х+7 
хох 
2 2 2 1 
(а) 9 (b) 3 (© 5 (9) = 
1253.080 00816 iann 
log 64 
(a) log, 16 (b) log, 25 (c) log 4 (9) log 10 


Final examinations 


In the opposite figure : 4 
If the perimeter of A ABC = 42 cm. » 


the circle touches the sides of the triangle 8 
© 
internally » then : m (4 B) = eese- c 5 
(a) 53° 8 (b) 67* 23 (c) 36° 53 (d) 32° 37 
Lim *-2. s 
o x—2 X+1 
(a) zero (b) 1 (c) 2 (d) co 
Ш eme 
(a) zero (b) 2 (c) ee (d) 1 


(D Lim RiB oasa 
х—»5 x? 10 X 425 


(a) does not exist. (b) zero (c) 2 (d) 3 


{0 The included area between the curves of the two functions f : f 00 21X * 31-2 


:g: F(X) = Zero is oet square units. 


(a) 2 (b) 3 (c) 4 (d) 5 


[14] If log, y = X »then the exponential form is «сн, 
(a) у= X? (b) X2 y? (c) X23Y (d y-3* 


KE] If f is an odd function on [- X » X] » then f 20 + f (X) = 
(а) 2X (b) undefined. (с)-2Х (d) zero 


(Я in A ABC 5 if 2 sinA=3 sin B=4 sin C »thena:b:cs неон 
(а) 2:3:4 (b) 4:3:2 (0) 3:4:6 (d) 6:4:3 


iiim. eee 
x—2 x?43 X- 10 


(а) 1 02 о уб 9-5 


38 | 


5 —— ———— - Final models. | 


KD The radius length of the circumcircle of the triangle ABC in which m (Z A) = 30° 


„а= 10 ст. equals ............... 


(а) 10 ст. (b) 20 cm. (c) 5 cm. (d)40 cm. 
x > Х»2 
KE) The function f:feos is decreasing on the interval з 
=x? » Xs2 
(а) Jo ›2[ (b) ]- ee ,0[ (c)IR- [0 » 2[ (d) ]0 ›=[ 


E The solution set of the equation : log 4,94 e Ain Ibis eee 


(a) {-3} (b) {3} (c) [3 ›-3} (9 {9} 
X gX*! 
El] Prove that : 2x9 33 
3 x (18) 
IX| > xsx0 
[22 | Graph the function f : f (20 = 4 » from the graph state the range 
Х ? Х»0 


of the function and discuss its montony. 


EE) The solution set of the equation : | X + 2| 2 - 2inR is e 
(а) Ф (b)R (о Lo » - 2[ (d) ]- ee »- 2] 


124 | The measure of the greatest angle in the triangle whose side lengths are 3 cm. » 5 cm. 
»7 cm. equals - 
(а) 150° (b) 120° (с) 60° (d) 30° 


Я In AABC ›а=5сш. › b=7cm. > m(ZA)=40° 
Find : m (Z B) and the area of A ABC in each case. 


Я In the opposite figure : A 
If CD = CB = б cm. › then tan = .-............. | D 
3 4 E 
(a) cali (b) 3. 
(©) 4 (9) 2 
В бет. с 


Final examinations 


Iff O= x 73 then the graph that represents the function f is --------------: 


| 
(—-M----- 


а. Lim +0 5 x-3) 
Ora: 


The rule of the function shown 
in the opposite figure is f (X) = еее 
(а) (X-2) +1 (b) -(X-2? +1 
(с) -(X- 1? +2 (d) C X € 1? +1 


EDD In AABC 9 a? +b? = gr 


(a) cosA (b) abcosC (c) cos C (d) 2 a b cos C 
2 
[31] The solution set of the equation : X3 = 25 in R is еее 
(а) {5} (b) {5 ›-5} 
(с) {125} (d) {125 ,- 125} 
[32] In the opposite figure : 
Li ааа 
= Р) Sore 
(a) zero 


(b) not exist 
(c) 2 
(d) 1 


T - Final models | 


Яғ Lim 2X+a TAr 25 висене 


х—1 X+ 


(a)2 (b)5 (c)8 (d)10 


Gin any triangle XYZ , X? + y-2 X y COS Z = eeren 
(a) x? (y? (e)z? (d)z 


Я] Find the solution set in R of the inequality :^/4 x ?—-12 x «9 <9 


EjThe number of possible solutions for the triangle ABC where : m (4. A) = 60° »b=3 ст. 


;azScm.is ен 


(c) zero (d)infinite number. 


(2 y. 73-22] where a» 0 , then а = ee 


(а) 1 (b)-3 (c)2 (d)3 
Elli f 09 = m » then the range of the function f is =- 

(a) {1} (b)R (€) [-1 »1[ (d)[-1 51} 
EB Lim LETERES ERN 

о Tx is 

(a)1 (b)- 1 (c)ee (d)— ee 


EEO -o 


Answer the following questions : 


Ё The range of the function f : TO e Iis: 


(00 544 (91044 2552) я +0 
1 
“иргэ! 
oy Lim (47 —— 
(а)1 (b)- 1 233 (4)= 


(9:8) \ ЕАО | 
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{Е} ABCD is a quadrilateral in which AB = 27 ст. » BC- 12cm. » CD=8cm. 
‚ПРА = 12cm. › АС= 18 см. Prove that: АС bisects Z BAD 


T3336. es camen 

x—ı X- 

(а) 5 (b) 1 (c) 4 (d) 20 
E3 In AABC : m = 6 cm. › then the radius length of its circumcircle гс. cm. 

m2 (b) 3 (c) 5 (d) 6 


О г; is an odd function and X f CO + X? f CX) 22 s then f (2) = eee 
(a) 3 ( 4 © -d (d) -3 


GB кх=5+ 216 » find in the simplest form the value of log (i + x) without using 


calculator. 


(a) cos X (b) cos Y (c) cos Z (d) sinZ 


(a) zero (b) 1 (c) 2 (d) -2 


[10] If f (x) 23 X . then the solution set in IR of the equation 
f Q.20 - 28 f (X) + f (3) = zero equals «нөөс 
(a) {1,27} (b {1,3} (c) {0,3} (d) {3} 


Ш The logarithmic form that equivalent to the exponential form : 27 = 128 is eee 
(а) log, 128 2 7 (b) log, 7 = 128 
(с) log, 128 =2 (d) log, 2 = 128 


[12] The curve of the even function is symmetric about the straight line -----------+--- 


(a) ys X (b) yy (с) XX (d) y=-X 
(E шлем 355-252 - 579. ien li m:n= нев ара» 
(a) 6:8:3 (b) 3:6:8 (c) 8:3:6 (d) 6:3:8 


Final models БЕ 


Gin AABC 5c =7cm. m (2 А) = 70° ›т\(/ В) = 40° ›їһепЬ==.............. cm. 
(a)3.7 (b)4.8 (с)8.4 (d)7.3 


ir Lim ах. 1? Вен aee enone 
(a)+ 12 (b)+6 (c)3 (d)-3 


116 877 the curve of the function f : f (X) = + to graph the curve of the function 
5:8 (Х) = x *- 3 from the graph state the domain and range of g and the monotony 


and its type whether it is even » odd or otherwise. 


E) range of the function f : f (X) = 2-4 equals з... 
(a)R (b)R- {2} ()R- (-2) (d){- 1} 
Wit log 3 =x , log 7=у »then log 21 = —— 
(a)Xy (b)X+y (c)X-y 22 
то 5 х log, 3 x log, 16 = +--+ 
3 2 5 
(a)30 (b) 15 (c)log 10000 (d)log,, 240 


The curve of the function g: g (X) = X? + 4 is the same as the curve of f: f (=x? by 


translation 4 units in the direction of -.............. 


суох (уох (c)Oy (d)Oy 
X-1-2 
аг ám ннн 
a$ 64 22 (1 


тһе function f where f (X) = ах is decreasing on its domain if з... 
(а)а= 1 (b)a» 1 (0 «a«1 (Фа=-1 


Lim H-1 
х—+0 3x 


(a) ъ+ (с)9 @12 
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(a) zero (b) 2 ()-1 (d) 1 


[25] The solution set іп R of the equation : | Х-7 |= 2 is ==- 
(а) {9,5} ©) (793) (c) @ (à) {3 »-3] 


El] if the perimeter of АВС = 33 ст. › sinAt+sinC=2 > sinB=4 


› then AC = сэнс ст. 


(a) 6 (b) 9 (c) 12 (d) 15 


(X42) – 81 


ind : Lim 
ED Fina : Lim X 


П]ҥз©^+7 = 11% , then the value of X to the nearest 1 decimal place equals -++--++ 


(a) 283 (b) 383 (c) 3.8 (d) 28.4 
EJ) Lim 5«3x*«»- — 
(a) not exist (b) 5 (= (4) 9 


[31] ABCD is a parallelogram » m (Z A) = 50° , m(ZDBC)=70° » BD=8 cm. 
» then the perimeter of the parallelogram ABCD to the nearest ст. = cm. 


(a) 38 (b) 30 (c) 19 (d) 48 


ЕЙ The solution set of the inequality I|X-1|x3is cere 
(а) [-2 »4] (b) ]-2 ›4[ (о ]- 2 4] (d) R-[-2 +4] 


Final models ] 


| шивнэ 
ШТЛЫНН e$ 


Answer the following questions : 


r; (х) = 7**1, then the solution set of the equation: f (2 X- 1) + f (X-2) = 50 


in IR equals — ——— 
(a) {1} (b) {1 .- 1] (с) {1 »-50} (9) {7 ,- 50] 
Eliiriog3- x , log5=y s thenlog 152 ———- 
(а) Xy ых (c) X y (фх-у 
: -2 
BL» ZUR. А 
1-3Х 
1 5 35 
(а) 3 (b) үл (с) 3 (d) 5 
Е: ; (х) = 5х, then f (2) =... 
1 1 
(4)-2 (b) 5 (c) 55 (4) 5 
EB The domain of the function f : f (X) = log , (X - 2) is X> = 
(a)3 (b) 5 (c)1 (d)2 
BD Lat... 
х--16 Х-16 
(а) zero (b) i (c) 1 (d) does not exist. 
E Lim 22527... 
x—94ox?.5 
2 2 2 4. 
(а) 5 (b) 3 (© + (4) 5 
fibus XS, 
log 64 
(а) log, 16 (b) log, 25 (c) log 4 (d) log 10 
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18 | In the opposite figure : 
If the perimeter of A АВС = 42 cm. » 
the circle touches the sides of the triangle 


internally »then : m (4 B) = +--+ 


(а) 53° 8 (b) 67° 23 (c) 36° 53 


(a) zero (b) 1 (c) 2 


(a) zero (b) 2 (с) о 


Lim Х2-8Х+15 _ 
x—5 Х2-10Х+25 


(a) does not exist. (b) zero (с) 2 


(d) 32° 37 


(d) œ 


(d) 1 


(d) 3 


ЇЕ The included area between the curves of the two functions f : f (© 21X 4 3|-2 


9 g: g (X) = zero is re square units. 


(a) 2 (b) 3 (с) 4 


[14 | If log, у = X » then the exponential form is -=-= 
(a) ys x? (b) xz y? (c) X23? 


KE) If f is an odd function on [-x x] s then f (~ X) + f (X) = eee 


(a) 2X (b) undefined. (c) -2x 


KJ in^ABC »if2sinA=3sinB=4sinC ›Шепа: b : € = e 


(a)2:3:4 (b) 4:3:2 (c) 3:4:6 
Lim — з 

Шу", хак. 10 
(а) 46 (5 (с) 9; 


(d) 5 
(d) y=3* 
(d) zero 

(d) 6:4:3 


@ 7 


— —— Final models | 


(18 The radius length of the circumcircle of the triangle ABC in which m (Z A) = 30° 


›а= 10 cm. equals ............... 


(а) 10 ст. (b) 20 cm. (c) 5 cm. (d)40 cm. 
жх? ‚ Хэ2 
KE) The function dim is decreasing on the interval ............... 
-X* „ X#2 
(а) Jo ›2[ (b) ]- ee ,0[ (c)IR - [0 » 2[ (d) JO ›=[ 


ET) The solution set of the equation : log » 81 =4 in Ris еее 


(a) {-3} (b) {3} (c) {3 5-3} (a) {9} 
Xo X*l 
Ell Prove that : 2x9 = 
3 x (18) 
|x| x<0 
[22] Graph the function f : f (X) -| 4 | » from the graph state the range 
x , Х»0 


of the function and discuss its montony. 


EE The solution set of the equation : | X--2| 2 - 2 in 8------ 
(4) 2 () Ё (c) ]- e ;- 2[ (d) ]- ee ,- 2] 


EL] The measure of the greatest angle in the triangle whose side lengths are 3 cm. › 5 cm. 
» 7 cm. equals — PHÓ 
(a) 1509 (b) 120? (c) 60° (d) 30° 


Я шлААВС ›а=5сш. » Ь=7ст. » m(Z A) = 40° 
Find : m (Z B) and the area of A ABC in each case. 


Я m the opposite figure : A 
If CD = СВ = 6 cm. › then tan 0 = ............... | р 
3 4 i 
(a) 4 (b) 3 
94 (92 
В бет. С 
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IT Find : Lim (Х-1)(5Х-3) 
ul ша “хани x 4:8, 


The rule of the function shown 


in the opposite figure is f (X) = еее 
(a) (X -2? +1 (b) -(x-2? +1 
(c) -(x- 1? +2 (d) X41? +1 


EI) In A ABC + с2 = ааа seuss 
(а) cos А (b) a b cos C (c) cos C (d) 2 a b cos С 


2 
131] The solution set of the equation : X3 = 25 in В is e=- 
(a) {5} (b) {5 »—5} 
(c) {125} (d) {125 »- 125} 


ЕЁ] In the opposite figure : 
Tam f (X) = 
(a) zero 
(b) not exist 
(c) 2 


(d) 1 


Final models | 8 


EE The domain of the function fifeosTo9 x сг есөд 
(a) R (b) R- {9} (c) Lo , 9] (d) [9 5 cof 


| 2 
IJ rina: Lin -5х. 
е Саз 


Ш i A ABC ^c-19cm. » m(ZA)=112° , m(ZB)=33° » then the area of A ABC 
to the nearest cm? equals............... cm? 


(а) 64 (b) 128 (с) 185 (9) 159 


111 The solution set of the inequality : | X| - 1 2 0 in Ris ............... 


(a) R - [- 1 ; 1] (b) ]- 1 51[ () R- 1-1,1 (9) [- 1 51] 

ee 
(B Lim |4 |2 — 

(а) 1 (9-1 ©-1 94 


eee 
im /3X^«2X4134 
ED Lim (ээх. 
Х"-3Х-2 
(а) 3 (b) 9 (c) 27 (d) 81 


— MÀ 


[21] Graph the curve of the function f : f (X) = (X + 2)? + 1 and from the graph deduce the 


range and its monotony and its type whether it is even » odd or otherwise. 


—_—— 


[22] Which of the following does not equal (Үх*) ? 
(a) (р) DEF (x3 (х5) 


м— MO 


23 i the function f is even in [c » d] , then c + d = ............... 


(а) 2с (b) 2а (c) c- d (d) zero 
E) Lim х°+32_ 0. 
х—-2 x$ _ 64 
5 12 -12 -5 
(а) > (b) р (с) z3 (d) ас 


25115 52-9 s then X €. 
(а) {27} (6) {27 ,-27} (O1) (0g 


CA : 06) Y eod | ov | Goal) Ol dale colo; жайы! 
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(а) zero (b)1 (c) 5 (d) 6 


2. > 
gi: (7) 8-2 _ | » where a > zero »thena = эсээс 
(a) 1 (b)-3 (2 ins 


ET] solve A ABC in which m (4 C) = 116° ‚ c=12cm. » a=10cm. 


EL) which of the functions defined by the following rules represents an exponential 


function increasing on its domain R ? 


(а) y=3 (1.05) у= 1 (15) (у=3+05)* (d) y = (0.5) 


ED in A ABC › if 2 sin A =3 sin B = 4 sin C » then a:b: C= еее 
(a)2:3:4 (0)4:3:2 (c)3:4:6 (d)6:4:3 


Ell it Lim 2X = 12 , then a = еее 
х—а 3 


(а) + 12 (b) +6 (c) 4 «т 
Е к! х!+1х-3|=3 » then Х(Х- 3) еее — 
(а) < (b) > (c)< (4) > 


Answer the following questions : 


L1] The solution set of the equation : log, xd) 125 =3 in Ris еее 


(a) {5} (b) {3} (с) @ (4) {2} 
Ей A LMN in which m (/ L) = 30° „т =9 cm. Ваз two solutions when = cm. 
(а) 6 (b) 10 (c) 11 (d)2 


Өг: = log, X» then the equivalent exponential form is ............--. 
(а) х2-4 b) х*=2 ()Х-2 (d)2*=4 


Final models EE 


[4] The domain of the 
function represented 


by the opposite figure is ............... 
(а) [0 › eof (b) JO 5 of 
(c) ]- œ% ‚0[ (4) ]o , 3[ 


E í f : R—~R where f (X+ 0- f 09 =Х-1 then f (10) - f (9) =. 


(a) 1 (b) 9 (c) 8 (d) 18 
ип Х?+Х 
[6 | Lin ao 
(a) = (b) 1 (c) zero (d) does not exist. 


L7 the image of the curve у = | X | 5 by translation 3 units in the direction of OX and 
5 units in the direction of Oy П 


(a) yz|X-3|45 (b yz|x-3| ()yz|x-3|-10 (Фу-1Х-3| 


@ Lim аж +т+зх _ 
ERES 2X49 5 А 3 
(a) 5 (b) УЛ (с) 1 (d) 5 


a Lim Үх+5-ү5 _ 
X— oo 
1-15 


(а) 1 (b) -1 (с) оо (d) — ee 


10 The solution set of the inequality :| X-1| « -2 in R is o 
(а) ]- 1 53[ ()R-[-1.3]  (0]-2;2[ (9 Ф 


Ш in A ABC ›с (a cos B + b сов A) =... 
(a) а? (b) p? (с) с? (d) 2 c? 


9 asco is a parallelogram in which: АВ 29cm. » ВС=13 ст. » АС=20 cm. 


» then the length of BD equals s- cm. 
(a) 10 (b) 5 (c) 18.5 (d) 20 
B If the domain of the function f : = ЕР is К-13| o then k = ---.---........ 
7:700=-—————-8К- {3}, 
(а) 3 (b) -3 (c) 9 (d) +9 


59] 
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T Lim X-* zl amn 


x—4 X-4 


(а) 96 (b) 48 (c) 32 (d) 16 


[15 | НФ = XN ner = XM » then the range of the function f is “сн 


(а) {1} (b)R (о) [- 1 » 1[ (9141-1511 
116 | Graph the function f : ТОО =] 2_ 4х + 4 and determine Из range and discuss its 

monotony. 
ET The solution set of the following equation in R : log, X — 25 = 2 equals ............... 

08, 

(a) {4} (b) {8,2} 0 {8,1} (à) {2} 
T Lim i e — 

h—0 

(a) x? (b)9 x8 (c) zero (d) does not exist. 
ов, 15 — Jg, Sim 

(a) 3 (b) 1 (c) zero (4)-3 
ET) it ABC is a triangle in whicha=4cm. » b -413 cm. >» с= 8 ст. › then sine of its 

smallest angle equals +++ 

а 2 (b) 35 (1 (d) zero 


[21] Solve the acute-angled triangle ABC in which a = 21 ст. › b = 25 ст. » and the 
diameter length of its circumcircle is 28 cm. 


Bir x= 5 +26 » then log ($ +Х)=- I 
(a)1 (b 5-216 (©) 10 (à) 5.246 


123) Which of the functions represented graphically as follows is neither even nor odd ? 


Final models EE 


EZ) In the opposite figure : 
If tan (Z DEC) = i » then the radius length of 


the circumcircle of A ABC = ............... cm. 
(a) 9 (b) 57 
(c) 43 (d) 3.75 


Graph the curve of the function f : f (X) = X? — 5 and from the graph discuss the 
p 


monotonicity of the function and show its type whether it is even » odd or otherwise 


(a) 2 (b) zero (с)2 @ 5 


" А 21 1 .5; 
The solution set of the equation : їр, X + ke E^ 215. 


(а) {1V6} œ) {-Y6 | (с) {6 >-¥e}  @ {6} 


Find’: Lim 12%+16-4 
x—+0 x 


m НҮБ БЭРХ) › then ХЄ....-.......... 


(а) {-81 ›81} (5) {-27 ,27} (о {-9,9} (d) ]3 ›7[ 
Е In the opposite figure : 

Год PIC 

1 1 

хт © 15-11 

(91x?- 1l (Ix-1P 
Ей Ln (х- х+5х)= See RVPES REO 

(a) 2 0» 3 oF «т 
In A XYZ ; if sin X =2 sin Z » YZ = б cm. › then the length of ХУ = .--........... ст. 

(а) 12 (b) 2 (c) 6 (d)3 
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— M —a 
(врв 
Interactive test ЇЇ] > me 
Answer the following questions : 


KB The solution set of the equation log, (X — 4) + log, (X + 4) = 2іпКі5............... 
(а) {5} (b {5 ,-5} (с) {3 »-3) (01355) 


кагы Cio Re NNNM 
х—0 x?.x 


(a) zero (b)2 (c)4 (d)8 


EJ If the ratio among the measures of the angles of a triangle is 8 : 3 : 1 » then the ratio 


between the longest two sides in the triangle is ===- 


(ay [5 : 2 (ble : 2 (с)8:3 (4)8:5 
: х+7-2 
oin EIS ete 
(a) 2 03 (c)2 (d)4 


b 


a 
Bg:-22 ;then: 95 + 163 = ee 


(a) 7 (b) 12 (c) 20 (4)25 
im ЗЕЇХ! 
Gai tim 76 y thën K= serere 
(a)6 ъз (с)8 (a)3 


[7] If f (=X 3 , then the image of the curve of f by reflection in X-axis and translation 


3 units in the direction of OX and two units in the direction of Oy is +--+ 


(а) – 00-3)? -2 (b)- GC 3* +2 
i-e 39-2 (а)- [0+ 3) + 2] 
(x-1)°=1 


ind: Lim 
Она: Lim a 


KJ The perimeter of A ABC is 70 cm. ›а=26 ст. » m(Z А) = 60? » find its area. 


Final models | 


mr” =] SANEA E О 


(a) -3 (b) 3 (c) 1 (d) zero 
log X 
GD ifacr*-{1} »>XsyER" > log. y #0 » then ma eee 
(a) log, = (b) log, (X — y) (с) log, X- log ay (d) log, х 


1 1 1 
— + +— = 
log, 30 log, 30 log, 30 


(a) 1 (b) log, 5 (c) log 30 (d) 30 
[ in AABC »m(ZA)=112° , m(ZB)=33° , c- 19cm. 

» then b to the nearest cm. = -.............. cm. 

(a) 16 (b) 17 (c) 18 (d) 20 


Шїг27-20 , п<х<п+1 ə n is an integer › then п = ............... 
(а) 4 (b) 5 (c) 6 (d) 10 


Ø њлхү2,у2 +22 -x?z2yzx КИ 
(а) cos X (b) sinZ (c) cos Z (d) sin X 


(а) 1 (b) 5 (c) 6 (d) 3.5 


[17] — using the calculator prove that : 


log, + +108, = 35 -log, l 5 = log, 8 


11 The exponential function whose base is a » is increasing if -+--+ 


(а) а>0 (Б)а>1 (с) О <а<1 (d)az1 
5 
i x -32 _ LII 
m = | | 
(a) 2 (b) 20 ©? (d) 3. 


If f is an odd function » a Ethe domain of f s then f (а) + f (Ca) = eee 
(a) 2 f (a) (b) 2f a) (c) zero (d) f (a) 


Я] The solution set in R of the equation : | X-3|2 |9 - 2 X | equals --............. 
(a) {4} (5) {4,6} (с) {6} (4) (26) 
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[22| Determine ће type of ће function f:feosx 2 + sin X whether it is even › odd or otherwise. 


gg Lim Li mel 1. леа 
x—9 1 44X- 7X? 


aş =? (o6 (d)35 
2X+3 › Х»3 
ET] The range of the function f : f (0 = ОЗ 
9 з X«3 
(а) {3} 103: (c) ]9 sf (9) [9 ›=[ 
Ein AABC»ifm(ZB)260 › ш(20)-307 » c=4cm. > then b = es cm. 
(a)4 (b)8 (213 (д)413 
Lim X+) - Lens 
ae, 
(a) 1 (b) 6 (c) zero (d) 12 
Я] If the area of A ABC is "X" and the radius length of its circumcircle is "т" 
4ЕХ солилцон 
»then Sb 
Ма (b) cos А (c)1 (d)r 


(а) 1 (b) 7 (c) zero (d)2 


rL ‚М are the roots of the equation : X? 4 Х+4=0 › then log, L + log, M = eree 


(а)2 (5)-2 (c)-4 (d)4 
{ик//х?-2х+1>4 > then x € еее 
(a) [-3 ›5] (b) 1-3 ›5[ ©в-1-3 51 (@R-[-3 »5] 
Te А MM 
& 77 a sd " 
(a)2 (b) 7 =” (д) 4 


ЕЙ In triangle ABC ›а=4 ст. »b=7cm. ¿m (4 А) = 112° , then the number of triangles 
satisfy these conditions equals -+= 


(a) 1 (b) 2 (с)0 (d)infinite number. 
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[15] The domain of the function f : f (X) -1 9-Xis .--............ 
(а) К (b) R- {9} (c) -e ,9] (d) [9 ,«| 


. 2 
KJ Fina ;Lim.X 5X 
0—5 х+4—3 


ШинлАВС ,с-19ст, » m(ZA)=112° , т (Z B) = 33° , then the area of A ABC 
to the nearest cm? equals. cm? 


(a) 64 (b) 128 (c) 185 (d) 159 


E The solution set of the inequality : | X|- 1» 0 in R 8-4 444 4- 


(a) R- [- 1 5 1] (6) ]- 1 ; 1[ (08-1-151 (1-1»1| 
D Lim |1 |- ааа 
1 1 
(а) 1 (6) -1 9-2 (4) > 


im (3Х2-2Х-144 

H) Lim (2-2 i 
X°-3X+2 

(a) 3 (b) 9 (c) 27 (d) 81 


[21] Graph the curve of the function f : f Q9 =(X+ 2)? + 1 and from the graph deduce the 


range and its monotony and its type whether it is even » odd or otherwise. 


Which of the following does not equal (Үх*) ? 


(а) (Nx) ъ үх (c) x$ (d) (х5) 
EB if the function f is even in [c »d] ›їһепс+а=............... 
(а)2с (b)2d (c) c- d (d) zero 


E)Lim Х?+32_. 
x—-2 x$ 64 


5 12 -12 -5 
(a) 12 (b) ES (c) эн (4) B 


Bir 32-9 »then ХЕ............... 
(а) {27} (6) {27 ,-27} ©{п Ug 


(AP) Y ру | (bal) Old iate okak wal | 57 | 


б Wo: Final examinations 
126 Lim (5. + 1) NUES 
X—+ оо 
(a) zero (b) 1 (c) 5 (d) 6 


2a- 
211163) ? ? 21 , where a> zero ə then а = se 
(а) 1 (b) -3 (с) 2 (d)3 


EI) solve A ABC in which m (4 C) = 116° » с= 12cm. » а= 10ст. 


£2) which of the functions defined by the following rules represents an exponential 


function increasing on its domain IR ? 


(a) ye 3 (1.05) Oy-l(L) Oy=3+05% (у= 05)* 


Е] In АВС sif2sinA=3 sin B = 4 sin C ə then a:b: с = errr 


(а)2:3:4 (6) 4:3:2 (c)3:4:6 (d)6:4:3 
EI if Lim 2X = 12 , then a = e 
Х—+а 3 
(а) + 12 (b) +6 (c) 4 94 
ЕЙ ҥ|х|+|х-3|=3 ›шеп Х(Х- 3) = zero 
(a) « (b) > (c) < (4) = 


T 
| Model | 0 -—— 


Answer the following questions : 


Ёс The solution set of the equation : log. 43) 125 =3 in Ris еее 


(a) {5} (b) {3} (c) @ (d) {2} 
Е A LMN in which m (Z L) = 30° » m= 9 cm. has two solutions when (= -++ cm. 
(a) 6 (b) 10 (с) 11 (d) 2 


x Е ir4= log, X » then the equivalent exponential form is ............... 
(a) X224 (b) x4=2 (c) X 2 2* (d) 2* 24 


Final models Ee x 


т. domain of the 
function represented 
by the opposite figure is ............... 
(a) [0 5 oof (b) ]0 5 cof 
(c) ]- ,0[ (9) Jo »3[ 


E i f: R— R where f(x 0-f ()=X-1 s then f (10) — f (9) = ---............ 


(a) 1 (b) 9 (с) 8 (d) 18 
O LinX*x....... 
X—0 X^. x 
(a) i (b) 1 (c) zero (d) does not exist. 


The image of the curve y = | X |— 5 by translation 3 units in the direction of OX and 
5 units in the direction of Oy 18 еее 


(a) у=|х-3|+5 ()y=|X-3]  ©у=|х-31-0 Фу=|х+3| 
GB Lim ї#©+ї+зх__ 

ac И ттш Ч А " 

(a) 5 (b) э (с) 4 (d) 9 


-15 
(a) 1 (b) -1 (c) өө (d) — æ 


11 The solution set of the inequality : | X 1 |< 2 in 18------- 
(а) ]-1,3[ ()R-[-1,3] ©]-2,2[ (4) @ 


Ш in A Asc эс (a cos B+ b cos A) = ss 
(a) a? (b) b? (c) c? (2c? 


ЇЙ ABCD is а parallelogram in which: AB =9сш. › BC- 13cm. › AC=20 cm. 
» Шеп the length of BD equals сз cm. 
(a) 10 (b) 5 (c) 18.5 (d) 20 


EE if the domain of the function f : f (X) = ——2 — is R- (3) , then k= seen 
X°-6X+k 
(а) 3 (b) -3 (c) 9 (0x9 


Final examinations 


ju бі: onus 
Ш шъ - 
(а) 96 (6) 48 (с) 32 (d) 16 


2 
{9 ғу (0 = 2х1 » then the range of the function f is ===- 
(а) {1} (b)R (с) [- 1 » 1[ (9)4-1,1} 


(16 | Graph the function f : feo -1 х?- 4 X + 4 and determine its range and discuss its 
monotony. 


ГЇЛ The solution set of the following equation in R : log, X- 5 = 2 equals ............... 
Ор, 


2 
(a) {4} (b) {8,2} 0 {8,2} (à) {2} 
Фо &®+ю-х*_ 
h—0 h т 
(а) х? (b) 9 x8 (c) zero (d) does not exist. 


юз, 15 – log, LI 
(3)3 (b)1 (C) zero (d)-3 


EJ If ABC is a triangle in whicha=4cm. > b = 4/3 cm. » c=8cm. › then sine of its 
smallest angle equals «гээн 


(a) 3 (b) = (01 (d) zero 


©) solve the acute-angled triangle ABC in which a = 21cm. » b=25 cm. запа the 
diameter length of its circumcircle is 28 cm. 


Янх=5+246 » then log (4+ X) = re 
(a) 1 (b) 5-216 (с) 10 (d)5 +26 


FE) which of the functions represented graphically as follows is neither even nor odd ? 


" — ыг 1 » - Final models | 


ET] In the opposite figure : 
If tan (4 DEC) = 3 , then the radius length of 


the circumcircle of A ABC = ............... cm. 
(a) 9 (b) 5.7 
(c) 43 (d) 3.75 


[25] Graph the curve of the function РРО) = X? —5 and from the graph discuss the 


monotonicity of the function and show its type whether it is even » odd or otherwise 


Lim 5X-10 . 
Х--2 4-8 = 


@ 2 (b) zero (92 @ $ 


$ . : 1 1 -—— GÀ 
EI] The solution set of the equation : lg, X + lg X^ DiS ase 


(а) { {6 } (91-16) (с) {16 ,-16} ^ «tel 
: 9 16-4 
@ Find : Lim 22х02 


EJ it БЭРХ! s then ХЕ............... 


(a) 1-81581) (9 {-27,27} (о {-9,9} «918,71 
ET) In the opposite figure : 
О) an 
= 1 
(YX Ona 
ele (àIx-1p 


mL (х. х+5х)= — 


-5 
(a) 2 (b) 3 (с) 5 (9) i 
ЕЙ In A XYZ » if sin X 22sinZ , YZ 26cm. » then the length of XY =... cm. 
(a) 12 (b) 2 (c) 6 (d) 3 


Final examinations 


шшш e 


Answer the following questions : 


ЕЙ The solution set of the equation log, (X — 4) + log, (X + 4) = 2 in і... 
(a) 51 (5 {5 ›-5} (©) {3 ›-3} (4){3 ›5} 


gain 24 
х—0 X74+X 


(a) zero (b)2 (c)4 (d)8 


ÆJ If the ratio among the measures of the angles of a triangle is 8 : 3 : 1 » then the ratio 


between the longest two sides in the triangle is 7 


(ay [3 : 2 (le :2 (c)8:3 (d)8:5 
: (х-7-2 Ш 
Вт = » won 
(a) i (b) 3 (c)2 (d)4 


a 
Ще: - 2 then : 95 + 168 = eee 


(а)7 (6) 12 (с) 20 (4)25 
Lim 3klXl _ Se ee 
orn Os =6 then К = 
(а) 6 04 (8 (93 


&B:/co-x 3 , then the image of the curve of f by reflection in X-axis and translation 


3 units in the direction of OX and two units in the direction of Oy is +--+ 


()-0Х-3У-2 ()-(Х43У-2 
(o) - (X € 3? -2 (à)- [0+ 3)3 + 2] 
сотни &- D-1 

Fina: Lim “> 


E The perimeter of A ABC is 70 cm. уа 26cm. » m(ZA)=60° › find its area. 


Final models | > 


Dr: =] 3 then X ausus 


(a) - 3 (b) 3 (c) 1 (d) zero 
— M, SA 


log X 

&g racr-{1} ›Х›УЕВ* slog, y #0 ;then s жонин» 

(a) log, Æ (b) log, (X-y) (с) ов, Хову (d) log, x 
12 —! —— EE 
B log, 30 * Тов, 30 * log, 30 

(a) 1 (b) log, 5 (c) log 30 (d) 30 
GB) in AABC ,ш(г А)-1129 , ш(/В)-339 , c= 19 cm. 

› then b to the nearest cm. = ·--............ cm. 

(a) 16 (b) 17 (c) 18 (d) 20 


Шїгг27-20 , п<х<п+1 ən is an integer » then n = «+. 
(а) 4 (b) 5 (c) 6 (d) 10 


 шлхү?т. ›у*?+2°-х?=2ухх ОНИ 
(a) cos X (b) sin Z (c) cos Z (d) sin X 


(D Lim X5 X6 
ees a 


(а) 1 (b) 5 (c) 6 (d) 3.5 


Without using the calculator prove that : 
35 


log, E * log, y wx log, + = log, 8 
KJ The exponential function whose base is a » is increasing if «+--+... 
(а) а»0 (b)a»1 (с) 0 «a«1 (d)a= 


i аашисиинд 


up 
@ Lim X-2......... 


х—2 x4 _ 16 5 5 

(a) 2 (b) 20 (c) 4 (d) 5 
Н If f is an odd function › a Ethe domain of f ›Шеп f (а) + f (Ca) =... 

(a) 2 f (а) (b) 2 f Ca) (c) zero (d) f (а) 


Ei] The solution set in R of the equation : |23 |= |9 —2 X | equals ---....-....... 
(a) {4} (5) (46) (©) {6} (à) {2,6} 


Final examinations 


—áÀ —— 


EF) Determine the type of the function f : f (X) = X? + sin X whether it is even » odd or otherwise. 


gg Lim 5Х?-3Х+6 MN 
x—e 1 44.X-7X? 


(a) 3 2 (96 (d)35 
2X43 › Х»3 
ET] The range of the function f : f (0 = еее 
9 s» xX«3 
(a) {3} (b)R (с)]9›=[ (9) [9 ›=[ 
(EJ In AABC»ifm(ZB)260 » m(ZC)=30° › бол om. ythen bs A 
(а)4 (b)8 (213 кааз 
12 
Тіт Gor II 1, ларнын 
ges 
(a) 1 (b) 6 (c) zero (d) 12 
Я] If the area of A ABC is "X" and the radius length of its circumcircle is "r" 
o — 
then Mom 
a 
09:25 (b) cos А (с)1 (d)r 


(а) 1 (5)7 (c) zero (d)2 


ит, > M are the roots of the equation : X^ 4 Х+4=0 » then log, L + log, М = = 


(а)2 (b)-2 (c)-4 (d)4 
&)it 32 -2x «1» 4 sten X€ ——— 
(а) [-3 ›5] (1-3 ›5[ (c) - ]- 3 »5[ (d)R - [- 3 »5] 
EE _ 
311520 e eee | 
(2 (57 oF 3 


ЕЙ In triangle ABC » a =4 cm. ;b27cm.»m(Z A) 112? , then the number of triangles 
satisfy these conditions equals === 


(a)1 (b)2 (с)0 (d)infinite number. 


Second Multiple choice examinations 


Choose the correct answer from the given ones : 


EP The point of symmetry of curve of the function f : f (0 e X? d neas 


(a) (1 51) (b) © 50) (c) (1 50) (d) (0 51) 


E3i2*-5-5-x sthen X z «d 


i 2 5 2, 
(3) zero (b) 3 (с) 5 (d) 5 


[3] The domain of the function f : f OO -1 — 5 equals --.----........ 


(а) ]- ee » 5] (b) [5 „ә (c) ]- e ,— 5[ (d) ]5 5 cof 


ть range of the function f : f (X) = | X | equals сз... 


(a) [0 9 co (b) Jo 9 cof (c) ]- ee ,0] (9) = ‚0[ 


ух) = 2х, then f C= € 


a) — b jd 
(а) - 1 (b) 1 (©) 5 


i If4= log, X » then the exponential form that equivalent to it is ------ 


(a) X224 (b) х4=2 (c) X216 (d) Х-8 


GB the curve of the function g : g (X) = | X +3 | is the same as the curve of 
the function f : f (X) = | X | by translation of 3 units in direction .............. 


(a) OX (b OX" (c) OY (d) OY 


ED it tog 3 = x › log4=y › then log 12 = ..-............ 
(a) log X + log y (b) X y 


(c) X-y (d) X y 


(4:0) \ Prd | | (20а) Old ЗАР СА ә yalsall 


Final examinations 


[9 is a function where f (X) =х?+2 
» then the graph that represents the function f is 


хүй 
5-4 


()R-[-2,2) Фв-{-2,0,2} (OR (d)R- {4} 


[10] The domain of the function f : f CO = 


Ш Which of the following function is even function “өнөө 
(a) sin X (b) X cos X (c) X sin X (d) tan X 


nee 


a The curve of the even function is symmetric about the straight line -== 


(а)у=0 (D х=0 (с)у-Х (Фу+х=0 


KE) The solution set of the inequality : | X |- 2 > 0 is еее 
(a)R-[-252] ]-2:2[ (c)R-]-2 >2[ (d) [- 2 »2] 


eee 


Шҥ1Х+?—5 5 then X= нее 
(а) log, 5)+2 (0) (log, 5)—2 (с) 2 log, 5 (d) (og, 7) +2 


Multiple choice examinations lg id 


X—0 2х 
(a) -1 (b) 1 (с) zero 94 


(а) 1 (b) zero (c) 2 (d) - 1 


(а) 1 (b) 2 (c) zero (d) 1 


(а) со (b) - 5 (c) 5 (d) zero 


a Lin- .o,mena- — 


Х--3Х-1 

(8) 6 (9)2 (c) 4 (d) 8 
авт и. 
Lim X?-3x |. — 

*—5 2X6 ^ 

(a) 3 (b) 1.5 (c) 2 (d) zero 


Lim(X«3*-81 — 
х—+0 X Е 


(а) 4 (b) 27 (c) 27 (d) 108 


E in any AXYZ x? y? -2 xy cosZ= € 
(а) x? (b) y? (c) z? (d) z 


Ein AABC ,ш(2 A) = 30° ;a- 6cm. › then 25 — ERE 


(a) т (b)3 (c) 6 (d) 12 


йз A ABC Ea овда 
c b) =. s d).b. 
ud > OF 15277 


—— Final examinations 
TT 


ЯЗ ABC is a triangle in whicha=8cm. » b=7cm. » cos C= i 
» then the area of A ABC equals «өөө cm? 
(a) 14 (b) 1443 (c) 8 (d) 2843 


12117 any A ABC : 2r sin A = + 
(a)a (b) b (c) c (d) area of A ABC 


Я Measure of the greatest angle in triangle ABC where а = 3cm. » b=4cm. » c-5cm. 


(a) 30° (b) 60° (c) 90° (d) 120? 


Lim X^sX. 
lin 23 — 

(2-1 (91 (c) 0 (d) 1 
EJ The domain of the function f (X) -1 a ааа 

(а) Ж (b) R- {5} (c) [5 ›=[ (d) ]- ee » 5] 
Е if f 09 = 2% » then f 07 

(a) 2 (b) 8 (c) i (d) 1 
ть symmetric point of the function f : f (X) = LPS. C адин 

x 

(a) (2 »3) (b) (3 +0) (с) (0 ›3) (d) (=2,3) 
EB The solution set of the equation | X- 1 |= 4 is 7 

(а) {5} (5) {-3} (с) {5 ,-3} (4) @ 
6 the range of the function f (X) = x 1 5 denen 

(a) R- {2} (b) R- {0} (c)R Фв-{-2} 

2 2 

GD in the triangle XYZ Раса а s then (a 9b) = ee 

(а) (C151) (b) (0 »2) (c) -2 »2) (d) б : 1) 
O Lin PE-XA n 

х= sX 

(a) 5 08 © 2 (d) zero 


Multiple choice examinations НБЫ-- 


E The measure of smallest angle of the triangle A ABC whose a = 8 cm. b= 10 cm. 
>C = 7 cm. to nearest degree is -.............. 


(a) 35° (b) 83* (c) 54° (d) 44* 
Lim X°-1_ 

gum. fecerim: 
(a) 5 (b)! (c) 4 00120 


Ш 13х-7-5х-7 sthen X = i 
(a) 4 (b) 5 (c) 6 (d) 7 


[12] log, 2X log, 5x log, Bie anie 
(a) 30 (b) 1 (c) 0 (d) log 3 


{9 The range of the function f : f CO = |х|... 


(a) [0 ,=[ (b) ]0›=[ (c) ]-  »0] (9) ]- »of 

ÉL) The solution set of the equation : log, Х+ log, (X + 2) = 118. 
(a) {1>-3} {1} (1-3) (d) 

[15] The triangle ABC whose m (4. A) = 30° »m(Z B) 2 70? ›с = 15 ст. ›ћепа=............... cm. 
(a) 6.7 (b) 7.6 (c) 84 (d) 5.6 


(16 | The function f : f (X) -а is descending on its domain R when --............ 


(а)а=1 (b)a»1 (c) 0O«a«1 (а a=- 
2 
Lim -7Х+12_  .. 
G Li» Х-3 
(а) 1 (b) -1 (c) -2 (d) 3 
112 In the triangle A ABC , then "-— 78 
(а) sin B (b) sin C (c) sin A + sin B (d) sin A+ sin C 
а гес засаад: 
Ш Х-3 
(a) 4 OE: ()2 «т 


Я) The function f:f O=X*-2is descending in the interval --............. 
)]-95-2[ Фу 294 (c) ]-  » o[ (a) Ю » --f 


& : Final examinations 


(х) = X7 +5 › 500 =Х+1 othen (f + g) (3) = rrr 
(а) 12 (b) 14 (c) 16 (d)18 


EA In the opposite figure 
represent the curve of the function f (X) 
»then Lim f OO = ree 
(а)0 (b)! 
(с) 2 (d) undefined 


EE) The curve of the function g : g (X) = X? + 5 is the same of the curve of 
the function f : f CO = X? by a translation of magnitude 5 units in the direction of ===- 


(a) OX (b)OX” (c) OY (4) ОҮ 
it 
ИЙ 300 ш edes 
mlima- 
(a)3 (b) zero (c)1 (d) < 
ET] If the function f is odd function » then HOS — MA 
«т 03 (с)1 (д2 


Я тп the triangle A ABC » ifm (Z А) : m (4 B): m (4 ©)=3:5:4 »thena* : c* = —— 


(а)9:4 (b)9 : 16 (с)4:9 (d)81 : 256 
im X°- 9. 
gl Li» ЗЭ Reps 
(a) 96 (b) 48 (с) 32 (d) 16 


sinA _ sinB _ sinC m 
CENE EET UR s then m (Z A) = eer 


(a) 28° 57 (b) 104° 29 (c) 34° 36 (а)46° 34 


[мове |3 


Choose the correct answer from the given ones : 


ET) In the triangle A ABC > 


ЕВ: / is an odd function » a € the domain of f › then f (a) + f (= a) = eee 
(a)2 f (8) (2 f Ca) (c) zero (а) (а) 


Multiple choice examinations E ) 


Ч 


Lim X°=22_ 
х—2 x4_16 


(a) 2 (b) 20 © + @ 3 
13 | The solution set of the equation : log ТЭС! 125 =3 is -.-............ 
(а) {5} (Ы {3} (c) Ø (a) {2} 


a Number of possible solution of A ABC where m (2 А) = 60° ,Ъ=3 ст. а= 5 ст. 
AS discusses 


(a) 1 (b) 2 


(c) no solution (d) infinite number of triangle 


EB The domain of the function 1:10) = 9-Xis нее 


(а) Ё (b) R - {9} (c) |-= ›9] (4) [9 «| 
(GB The type of the function Тал ОО = 0х СТРИЯ 

(а) еуеп. (b) odd. 

(c) neither odd nor even. (d) both odd and even. 


(a) 1 (b) 5 (c) 6 (d) 3.5 


м 
1 1 1 


тузо * i, 105,30 7 ВР 


(a) 1 (b) log, 5 (c) log 30 (d) 30 
E nA DEF m (4 D) = 80°, m (7 E) = 60° sif f 12 ст. › then d = s ст. 
12 sin 80° 12 sin 80° 12 sin 40° 12 cos 80° 
(2) n 40° (b) а 60° © ^S 80° гааг 


10 | The vertex point of the curve of the function f : f 09s xX 44346 ono 
(а) G ›0) (b) (0,3) (с) (-3 ›0) (d) © »—3) 


(11 The opposite figure represents 
the curve of the function f 
»then Lim | f oo |= —Q 
(a) 1 
(b) -1 
(c) 2 
(d) does not exits. 


E: final examinations 


{Я A ABC » if 4 sin A=3 sin B =6 sin С » then m (4 С) = —— (to nearest degree) 
(а) 89° (b) 29° (c) 57° (d) 82° 
KE) The function 7: f= a~ is increasing if === 
(ауа»0 (руа»1 (с)а= 1 (90 <а<1 
4 
тһе solution set of the equation : X 3 = 81 in Ris еее 
@ {27-27} 00,9} (с) {9} (a) {27} 
EE ABC is an equilateral triangle > its side length = 513 ст. »then the diameter length of 
its circumcircle equals з cm. 
(a) 513 (b) 1043 (c) 10 (4)5 
(J In ABC: 2+5? -с? = SIRE 
(а) cos A (b)ab cos C (с) cos C (d)2ab cos C 


If f :IR—— В where f Q9 = X 3 , then the figure which represents the function f 


Lim 2Хза=5 » then a= еее 
x—1 Х+1 


(а)2 (b)5 (c)8 (d) 10 


E The range of the function f : f (0) =2+2 38 ereat 


(a)R (b)R- {2} () {2} (à)R - {0} 
ET) If ABC is a triangle in which а = 4 cm. »b=43 cm. ›с = 8 cm. » then sine of its smallest 
angle "— 
(3 
(а) d (9-2 (с)! (d) zero 


Multiple choice examinations [ЖШ 


EI The solution set of the inequality : |3 -2 X| = 1 in Rig seen 


(а) [1,2] (5) ]1,2[ ©в-]1,2[ (4) R- [1 52] 
H 
EB Lim (12x >... 
жээ ку 
(а) 2 (b) = (с) 1 (d) zero 
EE) The domain of the function f : f s=” көөнө 
(a) {3 ,-3] b) [-3 53] (c) R- [-3 53] (d)R-{-3 ,3} 
@ Lim 5Х72-3Х46 0 
Х— = 144X-7 xX? 
5 8 
(а) 7 (b) E (c) 6 (d) 35 


£3 the curve represented in the opposite figure 
is symmetric about the straight line whose 


equation is ЕЕ 
(a) Х-0 (b) y=0 


@ Lim @х+17-1_ —— 


х—+0 x 
(a) 4 (b) -3 (c) - 4 (d) -2 


et 


E ов (x+ 2) - log, (Х- 1) = log, 4 > then х=... 


(а)-2 (b) 2 (c) 1 (4)-1 
A Lim X7+x_ 
x—0 X?+X 
(а) 3 (91 (c) zero (d) does not exist. 


QD А а | (lal) cul ble cov, за] 


" MI 
Nimes 

й "Ago -АРАД 
л 3 


* "Y 


^ 
гт? 
RUN Final examinations 


Choose the correct answer from the given ones : 
 4Х+2—5Х+2 ‚үреп 6Х+1 = ен 


(a) - 6 (b) -2 (c) zero (d) i 


E From the opposite figure : 


Range of the function is 7 
(a) {2} (b) 5 eo» oo 
(© {-2,} — «F2: 


B Lim 2% =... 
х-»-л cos X 
-2 -N 


O A XYZ sin which » + sin X= $ sin Y = 4 sin Z »then X: у: ae 


(4) 3:6:7 (5D2:1:7 (c)7:6:3 (d)7:3:6 


a The logarithmic from of ХЗ = 125 is eee 


(a) log, 3 = 125 (b) log, X= 125 (c) log, 125 = 3 (d) log, 125 2 X 
O Lim х= бед m omm 

(а) –6 (5-2 (c) 2 (d) 3 
Bins vue teih Е 


(а) m (Z D) = 90° (b) m (Z Н) = 150° (c) m (Z E) = 90° (d) m (Z Н) = 90° 


(а) {-4,4} | 0918) (c) (- 858] (4) {16} 


E if log, 27%- log, 9  - 8 > then X= 
(a) 3 (b) 4 (c) 6 (d) 8 


Multiple choice examinations | е 


E Which of the following is an even function : 


(а) ГОО 2 tan4 X (D (0) = х2+2х 

(c) f 0927 (d) f Q0 = ХЗ cos X 
E From the opposite figure : 

Lim fO masia 

(а) -1 

(b) zero 

(c) 1 

(d) 2 


(Й ^ Xvz „in which y-6cm. › z- 10cm. , m (Z X) = 120° 
› then the perimeter of the triangle = ............... ст. 


(а) 24.72 (b) 26.3 (с) 28.88 (d) 30 


(13 | Curve of the function g (X) = X? + 2 , is the same as curve of the function f (X) = X? 
by translation 2 units in direction of -.............. 


(а) OX (b OY (c) OX” (d) OY" 


(a) zero (b) -4 (с) i (d) does not exist. 


{9 if curve of the function f (X) = log, X passes through point (27 › С) , then С = 
(a) 3 (b) 9 (c) 27 (d) 81 


3 2 1 3 
(a) 5 (b) 5 (с) -— (d) x 
GD s.s. of the inequality : |2 X - 11» 1... inR 
(a) 10-1| (b) R- Jo 51[ (с) [0 ; 1] (d) R-[0 51] 


(18 | If function : f (X) 2 2 — (X — 3)? , then the function is decrease on the interval ............... 
(a) |-= »-3[ (b) ]3 ‚°о[ (с) ]- = , З| (4) р > o| 


" 2 
KB it Lim ER 754 s then К =. 
d i. 


(a) 16 (b) 12 (c) 7 (d) E 


Final examinations 


Я Area of the circumcircle of A DHE in which В = 10 sin Н equals «сэл cm? 
(a) 10 Л (b) 20 1 (c)25 X (d) 1007 


Eia X+! -3X = 54 then X8 еее 
(а) 1 (b)2 (c)3 (d)4 


ED ALMN L= 13cm. ›М = 14 ст. »N= 15cm. » then sin L =~ 
3. 3 4 
ОЕ ъ 3 ©4 «à 


к: {-2,-1,0,1,2) — 8,700) = X^ *2 
» then range of the function is == 


(а) Ж (b) [2,6] (c) [2 » of (d) {2 53 56} 


_____ mm 


@ Lim (15+ АХ) 


х5 \3 X? 5+Х 
(а) zero OE: (04 (d) e» 


a 


гух) = 3 **? ‚фев f (X Dx f C209 rr 
(a) 27 (b) 81 (c) 243 (d) 729 


S ——Е——-—-+_— 


E in any ^ XYZ 9 cos (X + Y) = «m 


(а) соѕ Х + соѕҮ (0) соѕ 2 (c)-cosX-cosY (9) –соѕ7, 
S —————-—— 
ED ir point (2 »— 1) Ею the curve of an odd function » then point == €to the same 
function. 
(а) (2 1) (5 (-2 › 1) (c) (- 1 »2) (d) (1 ,—2) 
E) Lim thy -X' Ll 
h—+0 7h г, 
(а)0 (b)1 (с) x? (d) х5 


(76 | 


Multiple choice examinations НЫ! 


мое 


Choose the correct answer from the given ones : 
E The point of the vertex of the curve of the function f OOF (6-2Р edges 


(а) (2 »3) (b) (2 »- 3) (с) 2 › 3) (d) C2 5-3) 
E 13*7?-2*-? , ien X=. S SUIS nene 
(a) 3 (b) -2 (c) 0 (d) 2 
ЕЙ If f is an odd function on [- х, x] s then f (- 29 + f (X) = ............... 
(a) 2X (b) not defined (c) -2X (d) 0 
GB їгїог3-Х,1085-у »thenlog 15 = ............... 
(a) Xy (b) X-y (c) Xy 45 
E The range of the function f : f 09-44 equal "emer 
(a) Ё (b) R- {2} (c) R- (-2] (1-1) 
О The solution set of the inequality |2 X -3| <1 in Вів. 
(a) [1 » 2] (b) l1 »2[ (c) R- ]1 »2[ (d) R - [1 »2] 


Е The curve of g (x) = | x +3 | is the same curve of (2) = | X | by translation of magnitude 
3 units in the direction аа 


(a) OX (b) ОХ (c) OY (d) OY 
{© In all of the following relation › y is function in x except ............... 

() у-3Х41  (py-x?-1 (c) Х-у2-1 (d) у= sin X 
EJ if log, (x +6) =2 › then X = ee 

(а) {3›-2} ць {3} (с) (351) (à) {6,1} 
[Т] The rule of the function 


represented in the opposite figure is f (X) = e. 
(а) (X 2)2+1 

(b) -(X-2Y +1 

(c) - (X- 1? +2 

(d) C X4 1? 42 


Final examinations 


The domain of the function f : f (x) -1 —918:: te 
(а) В (b)R- {9} (c) ]- = ›9[ (919 | 


KB The type of the function f : foje 5х is Я 


(а) еуеп. (b) odd. 
(c) neither even nor odd. (d) both even and odd. 


{ть curve of ће function f (X) = X 2 + 4 is increasing in interval =- 


(a) ]0 > =f (b) [0 ›=[ (c) ]- e 50] (d) ]- < 50[ 
oo 
C The function f : f O9 2a*is decreasing if --------------- 
(а)а=1 (Б)а>1 (с)0 <а<1 (Фа=-1 
Dim 3X*4.-.« 
B 5 
"€ m OF 4 


Фит QX-5)2 еее 


(а)-3 (b)-2 (с)0 (4)2 
abf RED MEM EDD Diii 
Lim е 92 ases 
Glin x 
(a) 25 (b) 64 (c)80 (d) 100 
au es is VIN MR ESQ 5 LLL 
T o— 
шт, x1-9 _ 1 
(а) 3 бэ (с) i (d) i 
niil d IEEE Mai i li c 
А (х-7-2 
(Lim e тее. 
(а) 1 œ) + (oi «т 
3 4 5 6 
1 х?-7х+ 12 Г.ЭРТҮҮҮҮТҮҮТҮТҮҮТТТЭ 
B) Lim Х-3 — 
(a) 1 (b)-1 ()-2 (4)3 


(а)2 (5)-2 (с)4 (4)+2 


Multiple choice examinations ET | 


[22] Hun (2 X-cos X) = TIERE 
2 


(a) 0 (b) 2 (c) t o7 

EE) The measure of the greatest angle of the triangle whose sides length are 3 cm. › 5 cm. 
and 7 ст. 1$ eee е 
(а) 150 (b) 120 (с) 60 (d) 30 


gl In triangle ABC , шан = 6 cm. › then the length of the radius of the circumcircle 


of triangle — атак REESE cm. 
(a) 2 (b) 3 (c) 5 (d) 6 
EE] In triangle ABC эт (4. В) = 60° эт (4. С) = 30° and c 2 4 cm. Ща ёс 
HJ if ABC is triangle ›а=4ст. › b = 4*3 ст. and с = 8 cm. › then cos A = ---.-.......... 
3 


НИ in triangle ABC 5 if 4 sin A=3 sin B =6 sin C › then m (Z С) = se 
(a) 89° (b) 29° (c) 57° (d) 82° 


In triangle ABC › cos (A + B) = ............... 


Е We. 2,238 ы „Ө 22 2. 22 235 
a^-tb^-c a^*c^-b b^-c^-a c^-a^-b 
(а) Cice 00 ар e (d) ^ 2ab о 
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ARTS SECTION 


By a group of supervisors 


GUIDE ANSWERS 


FIRST | Answers of Algebra 


/ 


Шо. 
=й to р. зді 


- - Functions of a real variable and drawing curves | 


| Answers of "Unit One" 
|Answers of Pre-requirements 


(1)( (2) (6) (3)@ (4) (с) 
(5) (<) (6) (а) (7) (с) 


Multiple choice questions 


(1)c (2)d (3)a (4)d (5)а (6)b 
(7)а (8)d (9)c (10b (D)e (12d 
(13)с (14b (55 (169a (7b (189a 
(19)4 (20)а QDb (22)с Q3c Q4d 
(25)5 Q6d (27)с (28)4 (29)ь (30c 
(31) 4. (3)d (33a (34b (35)с 
(36) First : b Second : c G7)d (38)4 
(39)с 
| Second | Essay questions 
т] 
(1) Function. ( 2) Not function. 
(3) Function. ( 4) Not function. 
(5) Function. ( 6) Not function. 
(23 
(1) Function. ( 2 ) Not function. 
( 3) Not function. ( 4) Function. 
(5 ) Not function. (6) Function. 
а 
(1)ж-{-3,3} (2)R-{1 52} 
(3) &- {3} (4)R-{2 53} 

-2 : 
(эв-115-2| (6)R-{-1} 
п 
(13105 (2)в-{5} 
(3)]-4 4 (4) ]-= ›3[ 
[5] 
(1)R (2)]- »4[ 
(3) [0 +6] 


GB The range = (2 57 »-13 ›-18} 
е] 

(1) The range = [155 59 ›13 »17} 
(2)-4К-3-17 2к=5 


`1) The domain = Ж › the range = {2} 


» the function is constant on Из domain Ж 
(2) The domain = № » the range = 1-2 +3} 
» the function is constant on ]- = 50| »]0 ›==[ 
(3) The domain = IR {0} › the range = - [-2 ›2] 
s the function is decreasing on ]- = » 0[ + 0 » f 
(4) The domain = IR — {1} › the range = |-2 | 
» the function is decreasing on ]- < » 1[ 
» increasing on 11 > | 
( 5) The domain = IR — {2} » the range = R- {2} 
» the function is increasing on ]- ›2[ › ]2 » e[ 
(6) The domain = [0 › e[ 5 the range = [0 ›4] 
» the function is increasing on JO » 2[ » constant 
оп J2 »=[ 
(7) The domain = IR — [— 1 +2} › the range = {3} 
» the function is constant on Из domain. 
(8) The domain = Ж — ]0 » 1] ›Ше range 
= ]3 »[U {2} › constant on ]- = ›0[ 
and increasing on ]1 »=[ 
(9) The domain =R › the range = ]- = > 4] 
» the function is increasing оп ]- ee »— 2[ 5 ]o »2[ 


and decreasing on ]- 2 ›0[ › ]2 + of 

(10) The domain =R › the range = IR — ]1 ›2] 
э the function is decreasing оп ]- e »0[ › ]1 >f 
and increasing on ]0 > 1[ 

(11) The domain =й — {0} » the range =R- [-2 52] 


» the function is increasing on ]- о 50| + 0 »=[ 


(12) The domain = [—2 » | › the range = [0 5 -[ 
>the function is increasing оп ]- 2 s 0[ and 
decreasing on ]0 »2| › ]2 эс 


Higher skills 


(1) (d) (2) (d) (3) (9) (4) (с) 


(3) 


Instructions to solve : 
(1) + X is the number of sides 

2. X is an integer more than 2 

7. The domain = Z* - {1,2} 
(зурш х-2-0 -Үх-2:Хх-8 

-. The domain = Е ~ {8} 


(3)73xz0 =O! 
эршүзх-хХ-0 
Е xta 
2 X(X-3)=0 :Х-0 or Х-3 
2. The domain = 10 > --[ - {3} 

(4): x-120 х Хь1 хЄє[1›=[ 
эри(Х-1-3 :Х-1-9 2Х-10 


г. The domain = [1 ›=[ - {10} 


Multiple choice questions 


(1)d (2)a (3)a (4)a (5)b (6)a 
(7)с (8)b (9)b (10a (11)с (12a 
(13)а (14b (15b (16d (e (18)c 
49a (20)с (2104 (22)с Q3c Q4a 
(25)а Q6d (27)4 Q8)b 

Essay questions 

п 

Figure (1) : symmetric about X-axis » y-axis and the 

origin point. 


Figure (2) : symmetric about X-axis. 

Figure (3) : symmetric about the origin point. 
Figure (4) : symmetric about the origin point. 
Figure (5) : symmetric about the y-axis. 
Figure (6) : symmetric about the origin point. 


а 
(1) 084 (2) Neither even nor odd 
(3) Even (4) Neither even nor odd 
(5) Odd (6) Odd 

4 


a 

Figure (1) : 

* The range = [-2 »2] 
Figure (2) : 

* The range = ® - [- 2 »2] + odd 
Figure (3) : 

* The range = ]-  » 3] 
Figure (4) : 

* The range = (0541 
Figure (5) : 

+ The range = IR — {0} 
Figure (6) : 

+ The range =й 


* Neither even nor odd 


* even 
* even 
* odd 


* odd 


о 
Figure (1): 
foosx x 
77 The domain = R 
> ће curve is symmetric about the origin point. 
~. The function f is odd. 
algebraically verifying : 
for every X +- XER 
FEM =CX +=- -x 
=- (X7+X)=-F() 
2. the function f 18 odd, 
Figure (2) : 
100-37-2 
"7 The domain =R 
s the curve is neither symmetric about y-axis nor 
symmetric about the origin point. 

2. The function f is neither even nor odd. 

algebraically verifying : 

for every X +- XER 
sf CX= CX -2=-X°-2=-(07 +2) 
-fCc-f00s-f OO 
~. The function f is neither even nor odd. 
Figure (3) : 
100-2-хХх" 
+: The domain = [- 2 21» 


the curve is symmetric about y-axis 


Functions of a real variable and drawing curves 


г. The function f is even. 

algebraically verifying : For every X »-x € [- 2 ›2] 
vfCc322-Cx!-2-x'-f(9 

г. The function is even. 


First : 5 


Pig. (1) 


23456 


Second : 


12343258 


Fig. (4) 


Third : 
Figure (1) : 

The domain = [- 5 » 5] › the range = [-2 » 7] 
ing on each of ]- 5 »-2| 
ng on each of ]-2 ›0[ › ]2 


» the function is dec 
› JO ›2[ and increas 


Figure (2) : 

The domain = IR {0} › the range = [-2 » 2] — {0} 
+ the function is constant on each of ]- = »— 2[ 

»]2 эв and increasing on each of } 2 »o[ E Jo , 1 
Figure (3) : 

The domain = В › the range = [- 3 > 6] 

» the function is constant on each of ]- = +- 3[ 

> |3 s 

» decreasing on ]- 3 »0| and increasing on ]0 » 3[ 
Figure (4) : 

The domain =R – [- 2 » 2] › the range 
» Ње function is decreasing on each of ]-  » — 2[ > 


pss 
a 


(1717(-3)-5-1(Х) ~. fiseven. 
(2) f -3)2 C3 «c xf -1 
=х*+х?-1=/(09 
^ f is even. 


| (3) fC) =3(-x)-4(- x) =-3х+4х? 
=-(3X-4x)=-f (09 

х f is odd. 

| (40/2 -C2*-3(o3*4 

^-3X«4Aef (X)4-f O0 


/. f is neither even nor odd. 
(5) 70-0 = 29? (29? - 1) 
-2-X'(X'-Ds-f00 
7. f is odd 
(6)f—32Cox-3)? -7=(х+3)? -7 
*fo9se-f09 


7. f is neither even nor odd. 


(M f( 


<. f is neither even nor odd. 


di 
(8)f(-392 2€39 


7. f is even 


(9)fc3- +*/09=-/ 09 
2. f is neither even nor odd. 

(10) The domain of f = [- 3 »=[ 
7. For each X &[- 3 sof > 
it is not necessary to find - ХЕ [- 3 «| 


-. The function f is neither even nor odd. 


(1) f C29 2 4205 C29 = - G3) 
== xix -- [09 


7 f is odd. 


Meer И": 0. 
(12) f - X9 2 C X) iri etm 


д f is odd. 


a3) f 39 2 (-x-— 


--f(X) 
7. f is odd. 
(14) f (- X) =- X cos (- X) =- X cos X=- f (0) 
7. f is odd. 
Е x 3X. 3*5 83 
тах x00 
<. f is even. 
(720? x sin (- 3 X) 
16) ((-ху- 2-2 5881-2353 
dec» 1+(-х)* 
X sn3x ? 
NETT UAM 
2. f is even 
3 
(17) f (- 20 =X? (sin (- 30) 
=X? (-sinz9! 2 - x? sin? x=- f (x) 
2. f is odd. 


(18) f CX) =- X sin (- 20! 2 — X (- sin x?) 
=Xsinx*=f (xX) 


7. f is even. 
Со? + tan (- X) 
19) f (-239 2 — тап 
кысла XW + sin- 
-ХүсЭВХ,урда-/00 
x" — sin X 


~. f is neither even nor odd. 


6 | 


sin (-3 X) cos (-2 X) 
sec (- X) 
in3Xcos2X _ 

sec X p 


Q0) f (- 2) 


-f 09 
г. f is odd. 


E -- f, > f, are odd and f, is even 
(1) f, +f, is odd 

(2) f, + f, is neither even or odd 
(3) f, x f, is even 

(4) f, x Г, is odd 


o- f, >f, are even and g, › g, are odd 
(1) f, +g, is neither even nor odd. 
(2) f , - f , is even. (3) g, * g, is odd. 


(4) f, . g, is odd. (5)g, . g, iseven. 


E From (1) to (5) neither even nor odd 


LUGI Higher skills 
(1) (<) (2) (а) 


Instructions to solve : 


(3) (с) 


(4) (b) 


(1) * The function is odd 
/.1(-5)=-16) 


7. The expression = = 


(2) -: The function is even 
л 5)=7(5) 


5) +3 
2. The expression = 116буу37 65) 


215) 
= 10S) 5 
2:00 7 
(3) fis even “fM=fCX 
of OO+Xx? f(x) =3 
-feo[rex]-3 
А TI EN ВЕ SS ad 
= 1) =15 
(4) -: Ув ода »f (1) -k afCD=-k 


ov f(X+2=f (X)+f 2) 
РиХ--1 


х1(0-10-1102) k-z-k«fQ) 


O ддд EET 


of Q=2k 
Put X= 1 
Sf) =/)+Г@)=Кк+2к=ЗК 


| | Exercise 3 


| First | Multiple choice questions 


(1)а (2)с (3)d (4)b (5)с 
(7)d (8)b (9)b (10)b 
| Second | Essay questions 
a 
(1) E 
1 
в 
à 
2 zx 
E 
" 
y 
The range = [-3 515557] 
(2) y 
5 
5 / 
4 / 
3 Я 
xh 
x вш: 
19) 12345 
š | 
y 
The range = [2 »6[ 
(3) у 
х H 
N ° 
Ч s| 
N 4| 
3 
жи LT а 
64545 49) 


The range = ]2 | 


Functions of a real variable and drawing curves 


(6)с 


(4) 


The range = R 


а у 


* The range = [1 ›6] 
* The function is decreasing on ]- 2 » 1[ and 
increasing on ]1 »6[ 
а 
3 (x? 1) 3 


as 700) = ———— 
x'-n 


Г. Од =Зэхя1 | 
* Тһе дотаїп "| 
19| 

=В-{1,-1} | 
* The range = {3} у 


* The function is constant on Из domain. 
* The function is even. 

* The axis of symmetry is X = 0 
2-Х)(2-Х) 
X+2 
* The domain =R- {- 2} 

~ {4} 


* The function is rs 


(2)ЕС0- =2-х,х+-2 


* The range = IR 


decreasing on 3 9] EN 
its domain. 

* The function is 
neither even nor odd. 


(1) * The domain 
ЕЯ " 
* The range = {2} 
* The function is 
constant on |= ,3[ 
* The function is neither even nor odd. 
* The function has neither point of symmetry 
nor axis of symmetry. 
(2) * The domain =й 7 
* The range ={-3 2} = 
* The function is 
constant on 
155 »o[ T — 
»]o ,=[ y 
* The function is neither even nor odd. 


* The function has neither point of symmetry 
nor axis of symmetry. 
(3) р 


* The range 


1-=›,-1]0{2} 

* The function is constant on ]1 › =[ and 
increasing on 155 О i 

* The function is neither even nor odd. 


* The function has neither point of symmetry 
nor axis of symmetry, 


(4) 


+ The domain = [-2 » 4] 
* The range = [0 +3] 


XE 


© The function is increasing on ]- 2. » 1[ and 
decreasing on ]1 »4[ 
* The function is neither odd nor even. 
* The axis of symmetry is the straight line X21 
(5) * The domain = I. Y 
* The range 
-[o ›=[ 
* The function is 


constant x 


on ]-= $— 2[ 

and decreasing У 

on ]- 2 ,0[ and increasing on ]0 » eof 
* The function is neither even nor odd. 


* The function has neither point of symmetry 


nor axis of symmetry. 


( 6) * The domain = Ж 3 
+ The range = [0 › =f ar 

* The function is |? 
^ № | 

А х 
decreasing мээн 39| "UE x 

on ]-«» » 0[ and | 

У 


increasing оп 10 ›=[ 
* The function is neither even nor odd. 


* The function has neither point of symmetry 
nor axis of symmetry. 


(7) * The domain 2 R - {1} 1 
* The range Ame £ Lx 
EI эф 1334 


* The function is Ir? 
increasing | E 
on |= » Ц and | г 
constant on |1 » =f E 

* The function is y! 
neither even nor odd. 


* The function has neither point of symmetry 


nor axis of symmetry. 


РРРГ”»”--г.. 


= —— - Functions of a real variable and drawing curves | № T 2 


*Thedomain=R | * The range = | » 1] 


* The function is increasing оп |е » 1[ and 
decreasing on 1 | 


* The function is neither even nor odd. 
* The function has neither point of symmetry 
nor axis of symmetry. 
(9) * The domain = Ж 
* The range 
= [0 >of 
* The function x 


у 


is decreasing 
on each 
of Le »0[ + 0 ›==[ 

* The function is neither even nor odd. 

* The function has neither point of symmetry 
nor axis of symmetry. 

(10) * The domain = R 

+ The range = [0 ›[ 

* The function is 
decreasing 
on ]-« ›0[ and 
increasing on ]0 › eJ[ y 

* The function is neither even nor odd. 

* The function has neither point of symmetry 
nor axis of symmetry. 

(11) * The domain = IR 

* The range 
= [0 ,3] 

* The function 
is constant on 
each of ]-« »- 3[ 
>]3 эв and decreasing on ]- 3 ›0[ 
and increasing on о , 3[ 

* The function is even. 

* The axis of symmetry is X 2 0 


(12) * The domain 
=[-3 3] 
* The range 
={0,2} 


+ The function is 


constant on each 
]-35-1Es]-1 »1E]1 ›3[ 
* The function is even. 
* The axis of symmetry is the straight line Х=0 
(13) * The domain 
=[-4,4] 

* The range 
=[1,3] 

* The function 2 
is decreasing 
on ]-4 »- 2[ 
» constant on 
]- 2 » 2[ and increasing оп ]2 541 


* The function is even. 


* The axis of symmetry is the straight line X= 0 


Multiple choice questions 


(1)a (2)b (3)c (4)b (5)d (6)c 
(7)c (8)a (9)d (10b (I)c (12c 
(13)а (4)c 1555. (16)с (ЛЬ (18)а 
(95 (Q0b Db (Q2b (29с (24)с 
(25)с Q6c (27)а Q84 (29b (Qc 
(30а (32)с (33а (34а (35b (36b 
(37)с (38а (39d (40b (404 (42c 


ERE] Essay questions 
ЕВ 


(1) * The domain =R 
* The range = [-3 з | 
* The function is x 
decreasing оп ]-«» ›0[ 


and increasing on ]0 » =[ 


* The function is even. 


* The equation of the axis of symmetry is Х=0 


[9 | 


(2) * The domain =R 


ам 


* The range = п roof 

* The function is decreasing 
оп |-= > o[ and 
increasing on ]O > ==[ 

* The function is even 

+ The equation of the axis of symmetry is X - 0 

(3) * The domain = Е 

* The range х 
=} »-4] 

* The function is 
decreasing on ]0 ›=[ 
and increasing 
on ]-« 5 0[ 

* The function is even. 

* The equation of the axis of symmetry is X=0 

(4) * The domain = В 1 

* The range Ї 
== +2] 

* The function is 
decreasing on ]0 > == 
and increasing 
on ]-=›0[ 

* The function is even 


* The equation of the axis of symmetry is X = 0 


(5) * The domain = № 
* The range = [0 +f 
* The function is 
decreasing on 
]- ›2[ and 
increasing оп ]2,=[ Ў 
* The function is neither even nor odd. 


* The equation of the axis of symmetry is X = 2 


10 | 


(6) * The domain =R 

* The range 
= ]-5 0] 

* The function is 
decreasing on 
13 »=[ and 
increasing 
on ]-« 5 3[ 


* The function is neither even nor odd. 


* The equation of the axis of symmetry is X = 3 
(7) * The domain =R 
* The range 
= [0 ›=[ 
* The function is 


decreasing on ]-«e »- 1[ 


and increasing on 5 1 poof 
* The function is neither even nor odd. 
* The equation of the axis of symmetry is Х=-1 
(8) * The domain =R 1 


* The range = [1 > [ 


* 


The function is 


decreasing on х ] х 
]-« » 2[ and ft EEE 
increasing on ]2 » © y! 


* The function is neither even nor odd. 
* The equation of the axis of symmetry is X = 2 


(9) * The domain =R 


* 


The range = [- 2 | 
* The function is 
decreasing on }-% » 1[ 
and increasing 


on ]1 ›=[ 


* The function is neither 
even nor odd. 


* The equation of the axis of symmetry is X = 1 


Р”. 


-- + = —— Functions of a real variable and drawing curves | 


(10) * The domain =R 

* The range = [- 4 | 

* The function is 
decreasing 
on ]-« » - 2[ and 
increasing on ]- 2 544 

* The function is 
neither even nor odd 


* The equation of the axis of symmetry is Х=-2 


(11) * The domain =й 
* The range 
=]-=,2] 


* The function is 


decreasing on 
]-3 sf and 
increasing on 
1-5 »-3l 


* The function is neither even nor odd. 
* The equation of the axis of symmetry is X=- 3 
(12) * The domain = R 
* The range = ]- 1 5 eof 
* The function is 
decreasing 
оп | »2[ and 
increasing on р | 
* The function is neither even nor odd. 
* The equation of the axis of symmetry is X = 2 
(13) * The domain = R 
* The range x 
EM 
* The function is 
decreasing 
on (0 ,=[ and / 
increasing 


on ]-« »o[ | Я \ 


Ч 
а 
з 

4 
з 
2 

1 


$t 


* The function is even. 


* The equation of the axis of symmetry is Х=0 


(14) * The domain = В 
* The range 
=]-%›2] 
* The function is 
decreasing on 


15 | and 


increasing 
on + LE s[ 
* The function is neither even nor odd. 
* The equation of the axis of symmetry is X = 5 
(15) * g (x) =(Х +2)? 
* The domain = IR 
* The range = [0 » -[ x. 
* The function is 


decreasing on | »- 2[ 
and increasing оп ]- 2 ; | 
* The function is neither even пог odd. 
* The equation of the axis of symmetry is X 2—2 


(16) * g Qo = (x 27 -3 1 


* The domain =й T \ ji 
1333 


T 


* The equation of the axis of symmetry is 


* The range = [- 3 ›[ 

* The function is 
decreasing on 155 »-2[ 
and increasing on ]- 2 » =[ 


* The function is neither even nor odd. 


а 
(1) * The domain =R 
* The range =R 


* The function is increasing 
оп ® 


* The function is neither 


even nor odd 


* The point of symmetry is (0 » 4) 


UNIT 


(2) * The domain = R 


+ The range =R x 3 
* The function is i ] 
increasing on R p 
А 
* The function is ^ 
neither even nor odd. y 


* The point of symmetry 
is (0 »—5) 
(3) * The domain =R V 
+ The range =Й 
* The function is 
decreasing on ® 
* The function is neither | 
even пог odd. 
* The point of symmetry is (0 »4) 
(4) * The domain =R 
* The range = : 
* The function is А 
increasing on IR 39) 
* The function is neither 3 ! 
even nor odd i 
+ The point of symmetry 
is (3 +0) 
(5) * The domain = В 5 
+ The range = Ж ы 
* The function is j 
increasing on R 


* The function is neither 


even nor odd 
* The point of symmetry | 
: $ 
is (—2 +0) y 


12 


(6) * The domain =R 


+ The range = R 

* The function is decreasing 
оп В 

* The function is neither even 
nor odd 

* The point of symmetry 
is (1 50) 

(7) g 00 »-(x-2y 

+ The domain =R 

+ The range = Е 

* The function 
is decreasing on IR 

* The function is 
neither even nor odd. 

* The point of 
symmetry is (2 »0) 


(8) * The domain =R 

* The range = Е 

* The function is 
increasing on R 

* The function is 
neither even nor odd. 

* The point of 
symmetry is (2 > 1) 


(9) * The domain =R 

* The range = Е 

* The function is 
increasing on IR 

* The function is 
neither even nor odd. 

* The point of symmetry 
is (1 »—2) 


OO о cR 


Functions of a real variable and drawing curves і 


(10) * The domain =R 
* The range = Е " 

* The function is 
increasing оп R ч 

* The function is 


neither even nor odd. 


* The point of symmetry 
is(- 15-2) 

(11) * The domain = ® | 

* The range = Е 3\ 


* The function is 


decreasing on R 
* The function is neither я 
even nor odd. 
* The point of symmetry is (1 »2) 
(12) * The domain = № 
* The range =R 


* The function is increasing on R 
* The function is neither 

even nor odd. 
* The point of symmetry 

is (0 5-1) 


(1) | 


* Thedomain-R * The range = [1 | 


* The function is decreasing оп ]-«» ›0[ and 
increasing on ]0 ›°[ 
* The function is even. 


* The equation of the axis of symmetry is X = 0 


(2) 3 


*Thedomain=R = * The range = [—3 > of 

+ The function is decreasing оп | ›0[ and 
increasing on |0 >of 

* The function is even. 

* The equation of the axis of symmetry is X = 0 


(3) 


* The domain =й 
+ The function is decreasing on ]0 | and 
increasing on | ›0[ 


* The range = |< » 2] 


* The function is even. 
+ The equation of the axis of symmetry is X = 0 


11311 


* The domain =È * The range = [0 +f 
* The function is decreasing on |< »-1| and 
increasing on ]- 1 +f 
* The function is neither even nor odd. 
* The equation of the axis of symmetry X = — 1 
(5) x 


ч / 
E 
MN / 
аты v x 
К. a sabe? 
я 
* The domain * The range = [0 > of 


* The function is decreasing оп |. » 3[ and 
increasing оп ]3 » e[ 
* The function is neither even nor odd 
* The equation of the axis of symmetry X = 3 
13 


* Тһе дотаіп= Ж * The range = |-~ ›0] 


+ The function is decreasing on ]- 5 » =[ and 
increasing on ]-% »— 5| 
* The function is neither even nor odd. 


* The equation of the axis of symmetry X=- 5 
(7) t 
\ ш а. 


< K 2 


х 
335 2 5721) 


* The domain * The range = [- 1 ›=[ 

* The function is decreasing on ]-«» ›—2[ and 
increasing on ]- 2 » =[ 

* The function is neither even nor odd. 

+ The equation of the axis of symmetry is X=- 2 

( 8) * The domain =R 

* The range = [3 » -[ 

* The function is decreasing 
on |= »2| and 
increasing on ps “| 

* The function is neither 
even nor odd. 


* The equation of the axis of symmetry is X= 2 
(9)*g (0) =1х-21+1 % 

* The domain =R 

* The range = [1 » -[ 

* The function is 
decreasing on |= »2[ 
and increasing on ]2 »e[ у 

* The function is neither even nor odd. 


* The equation of the axis of symmetry is X = 2 


(14) 


* The domain * The range = [~-= »4] 
* The function is decreasing on р» °[ and 
increasing оп ]-«» » 2[ 
* The function is neither even пог odd. 
* The equation of the axis of symmetry is X = 2 
(11) * The domain = R 
+ The range = [0 > -[ 
* The function is decreasing 
on |= s О[апа 
increasing on ]O » | 


* The function is even. 


* The equation of the axis of symmetry isx=0 


» 


Hn 


113436145 


*Thedomain=R *Therange- [2 | 


* The function is decreasing on | » 7[ and 
increasing on ]7 » =[ 
* The function is neither even nor odd. 


* The equation of the axis of symmetry X = 7 


3) } 


* The domain =R + The range = [-= » o] 

* The function is decreasing on ]1 » =[ and 
increasing on ]-« » 1[ 

* The function is neither even nor odd. 

* The equation of the axis of symmetry is X = 1 


ОСЬ 


Functions of a real variable and drawing curves | 


(14) 


* The domain 


|-= ›5] 
* The function is decreasing on ]- 2 > = and 
increasing оп |-ө s- 2[ 


* The range 


* The function is neither even nor odd. 


(1) 


у 


* Тһе дотаіп = Е {0} * The range =R- {2} 


* The function is decreasing on JO » 2[ » |-c> ›0[ 
* The function is neither even nor odd. 
+ The point of symmetry is (0 » 2) 

(2) 


* The domain = Ж – {0} * The range =В- {1} 
* The function is increasing оп ] 0 sef, Le »o[ 
* The function is neither even nor odd. 


* The point of symmetry is (0 » 1) 


* The equation of the axis of symmetry is Х=-2 | 


* The domain =R- [- 2} 
* The range =R- {0} 
* The function is increasing on | »- 2] 
НЭГТ! 
* The function is neither even nor odd. 
* The point of symmetry is (- 2 +0) 
(4) 


* The domain =®- {3} * The range =®- {0} 
* The function is decreasing оп ]-« » 3| » ]3 +f 
* The function is neither even nor odd. 
* The point of symmetry is (3 +0) 

(5) 


+ The domain = В - {2} 


mR- {3} 


ж The function is decreasing on ]-«e »2[ 5 +f 


* The range = 


* The function is neither even nor odd. 


* The point of symmetry is (2 » 3) 


15 


* The function is decreasing оп | »- 2[ + 
]-2 ›==[ 
* The function is neither even nor odd. 


* The point of symmetry is (- 2 » 1) 


* The domain = В - (- 2) 
* The range = - {3} 


* The function is increasing on |= »-21| 
3]-2 se 


* The function is neither even nor odd. 
* The point of symmetry is (— 2 »3) 


esl 
(89809-421-3 


* The domain = IR {4} 

* The range =R- {- 3} 

+ The function is increasing on ]-«e 54| › ]4 »-4[ 
* The function is neither even nor odd. 

* The point of symmetry is (4 » —3) 


* The domain =R — (- 2) * The range =R- {1} 


* The domain = R — {0} 


* The range = IR — {1} 
* The function is decreasing on E »o[ > Ю sf 
* The function is neither even nor odd. 


* The point of symmetry is (0 › 1) 


_(х-2)-1_ 
(0) g Q9 = 


* The domain -R- {2} * The range iR {1} 
+ The function is increasing on |-= »2[ » 2 sf 
* The function is neither even nor odd. 

* The point of symmetry is (2 » 1) 


3 
0800-4242 


lll 


+ The domain =R- {-1} * The range =R- {2 


* The function is increasing on |= »-1| » 
ELI 
* The function is neither even nor odd. 


* The point of symmetry is (~ 1 »2) 


2g09-9X-9*1. 


* The domain = R - {2} 

* The range = Е - {2} 

* The function is decreasing on ]-«» 521 » 2 ›%[ 
* The function is neither even nor odd. 

* The point of symmetry is (2 »2) 


Functions of a real variable and drawing curves | 


)|u 


(1)fe9»-1 (2)/00-Х 
(3) 700=(х+2)2-3 (4)/00--(Х-1/ «2 
(5)700-Х7 (6)f 09 = (x-2) 


(7) f 092 oce 1-3 


(8)f0021x-21-3 
(9)709--1Х-11-3 = 


(10) f (0 = 


= 1.162 
(il) f == +2 


Oo 

(1) f, =f 0+1) 
=(х+1) 

Е 


(12) f C9 = 


х+ 


* The domain = 


+ The range = [0 > =[ я 
(2) f,00=f 00-1 ! 

=х?-1 \ 

* The domain =R ^ \ ' 


* The range = [- 1 » [ ШЕ, 


(3)f,0922-f (X- 1) 
22-(x-1» зү 

* The domain = IR Е \ 

* The range = ]-<° ›2] P \ 


(4)g, O0 2 g(X- 1) 
=(х-1) 
* The domain =R 

* The range =й 


а 

*800 =|х-3| 

*в (9) =1Х|-2 
*2(0=1х+31+2 

[8] 

*g(x)=(x-3)° 

*hog=x?-4 

*200)= (0+4) -1 

[1] 

(13700 =(х-2)° (2)8(0=х+2 
(G3)8002Xli«2 (900941 
(5) 0) (6) (1,2) 
(7)Х-2 


(5)g CO -g(X-D42 5 
-(х-1у +2 1 | 
* The domain =R ‘| / 
* The range 4 ВР. 
à Xx 
Газ 


(il зрә! әйт (самар alite сА >ш, зай | 17 


к, 097 $k09-3- 11х1-3 
* The domain = Ж 
* The range = ]- 3 ‚=[ 


(7) 


a, (X)=n(X-2)= 


x-2 
* The domain =R — {2} 
* The range = — {0} 


(8) д 


1 
х»! 


п, (Х)=2-п(Х+ 1) =2- 
* The domain =R- [- 1] 
* The range = IR ~ {2} 
ш 
(1) 
* The range 
zR-[-151] 
* The function is increasing 
on ~ {0} 


18 


* The range 1] 
* The function is decreasing on |-4 »0| 
» Jo ›4[ 
(3) " 
| 
. | 
s | 
af- 
3 f 
ы 5113 
х а x 
2 EESE 


рэн 


* The range 
* The function is constant оп |= ›0[ and 
increasing on JO > of 


Higher skills 

(1)() (2)(b) 

Instructions to solve: 

(1) *- The curve g (X) is the same as the curve f (X) 
by translation 3 units to the right 


(3)@ (4)@ (5) (с) 


2. Each point of the intersection points of the 
curve with the X-axis move 3 units to the 
right too 

n ХЕ{-3+3,1+3 ,0+3} 

їе. ХЄ (05453) 

(2) +: The range of the quadratic functions = [1 oof 

4b-221 3.3 


ть < о ин 
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s ' the curve passes through the point (3 » 2) (7)12Х-71-5 &2х-7==5 
х1(03)-2 2 8-а+1+1=2 х2Х-7-5 ххэ 
' = (4-a) =1 or 2Х-7=-5 Хэ 
ла=4=1 г. The S.S.={6 ›1} 
(3) -- The curve of f (20 is the same as the curve of (8)|2Х-3|-7 :2Х-3:57 


g CÓ by translation one unit to the left 


г. The function is increasing on } 1 > 


(4) The curve y =3 (X—5) +7 by translation 


3 units to the right and one unit downwards г. The 5.5 


хуз3(Х-5-37-7-1 (9)1х+21=1 дХ+2=+1 


ду=3(-8)+6 “X=-1 ог 


(5) ~ The function is symmetric about y-axis 


2809==хХ+2 (10) 31Х1-3 : 
хха! ^ The S.S.={1 »-1} 


|| Exercise (5) anix-3|slx 1l 


2 Х-3==(Х+1 
| First | Multiple choice questions sN 


(1)Ь (2)c (3)а (4)с (5)a (6)c 


;. Х-3= X + 1 (refused) 
1 


or x-3 


(7)с (8)d (9)a (10b (Ш)с (12c 


л X= 1 (satisfy) 
a3)b (14а ^ Tee SS. (1) 
| Second | Essay questions (12)1х+51=1х-31 
ET 2 Х+5=+(Х-3) 
(1)1х1=7 X=? 2 X+ 5= Х- 3 (refused) 
+. The $5.=47 ,-7} orX+5=-X+3 42X2-2 
(2)|X|=—3 (refused) л The SS.= 2 <^ X=- 1 (satisfy) г. The S.S.= {- 1} 
(3)41х1=20 А1Х|-5 (13)1х-11=12х+31 
2 Х==5 ~ The 8.8. = {5 ›-5} X— Lee (2X43) 
(43323122 eer 2 X-1=2X43 2 X=—4 (satisfy) 
orX-1=-2X-3 1 3X=-2 


X24 ог Х=0 


ee 
^. The SS. = {4 ›0} Е а, 


(5)1х-31=0 = X-3=0 «The SS.= {-4 > 22} 

-nXz3 г. The SS. = {3} (14) :|2(x-3)]21x-31 
(6)1х+31=6 2 Х+3==6 л21х-31=1х-31 1х-3|=0 
“X23 o Х=-9 2 X-3=0 2 X=3 

^ The 5.5.= {3 ›-9} г. The S.S. = {3} 


1 


——— 


(512x«1|21x-31 д2х+1==(Х-3) 


22Х415-Х-3 л X=—4 (satisfy) 
ог2х+1=-Х+3 х= (satisfy) 
^ The 88.={-4>4} 


(16)|х-11-21Х-21 


2Х-1-42(Х-2) Х-1-2Х-4 
л Х=3 (satisfy) 
огХ-1=-2Х+4 23Х-5 


Хэ i (satisfy) 


ат -dx3-4x«424 
2-2 =4 


лх-2==4 


7. Х=б or 
7. The S.S.= {6 ›-2} 
08)|х-31(1Х-31-1) =0 
<. 1х-31= 0 and hence X=3 
ог|Х-31-1=0 ..хХх-3=1 
and hence X-2 ог X=4 


^ The 5.5.= [3 3254] 
a9 422-12 x «9 21x11 
„Бо x-3* 21x11 


:12Х-3|-1х»1| 


Х-3-4(Х-1) 
д2х-3=х+1 7. Х=4 (satisfy) 
or 2Х-3--Х-1 


те SS.= {4,2} 


(satisfy) 


(20)1х-111х+11=1х-11 
л1х-11(1х-11-1) 
М1х-11-0 
ог|Х-11-1-0 


0 


г.Х=1 

и. Х+1==1 
2 X=0 or X=-2 

^ The SS.={1 50 »—2} 


(23) |x 


ax -1=426 


^ 25 (refused) 
or X? = 27 and hence Х-2313 
^ TheSS.- [343 › -313 } 
Q2) (1x 112) (1c 1 |-5)=0 
2. |X+1]+2=0 (refused) 


or|X+1/-5=0 
2 X+1=+45 and hence X=4 or Х--6 
^ The S.S.= {4 »- 6] 


2|x-5| 


А1Х-51(|Х-51-2)-0 


7 [X-5|20 and hence X 2 5 


or|X-5|-220andhence X-5- £2 

Х-7 or X23 

^ The S.S.= {5 5753] 
(24) X? « X- 10 - 2 10 2X? 4xX-10=-10 
nx 4+x=0 a X(X+1)=0 
7. X=0 or X=-1 
or X°+X-20=0 л (X+5)(X-4) =0 
2 X=-5 о X=4 


^ The 5.5.= {0 >—1 9-5 54] 


* We shall give the solution graphically and you can 
verify it algebraically. 

* Draw the curves of the two functions f (X)> g (Х)» 
the X - coordinate of the intersection point of the 


two curves represents the S.S. 


(1) 7IxI24 д ГО =1х15800=4 


From the graph : The S.S. = {4 »-4] 


а о = 
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дд = g 09 =—2 


From the graph : The S.S. = Ø 


(3) v 1х-4 + |(Х)-1Х-41 8003 


From the graph : The $.5.= {1,7} 
(4): |Х+1|=3 


М)(Х)-1Х41198009-3 


A 
SLELULT 
: иа 
Ж айл, в dex 
52391 
| 
4 
y 


From the graph : The S.S. = (2 »- 4] 


(5) 7Ix*2|22 2 Год =х+215 800 =2 


(6)*|x-3126 г. Год =|х-3|.в (29 =6 


From the graph : The S.S. = (9 »-3] 


(7)/00-12Х-5|ээЕС0-3 
у 
N 
à 

-4-Ү--2-- 

€ LLA R 

то газ 
? 
я 


(8) V¥&-2) 


n РО) =|X-21 2800) 


From the graph : The $.5.= {5 »-1] 


(9) (0 =|Х- ИЕ 00) =1х+31 


у 
х 6} Z 
` | , 7 
s / 
n» / 
\ ND / 
` ж | / 
Ч ч оч v h 
х. М, X 
1 


From the graph : The S.S.  (-1] 


UNIT 


From the graph : The S.S. 


(12)-1Х-2|15--1Х-1 
21(Х)-1Х-2|э8(Х)--1Х-1| 


From the graph : The S.S. = Ø 
(13) (0 =1х-31›8 (20) =12х+1| 


28:41 1 м -х 
43-9 12345 


From the graph: The $5. 4-4,2} 


22. 


[3] 
(1)f -2)--Х1-Х1--Х12 
1. The function is odd. 


--f00 


(2)1-20-(-Х/1-х1-14Х21х1-1-700 
~. The function is even. 


Ix«42|442f (0) +- f C9 
^. The function is neither even nor odd. 


(4)71->Х= 


2. The function is even 
(8) f C29 2 2|- X|tan (- 29 +2 (- 20 | tan (- 20 | 
-2|X|(- tan X 
2-2|X|tan X-2 X|tan X| =- f (Х) 
2. The function is odd. 
о 3 


From the graph : 


* The function is 
decreasing оп ]- e ›3[ | 


and increasing on ]3 »ес| iia 
* The S.S.= {0,6} л 
| © 3 
| From the graph : 
| * The range = [-3 544 x X 
| * The function is decreasing l і 
DE 
and increasing on | x seo, 
* The 5.5.={-1›-4} 
* The algebraic solution : 
:12Х451-3 12Х+5=+3 
12Х+5=3 then Х=-1 
or2X+5=-3 thenX=-4 
a ^ 
From the graph : е ý 
* The range = ]- e » 1] * a ao " 


* The function is increasing on 


155 »o[ and decreasing on 
Jo >of 


ИИ 
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+ The function is even because it is symmetric about | . ху Eo +f 
the y-axis 
* The $5.2 1-2,2} iid 1 
d » you can verify algebraically. LXI 2 X=-1E} @ ›0[ 
E. m ^ The S.S.= {13-1} 
u 
тпіга Higher skil 
The domain of [Third gher skills 
х. 
the function f is R a)0) (2) ®) (3) ©) 
(4) (©) (5) Ф (6) (а) 


From the graph : 
Instructions to solve : 
* The range = [0 ›=[ З 
(1) The domain =R- (-2 ›2} 
* The function is decreasing on ]- = » 21 асам еа aw. 
U|[Xl*az х= ^as- 
and increasing on ]2 + = [ ч " 
(2): 0+2) =1х+2-21+4=1х1+4 
* The function is neither even пог odd. 


эг f(X+2)=6 21х1+4=6 
* The SS.={-1 +5} 


д =2 &Х=®2 


The algebraic solution : s Thes. р » 2) 


:[x-2|23 nxX-2-253 


(3) 2 f(X*2)21x42-2|«42|X|*4 
д Х-2=3 еп х=5 or X-2=-3 then X=-1 


эл f (X42)=3 21х1+4=3 
п д\х|=-1 хТве85.--0 
ats 
f,C0=1X-114,00=21x-F 1 (4) +: 1x-31213- XI for all values of X 
s The S.S. 2 IR 


(5) v Ix e1£ +12x4+31=0 


2 Х+1=0 2Х--1 
1 and in the same time 2 X 4 32 0 
: EIL 
From the graph : The 5.5.= {2 +4} "Ж 
„к = and this is a contradiction 
ын Я : ^ The S.5.2 0 
vfCc3scxl-xlisx'Ixi-f00 
6 (6) 10-1) (-3)1=1х-31 
~. f is even 
200 ô А|Х-31|Х-11-1Х-31:0 
х » Xz 
1002 PAR "wu 
ee » X«0 21х-31(1х-11—1)=0 
з 21х-31=0 £23 
_]х » Xz0 
|х > X«0 or|X-1|21 и Х-1=+1 
Xz0or2 
atx20 хх. 


хТве858.-1(09293) 
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(30 (1012x-3|»4 х2Х-3»4 
»then X» J or2x-3<-4 sthen x<- 4 
ШЕ Muitipie choice questions ^ The sS.=m-[-4,2] 


Ч с 6) 
(Е (2) (35 (4c (5)с (6)с aav (acc «3 o И 
(7)а (8)b (9)4 004 (Dd (2b 


--35Х-353 -05Х56 
(зс (4b (15)b (19a (17)с (18)4 
2 The S.S. = [0 +6] 
Essay questions z7 
(13) ~x- 24 441Х-11:4 
a /. X-124 sthen Х>5 
6х3 =7 cage orX-15-4 then X«-3 


г =[-2,8 
2 The SS. = [-2 +8] керү 


(2)X-3z5 then Х=8 
X-33-5 thenXs-2 (14) 2|х-2|<6 А|Х-2|«3 
оХ-35-5» -2 


n-3«x- pis 
^ The SS. -R - ]-2 »8[ <X-2<3 2-1<5<5 


^ The S.S.=]-1 ,5[ 


(3)-5«2X-3«5 2-2«2Х«8 
2-1<Х<4 ^ Те 8.8.=]-1,4[ | (15)13Хх-2|+2х2|3х-2|=20 
(4)2X+5>3 then X»-1 2513 Х-2|>20 :13Х-2|»4 
or2X45«-3 ›Шепх<-4 n3X-224 3 


sthenX2=2 or 3x-2s-4,thenXs- & 


г. The SS. - IR - [-4 »-1] 3 
х The 5.5.=8- ]=2 »2[ 


(5)-10<3x-5<10 — ..-553x«s15 на 
›-$ =х=5 хТве88.-1-355| | EB 

(6)1x-31«7 д -7<х-3<7 (1)]-4 »0[ (2)R-[-1 5] 
7n-4«X«10 г. The $.5.= ]-4 »10[. | (32 [-5 »- 1] 

(7)7-4s2X*6s4  .-10s2Xs-2 Ba 
м" The following is the graphically solution» verify 
^ The SS. - [-5 »- 1] algebraically by yourself : 

(8)]5-x|»3 (1)700-41Х-11э600-3 
2Х-5»3 AX 
or X-5«-3 AX 


^ The SS. =  - [2 8] 
(9)-752Х-3:7 ^4-10s2xs4 

/-55Х52 

^ The $.5.= [- 5 +2] 


00)12Х-315-1 ^ TheS.S.=@ From the graph : The 8.8.-1-254| 


(24 | 
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From the graph : The S.S. = [-3 » 7] 


(3) (00) -1Х441»86(Х)-2 y 


From the graph : The S.S. = [- 6 »- 2] 
(4)f002|X*3l*g00722 


From the graph : The S.S. =®- ]- 5 ›-1[ 
(5) 00 =12-Х| 809 2-1 
х 


From the graph : The S.S. = 
(6)1(Х)-1Х42|эЕС05-1 


From the graph : The 5.5 


(7) f 00=21х- 


| on 32x Е 


2 РО) =1х+1158 (®=3 


From the graph : The $.5. = Ж - [-4 +2] 


| (1) 7 -45X54 11х14 
| (2) 0<X<6 »adding (— 3) to the terms 
of the inequality г. -3<Х-3<3 
1х-31<3 


(3) | Xs-20rXz2 


(1) Let the mark of the student be X 


^\х|г2 


2.60 < X < 100 » adding (—80) to the terms of 
the inequality 

2-20<х-80<20 2 1|Х-80|«20 

| (2) Let the temperature = X degree 

| җ- 35 < X 42. » adding (— 38.5) to the terms of 
the inequality 


2-35«Х-385«35- 


Higher skills 


(© (2) (с) (3) (а) 
(4) (с) (5) (с) (6) (а) 
Instructions to solve : 
(1) b«0 л1а1ь<0 
і.е. | a |b always negative 
(2) хЄ[-1 »4] ^-1sX3s4 
2-252Х58 "^ -5<2X-3<5 
-[2x-3|s5 
(3) {х?-4х+4>0 
V&-2F >0 < 1X-2|>0 
г. itis satisfied for all values XER - {2} 
(4) - |xXl+lylelxe+yl 
и 
2. The smallest value of the expression 
нны 
(5) 7 32<61 «64 EE «2* «25 
A5«X«6 
2 |X-6|=-X+6 » |Х-5|-Х-5 
2 |X-6|4+|X-5|=-X+64+X-S=1 
(6) г a b»0 2. bis positive 
(v0 7. a is negative 


да =|а|=-а › Ybi-|bI-b 
А+ — (b- 2) = -a-& b — ba zero 


Answers of Life Applications on Unit One 


£s 

(1) f (5000) = 3. x 5000 = 12500 L.E. 

(2) f (10000) = 2 x 10000 + 2500 = 22500 L.E. 
(3) f (50000) = 3 x 50000 + 10000 = 85000 L.E. 
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#3 

Р()-41 
(1)Р(3) =4х3 = 12 length unit. 
(2) P (43) 24x 15 =15 length unit. 


A(nezr? 
(1) A(4) = 1s square unit. 


(2) A (5) = 25 Л square unit. 


(3) 
100-50х 7 

ай “ 

эю 

- 

ю|/ 

k PEN x 
Bg 


Let the width of each piece = y m. 
(1) -~ The length of each one = X m. 


and the area of each one = 400 m? 


д Xy 400 axe Х 1 
y y 


(2)у= 9 


х 


10 20 0 40 50 60 70 № 90 100110120 [30 140 150 160 


(3) When Х = 25 т. ~. 
о 
(1) 5 The point (0 › 3) belongs to the curve of the 


function 


~. © » 3) satisfies the equation of the function 


OO TD <<< hh 
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109 =а(Х-2 +4 


2 3=a(-2) +4 3=4а+4 
! 24а=-1 а=-1 
(2) +: The point of the vertex of the curve is (2 54) 


2. The maximum height of the gate = 4 m. 


(3) The width of the gate - 2 +2 =4 m. 


Ig 

The two roads intersect at f (X) = g (X) 
А1Х-4143 n Х-4==3 
.Х-4-3 >Х=7 

ог Х-4=-3 хХ-1 

эт Е(7)=3 » 8(1)=3 


+ A(1 +3) »B(7 53) 
г. Length of AB=7-1=6 
л. The distance between A and В = 6 km. 


о 

Let the expected temperature on that day = X 
21Х-321-7 2.Х-321:37 
2. X-32=7 2 X=39 
orX-32=-7 > X=25 


2. The expected temperature recorded is 25° ог 39° 


a 

Let Bassem's weight = X kg. 

21Х-60|-5 = Х-60=+5 
.Х-60=5 2 X=65 
огХ-60--5 2 Х= 55 

г. The probable weight of Bassem = 55 kg. ог 65 kg. 
ш 

2В=(8 34) 19 =418-51=4 


г. В lies on the curve of the function f 
2. The black ball will be fall in the pocket B 


ш 

Let the height of the applicant = X cm. 

7. 178 < X < 192 » adding (— 185) to the terms of the 
inequality 

д-7=х- 185 57 


12) 

| Let the aviation speed of the plane = X km/hr. 

+. 700 = X « 900 by adding (- 800) 

7. — 100 = X 800 = 100 7. |x- 800 |< 100 


ш 

~ |x- 1600 | 15 

2-15 = Х- 1600 $ 15 2. 1585 = Ха 1615 

г. The greatest weight of the сап = 1615 gm. and the 
least weight — 1585 gm. 


хх - 185157 
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Answers of "Unit Two 


ri 1 


ЇЕ 


Multiple choice questions 


(4)с 
(10) c 
(16) 4 
(22) с 
(28) b 
(34) с 
(40) b 


(2)4 
(8)4 
(14)а 
(20)с 
(26) а 
(32) а 
(38) а 
(44) а 


(3)b 
(9)4 
(15) с 
(21) с 
(27)b 
(33) а 
(39) а 
(45) с 


(5)b 
and 
(17)ь 
(23) с 
(29) b 
(35) а 
(41)b 


(1)b 
(7)b 
(13)b 
(19) b 
Q5c 
(31) с 
(37) с 
(43) а 


Essay questions 


(6)c 
(12) с 
(18) 4 
(24)а 
(30) а 
(36) b 
(42) d 


гав) «fie = 64 

= 
о (вз 2) оз 4 - = (5 ys 1 „125 
(ЗС к 


саз (тоу = = (10$) 210204 
(594 (2-13) -12-43122-43 


"| 1-17) 411-471-17-1 
(8) 


Кие, 
(823 47 y 


(9) 27)? ТА е 


аш ав + 8) = (2 2}. 2 
«уух =41х1 (12)(-32х7--2 

(13) {ваъ = 2a! p 

(14) +64 (a? + 3)° = +8 (а? +3) 

as (гай =3|1?| (16) (128(4557-2(44-5) 


=2%"+?+!-"-3-6 


SE IR A! 
zz 8 


O о ОИ 
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6х+2-6х-2 


| (1) Error because 


TT 
By 
(2) Error because X = + (4) =+8 


(1) 7? 36 e 
z. The SS. = {6 5-6] 


(1) -3х:4-3 х4-3,1 
8 8*3 : 
х4-1 .xi-8 x=(2°)3 
X=2=16 +. The S.S.={16} 
-5 & 
2 --х 2=3 x= в 3 
5123 
тһе55.= {1} 
2 ak 
3) - x3=5°? х=+(57?)? 
5 EE 0С 
^ The SS.= [ туу эт 
à 4 
(14) -: (X4+1)F=8 2 х+1= (22)? 
дх+1=16  2X215 
7. The SS. = {15} 
5 3 
(15) -: (Х-5)2=32 :Х-5-0(2)3 
лХ-5=4 2х=9 
г. The S.S. = {9} 
4 3 
(16) -: ХЗ =3* д Х=+(35)4=+32=+27 
2. The S.S. = {27 ›-27} 
(17) ~ (x- 108 =2 5-1 = 25 22-8 
>Х=9 7. The S.S. - {9} 
3 
(18) : 2X+3=4(3°)4 22х+3=+27 
22х=24 ог2Х--30 
хХ-12 огХ--15 
г. The SS. = {12 ,-15} 
(19) -(х-2-9 «4x27 
22Х-49 г. The S.S.= {49} 
Q9): (2-1) (x34) =0 
2 
л X5=1 sthenx=+1 
or x$=4 sten X=+(22)2=432 
^ The S.S.= {1 5-1 932 ›-32} 
[10] 
(1)3***29 g 3х+4 = 32 
2х+4=2 1Х--2 + TheSS.={-2} 
x-s 1 .5x25. 5 
(2)25:5-4 22277262 
АХ-5--5 X20 -TheSS.-(0] 
(30 


(8) 


(6)5**324x83 


хез 1 
(1) 2x4**? = 35 


m 
дх=-6 
a»(3) 5 
2Х-1=3 
n X=2 
-2 
в»-(877-3 
х-2=- 
The SS.- (- 1] 
14): 2*x57*- 5 
(3)*-(3) 
х-2 


ther X=5 or X+2=0 


^ The 5.5.={-2 »5} 


г. The 5.5.= (3 5-3] 


xe3_ 1 
4778 
X+3=-3 
The 5.5.= { 


«x 


а eene eee eese 000 


се лж йн 
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аз)({т)**?!=49 x (тул -(17) 
+ |x+2|=4 2Хх+2=%4 
+ 2 Hither X+2=4 »then Х=2 
огХ+2=-4 sthen Х=- 6 s» then 
2 The SS.={2 ›-6} 


a95* get $X =5***8 
nLx'-2x48 nx!-2x-820 
х (Х42)(Х-4)-0 
-2огХ-4 ~ TheSS.={-2>4} 
ш 
(1)3*43!**236 23"(143)-36 
43*x4236 23729 


2 35-33 
2 The 5.5. = {2} 


(2)5**! 4577! 226 25*"(545 )-26 
26 dis 


a 5*х 4} 226 
s TheSS.- {1} 


2х=1 

(3)3х*2-35*2=162 .. 3* (3° -37) = 162 
=3”=9 
2 Х=2 


(4)2**! 0235-32-56 BY? (8—1) =56 


д BX? x7 = 56 
E gx 


2127528 


23х-2=3 
23х=5 й 
^Те$5.={5} 


T" 


a 32х-3х3*=0 
г. 3* =0 (refused) 


*z3 


(8) 9*-3x3*-0 
23*(*-3)-0 
or3*-3=0 
^ The 5.5.= {1} 

(6)25-27:5-12 

5 
227+: = 12 (multiplying by 27) 
2225 +32=12х2* 

222512 х2^+32=0 

205-4) (2*-8)=0 

7. 2*24 then Х=20г2* - 8 » then X 73 
^ The S. - {2 53] 


(7) Multiplying by 5* 
252530 х5+ 125=0 
2065-5) (5*-25)=0 
55*z5 дХхаї 

or5*-25 Pi ir aas 

г. The SS. 2 (152] 


и 
N 


(8)4*42**! «8 = 22%+2 (2)*-8=0 
2. (2% +4) (2*-2)=0 


2*2 — 4 (refused) or 2*=2 


ЮУ ЭЭ! ^ The S.S.= {1} 
Higher skills 
(1) (<) (2) 09) (3) (4) 
(4) (а) (5) (а) (6) (d) 


Instructions to solve : 


(1) {2 х{з={х 
« (Nx) - (2) «087 
2 Х=8х9=72 
(2)5**! 45* 2 5* (541) 25* x 6 


^, The number (5 ** ! + 5%) is divisible by 6 


(5) -: nis an even integer 
^. X" » 0 for all X € iR" 
2 3 3 
(6): ХЗ =a a x=at=(Ya) 
г. it must be a > 0 
ic.:a€IR* U {0} 
Activity 
(1) 458.69 (2)19 


Exercise | 8 


Multiple choice questions 


(1)4 (2)d (3)a (4)b (5)с 
(7)с (8)c (9)a (0c (Ша 
(13)b (1c (5c (6a (17а 
494 (20)с (20а Q2d (23)а 
(25)b (266 (27)с (28)с Q9)b 
(30с Q24d (33a (34)с (35а 
(37b (38)b 

Essay questions 

a 


(1) Not exponential. 

(2) Exponential function » its base = 5 
sits power = X 

(3) Not exponential. 

(4) Not exponential. 

(5) Exponential function » Из base = 3 
»its powerz X- 1 


( 6) Not exponential. 


1+4) -10+3) sx: 5x3 
f(X*5)-f(X«4) 5х+5_5х+4 


e 
LH.S. = f (a) x f (b) 
-23'x3'23'*"-f(a&b)-RHS. 


(6)c 
(12)¢ 
(18) с 
(24) а 
(30) а 
(36) b 


LHS.. а Бох. 


Sede ly gett 55-1 gee 


хараа 
LHS.=2 2 =? 

я 
[32 ] 


(1): 100 =8 2*-8 
52422 2 x=3 
<. The SS. = {3} 
(2) fH Nah 52x 
5 лх+1=-5 
х=-6 А The 5.5.= [- 6] 
53 
(1) 109 =27 s3**!227 
355123? 2 Х+1=3 
fed, ^. The 5.5.= {2} 
ч ай. ‚ах-1+1_ 1 
(2): /(Х-1)=% ag =4 
3*237* 2 X=-2 
The 8.8.-1-2 
(8) 
(1) f 002343 
27022343 
х-2=3 
The S.S. = {5} 
А AL 2x-2 1 
(2) f QX97 p 7 = 
желе 
2x-2--2 22x20 
x=0 г. The S.S. » {0} 
L9] 


vfQx-0)«f(x-2)-50 
4 qüx-ned, 4-21. 50 

. PX 7*7! = 50 (multiplying by 7) 
7x 7P*+7*-350=0 

a (7x 7* +50) (1*-7)=0 

71x 7* +50 =0 » then 7* = =50 (refused) 


E 
or7*-7=0 ater axel 
ш 

35+! + 35-190 a 3*7! (94 1) = 90 
35-132 4x-122 
Х-3 


Exponents, logarithms and their applications | 


x 


= 68 4*7! (16+1)=68 
=1 
yf QX-1) +f, 0+1) = 756 
PAV GEES аты: а 77 
2.325 x 28 = 756 
3% = 81 
2х=4 
L3 
2x-1 42x«1.. 50 . 2х-1 = 50 
7 +7 = 49 v7 (14:49) = 39 


М2Х-1--2 
-1 


MX 


235513 30 (multiplying by 3777 ) 


 32®^+3%-10х3х3®7!=0 


2. 3?*_10x3*+9=0 


3*=1 x D 
or 3*=9 Хь-2 
[15] 
2 225-6х25*+8=0 2. (2*~2)(2*-4)=0 
-.2*22 д X=1or2*=4 (-2 


mese э2) 


gi D-13430 


LH 


EITE 


ge 


3x45 
x3 X*5 _ 43х+2+3х+5-3х-8 


EEST] 


35-1 у(х) 


д (3*-1) (3—9) =0 


e 


o! 


ш | 
(1) 


The domain =R › the range = 1 
» the function is increasing on its domain. 


The domain = К > the range 
» the function is increasing on its domain. 


(3) у 
6 
4 
^ xm 
х i dy 5 
»349 1 LEUTE» 
К) 


The domain = В » the range = R* 
s the function is decreasing on its domain. 


(4700 2279-2 E y 


4 
4 
3 
iN fos dy 
№ Lol ^4 
340 12345267 
y» 


»the range 
» the function is decreasing on its domain. 


The domain 


33 


ЭГЭЛ iate cL рајн 


‘The domain = IR » the range 


»the function is increasing on its domain. 


(18) 


(1) From the graphical representation of the two 


functions : 


1:1(Х)-3"»а:8(0-3 


( 2) From the graphical representation of the two 


functions : 
РРО) =2х* ‚в: в (0 =5 
Y, 
| 
x. 
" 
^ The S.S.= {13} 


( 3) From the graphical representation of the two 
functions : 


1:100)-3"эи:8(0-4-Х 


(34 | 


{1} 


( 4 ) From the graphical representation of the two 


2. The SS 


functions 


Ў: ГОО =3“*' в: 8 (= 


^s The 5.5.={-1} 
(5) From the graphical representation of the two 
functions 


FifQ=%ogigQ=4FX+1 


z. The S.S.= {0 »- 1} 


( 6 ) From the graphical representation of the two 
functions : f: f (X)=2* +g: g (х) =2Х 


From the graph : 
QO)f£ GD«17 
(2) When 357! 


сүх 
The sum of money с =a (1 +x ) 


= 8000 (1 + 905 


y" 


11256.8 


(1) The number of population 


after n years since 2000 = a (1 +r)" 


2433 (1455 


14125 
+ 100 


= 43.3 (1.015)" 


ents, logarithms and their applications ! 


( 2) In 2020 ; the number of years 
will be = 2020 — 2000 = 20 years 
7. The number of population 


= 43.3 (1.015) = 58.3 million people. 


[23] 


а=3 ru. 
а = 36400 » г 100 0.04 


t = the number of matches 

s the numbers of fans (y) = a (1 ~ г)! 

36400 (1 — 0.04) 
= 36400 (0.96) 


» in the 10" match : 
The numbers of fans (y) = 36400 (0.96) ° 


= 24200 fans. 


а = 1850 эг= 


= 0.09 
) 


9 
100 
(1) The production after n years : 
г)" = 1850 (1—0.09)" 

= 1850 (09177 
(2) The production after 8 years = 1850 (0.91)" 


870 kg 


1 (а)-а(1 


= 2000 »г= 0.07 »n 2 10 


^ The sum of money с =а (1+2) 
= гооо (1 + 947 )^* 
( 1) At yearly interest -1 
2. The sum of money с = 2000 (1 + 0.07) 
= LE. 3934,3 


10 


(2) At 6 month's interest „Х=2 

- The sum of money c = 2000 (1 + 292)!°** 

= L.E. 3979.58 
2x22 


is ыг 


(3) Monthly interest 


jn? 


2. The sum of money с = 2000 ( 


= L.E. 4019.32 


-+ X= 160000 (0.95)" 

(1) >. The car is brand new 
=. X = 160000 (0.95)? = L.E. 160000 

(2) After 5 years хи 5 

= 160000 (0.95)? = 123804.95 

~. car price after 5 years of its buying date 

= LE. 12380495 


gl 
After 8 weeks 
2. The number of salmons in this lake : 
f (8) = 200 (1.03) 

= 253 salmons 


an=0 


-nz8 


228) 

2-46» r2 57 004 

(1) The exponential growth function after t yeras 
=a (1 +r) 246 (1 + 0.04) 
= 4.6 (1.04)' million people. 

(2) After 5 years : 
The number of population = 4.6 (1 04» 


= 5.6 million people. 


а 
а= 4000 »г= 55 =0.08 
(1) The price of an article after n year 
1:1 @=а(@ +0)" 
= 4000 (1 + 0.08)" = 4000 (1.08)" 
(2) The price of an article after 4 years 
f (4) = 4000 (1.08) = LE. 5442 


[30] 
а = 1000000 21 = 765 = 0.06 
(1) The growth function f : f (n) =a (1 +r)" 
= 1000000 (1 + 0.06)" 
= 1000000 (1.06)" 


(2) The money after 10 years : 
f (10) = 1000000 (1.06)^ 
= LE. 1790847.697 


PES 


ED 
а=2000 1-701 
(1) The exponential growth function representing 
the price after n years is 
f:f()-a( +0)" = 2000 (1 40.1)" 
= 2000 (1.1)" 
хал) =121 
=2 


(2) 2000 (1.1)" = 2420 
a a= ал)? У 
г. The price will be L.E. 2420 after 2 years. 


Higher skills 


(1) д) (2) (с) 
Instructions to solve : 
(1) ~ The function is decreasing if 0 < 2a«l 


(3) (с) (4) (d) 


20<а< 2 «aepo 
(2) ~ The function is increasing 
3?! ха»3 


(3) The curve intersects the X-axis at y = 0 
by substitute f (X) = 0 in the given functions 


»no values can be obtained for X except incase (c) 


3*-1=0 
ims г xX=0 
i.e. The curve intersects X-axis at the point (0 +0) 
9 
4):100- 
(4)-1005 ux 


: "E А ох 
afa == з (multiply by уе) 
9 9 3 
sfü-»- - - 
А-З 39499) 349 


9* 3 .9 
o£) 1-Х)- 
1004-10-35) 43349" 


Exercise 3d 


Multiple choice questions 
(1)b (3)b (5)4 
(7уа (9)c (11)b 
a3c (15) d (17) с 
(19) b QDa (23) а 
(25) Ъ (27)ь (29) а 


(6)d 
(12) а 
(18)b 
Q4)b 
(30)b 


(4)d 
(10) а 
(16) с 
(22) с 
(28) с 


(2)b 
(8)a 
(14)a 
(20)b 
(26) с 


(31а QG2c QG3c 


Exponents, logarithms and their applications 


| Second | Essay questions 


| (5) (10)? =0.001 
п 
(1) log, 125 23 
(3) log, 1 = zero 


(5) юв, т; =-3 


Bg 

(1) Let log, 162 X 
Fat 
^. log, 16=4 


(2) Let log, 7 2 X 
г. Х=1 
(3) Let log, 1 2 X 
/. Х=0 
(4) Let log, 9 =X 
23%=3 
2 log, 9=2 
(5) Let log 0.00001 = x 


(6) Let log, 22 =X 
"mem 
axed 

(7) Let log 128 =X 

2 
2 хо ү? 
= (3) = 6) 
7. log, 128 =-7 
2 


l e 
(8)Letlog, 57 =X 
oes? 


ax 


(2) (49) 


a 
(4)3 = gi 


(6922-42 


(2) log, 81 =2 
(4) log _4=4 
12 


(6) ю , c-n 


х--7 
"= 
~ 27 


(9) Let log, 125-Х 
3 

= ($) =(3) 
+. logy, 125 2 -3 


(10) Let log 82 =X 
2 


| 
+ 02% = 125 = 5 


>Х=-3 


& (EY =вїз=(@?) 


n 
(6) (81)4=3Х 


(7) 02)? =x 
(8) 5? 1 
("=> 
(10)37-2Х-5 
(1) X+2=5°=125 г. Х= 123 
(12)х+5=2'=8 л Х=3 
(13) Х-1=32=9 «X=10 
04)3Х-1-5 х3Хх-6 дха2 
9596 = occa 2х+4=6 2х=2 
(161х1=3 DELLI 
07)5-12Х41| 

22х+1=5 or 2X+1=-5 


>Х=?2 ог 


(18) 2! =x (Хх +6) 


n2) (K+ 8)-0 


(19) 2 =(х-1 


х--3 
2 X?+6X-16=0 
2 Х=20Х=-8 


2 х-1=+2 


X23 or Х=-1 


[37 | 


(20) 3=х°-2х 
>. (Х-3)(Х+1)=0 


Q1) (log, Х-4) (log, Х– 5) =0 


^ dog, X24 


orlog, X 


(22) log, X 


^ dog, X24 


or log,, X-2--2 x=0 


и X=1 


^. log, 


(1)х?= 


(and negative solution is refused) 


г. The S.S. = {3} 


(2)х3=9 
*. The S.S. = {27} 


(3)x7=-1. 


1000 г. X=(10 


2. The S.S. = {10000} 
(4) C»! = 81 =3* 
~<. Х= — 3 (and the positive solution is refused) 
^ The S.S.= {-3} 
9 “х 


(5)x-1* 1=+3 


г. X= 4 or —2 (refused) 

2 The SS.= {4} 

20-193 

г. The SS. = {4} 


(6) (х- 1) 22723? 
2х=4 

х?-2х+1=7-х 

х(Хж2)(Х-3)-0 


(7)э(х-17-7-х 
лх25х=6+0 
4 Х=- 2 (refused) or X=3 
^X The S.S. = {3} 

(8) D*-g 


(9) х?=5х лх?-5х=0 
л Х=0 (refused) 


The S.S. = {5} 


^ X(X-5)=0 


огХ-5 


(10) x?- x42 
.(Х+1)(Х-2)=0 


г. X=- | (refused) or X 
г. The SS. = {2} 
(1) Х2-2Х-8 
(0-4) (X42) 20 
^ X=4 or Х=- 2 (refused) 
| ^, The S.S. - {4} 


<—2 (by squaring both sides) 


д Х?-5х+6=0 
м(Х-2)(Х-3)-0 
г. The $.S.= {2,3} 


oo X=2orxX=3 


| (1)3*28123* 


(2)3*=(27)'= 


4 


(3)5*"'=625=5 Х-1-4  4X-5 
(4)3**7=27=3° X4223 -1 
(5) 07° =1 ts x=0 
x 4 
(6) (fs) =64=(/8) X24 
1 
(7) 4*=842 2 
ail: vitat 
2x- x=} 
Lad 9 
(83((5) -62515-((5) 
хх1-9 х=+3 
(1)1.1761 (2) 4.7549 (3)-2.1893 
(1) 17159 (2)258226 (3)0.5012 
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(1)2х+1>0 Хэ 


nile 


+. The domain = |-+ 944 


(2)x>0 ;. The domain = ]0 ›%[ 


(3)x-2>0 X>2 


2. The domain = ]2 › e[ 


( 4 ) The function is defined for every X 


Р Xx» 
satisfying 
ety A 


The domain = ]0 41-11) 


(5) The function is defined for every X 


х>0 [22° 
satisfying 2>0 12.4 Х»2 
x-221 P #3 


i.e.The domain = ]2 » «[- {3} 


(6) The function is defined for every X 


х»0 х»0 
satisfying 4 2- X» 0 їе,4Х«2 
2-Ха1 хал 


i.e. The domain = 10 » 2[- {1} 


ш 


( 1 ) Taking the power of the number 2 as values of X : 


-i 0 1 2: 
2! 52°52! 22°} 


+ 
4 ых = 
"inam am 
10|423 43674 
2 || 
э | 
| 
at 
y 


From the graph : 
+ The range =È 
* The function is increasing on its domain 


(2) Taking the power of the number 3 as values of 


[32,2148 53543] 


1 3 19 


w 


[509 | -2 1| о a is. 


From the graph : 
* The range = № 
* The function is increasing on its domain. 


15 values of X 


(3) Taking the power of the number i 


From the graph 
* The range = № 
* The function is decreasing on its domain. 


(4) The curve of the function Lis the same curve of 
the function f with horizontal translation 1 unit 
in the direction of OX 


Ч 


‘The range 


эе function is decreasing on its domain. 


UNIT 


2 


(5) The curve of the function r is the same curve of 


the function f with horizontal translation 1 unit 
in the direction OX 


From the graph : 
* The range =R 


* The function is decreasing on its domain. 


( 6 ) Taking the power of the number 2 as values of X 


Бато 
CJE 2 BE aj 
j 
«| 
5| 
41 
3) 
Н их) 
Аны ш. at E 
n | 273.4 56789 
* — 
3 M 
3 


From the graph : 
* The range = IR 


* The function is decreasing on its domain, 


** The curve of the function passes through (4 » 2) 


7. а = 2 (and the negative solution is refused) 


1 


x |i s | 
709 |-з 


ET I 


ыј- 
" 


From the graph : 


* The range 


* The function is increasing on its domain, 


* log, 1.5 =0.6 


B 


/ The curve of the function passes through (81 » 4) 


7. 4- log, 81 г а= 81 


(and the negative solution is refused) 


From the graph : 

+ The domain = IR* » the range = JR 

* The function is increasing on its domain 

+ The intersection point with the X-axis is (1 »0) 


*log, 5=15 


Exercise (1 


Multiple choice questions 

(1)а (2)с (3)b (4)a (5)a (6)d 
(7)e (8)d (9)c (10a (b (12c 
(13) с (1d (5c (16c (7b (18b 
(19а 20b (i)a (22а (23)ь Q4b 
(25)с (Q6b Q7c (28)а (Q9)a (30a 
(За (32d 


Essay questions 
o 


Е occa 
(2) log, 2+ log, i- =log, (2x 3. )- log, 1-0 
Another solution : 
log, 2+ log, 4 = log, 2 + log, 27 
Ё =log,2-log,2=0 
(3) log, 4 + log, 16=2+4=6 
Another solution : 
log, 4 + log, 16 = log, (4 x 16) = log, 64=6 


(4) log, 15- log, 3 = log, 15 = log, 5= 1 
lgS 083 _ 
(5) log, 5 «log, 3n, х jog 5 =1 
nem 
(6) log, 5° + log, 283 „к, 22 wig? 


= log, 3° = Slog, 3=5 
(7) log, 81 x log, 3 = log, 3° x log, 93 =4х 4 =2 
(8) log, 6-1 
(9) log, $= log, 6-1 


(10) log, (12 x 3) = log, 8 = og, 2° = 3 log, 2=3 
Bx 125 _ 


(11) log 


(12) log, 1514 sta 3 Эн 


=log,2=1 
(13) log 54 — 3 log 3 – log 2 
= log 54 - log 27 - log 2 


54 
= log р = 108 1 = zero 


(15) log 0.009 — log 27 
| 
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(14) log, 35 + log, 3125 + log, 27 — log, m 


—log, 243 


3x3125 x27 x 12 
25 x 125 x 243 


= log, -log,4 


E 4 
+ log 15 | – log 12 


= log (0.009 х JÉ x 15 3 х 12) =log 1-0 


7 35 17 
(16) logi 176 — login 18 +108100 36 


е 1 x. с: 
"неба" 35 * 4) 
= 108 99 Ti us = log, (100) "= 


(17) log, 2* + log, 334 log (10)! 


-444-1 


1 
2 


108 10-1082 1085 | 


(18) 731573 


log 5 


lg7 +3log7 _2log7+3 log7 


(19) = 
log 7 log 7 


(20) 1 + log 3 — log 2 – log 15 


= 1 + log ( 1 log 75 


3 
zu) 
-214log(l0)'21-120 
log 8 x log 16 
log 64 
3 log 2x 4 log? 
(173: 
= log 25 + 21og 2 = log 25 + log 4 
= log (25 x 4) = log 100 2 2 


(21) log 25 « 


zlog254 


(22) log, X + log, y = 108; Xy = 1 
шеле читы 1 
— log, {аһ — log, 3c” 


= log, rn log, b? + log, с2 log, fab 
- (log, 3 + log, c^) 


= log, [а + log, '[b + log, c — log, Jab 
- log, 3— log, с? 


- log, Yab— log, fab- 


(24) d log, a+ 7 та b2log,c 


UNIT 


1 1 


1 
e» log, 12 * log, 12 


jog, 12 * 
=log,, 2+ log; 8 +log,,9 

= log,, (2x 8x9) 

= log,, 144 = Іов, (12) 2 2 log,, 12-2 


а 
(1) LHS. = log, (16 x 64) 
= log, 1024 = log, 4° = 5 log, 4=5 


Чч 243 
(2) LHS. = log, 75 = log, 27 = log, 3° =3 log, 3-3 
(3) LHS. = log, 5 + log 10 + log, 39 23. 143-7 


4х 130 x 77 


(4)LHS.-log, “SO 


=log,8=3 


›ЕН$5. = log, 5-3 ^ LHS.=RHS. 


(6) LHS. = (log 10 — log 5) (log 100 — log 25) 
10 100 
- (log $) (log x) = (log 2) (log 4) 


= (log 2) (2 log 2) = 2 (log 2)" 


log, 3° — log, 2° 


ТН. =— 
log, 3? — log, 2° 


3 log, 3-3 log, 


_ (log S - 2 log 5 


8)LHS.- 
£ log5-2 
log 5) (log 5-2 
= 098 ) (log 141685 
log 5-2 
» R-H.S. = log 10 — log 2 = log 10 = 1025 
^ LHS.=RHS. 
[3] 
(1) Xlog 5 =log 13 
log 13 
=з “159 


(2) (X 1) log 2 = log 8 


Llog8-lg2 _ 


log2 ^ 


[42] 


(3) (X *2)log3 =log 6 
_log6-2log3 — 
пы = 0.37 

(4) (X- 1) log 5=log 2 
_ log 2+ log 5 
= log5 

1 


4 
^ (X-2)10g 7=log + 


z 1.43 


(5)7х-2= 


log 4 +21067 


axe = 129 
(6) Xlog $ = log 0.042 
log 0.042 
z = 3.46 
log 2 


(7) (X 1) log 7 = (X -2) log 3 
^. X (log 7 - log 3) =—2 log 3 – log 7 
_~2 log 3-log 7 
^ lg7-log3 
(8)(2 X—3) log 3=(1-X) log И 
7. Х (2 log 3 + log 11) =3 log 3 + log 11 
_ 3 log 3 «log 11 
~ 2log 3 +log 11 
(9) (X—3) log 2=(X + 1) log3 
log 3 +3 log2 
log 2—log 3 


=-4.89 


= 1.24 


=- 7.84 


(10) x5 
E. log | Х| = log 94.5 


= 94.5 


х log x - 28945 


5 


2 


НЭЭ 
л11=107 * 21717 


/. X=£1717 


0177 (72 +1) =300 27 =6 
7. (X—1) log 7= log 6 

em Or м1 iz 087 2192 
(12) 55* 27x 5*4 50-0 .. (5—25) (55-2)-0 
АХ=2 
<. Xlog 5 = log 2 


7 X=2orX=043 
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[4] 

(1)1og, 14 = log, (2 x 7) = log, 7 + log, 2 
72.807 + 1 3.807 

(2) log, 56 = log, (7 x 8) = log, 7 + log, 8 
=log, 7+3 log, 2 
=2807 +3 = 5.807 

(3) log, 1 =log, 7 - log, 4 = log, 7 - 2 log, 2 

= 2.807 -2.- 0.807 


[5] 

(1) log 6 = log 2 + log 3 = 0.301 +0.4771 = 0.7781 

(2) log 9 = log 3? = 2 log 3 = 2 x 04771 = 0.9542 

(3) log 12 = log 3 + log 4 = log 3 +2 log 2 
=04771 +2 x 0301 


210791 
u 
(1) log X = log (3 x 10) x=30 
| 2. The S.S. = {30} 
| (2) log, = =2 5 =25 х=50 
2. The S.S. = {50} 
(3) log, (X +6) 2 log, x? =. X+6=x? 
| sxX'-x-620 д (X+2)(X-3)=0 
х Х=-2 (refused) or X 2 3 
г. The SS. = {3} 
(4) log, X(X 2) 23 
ЦХх(Хє2)-2-8 2х1-2Х-8-0 
д (5+4) (-2)=0 
г. Х = — 4 (refused) or X = 2 
^ The S.S.= {2} 
(5) log X(x-3)-1 
2 X(X-3)=(10)' ~ х2-3х-10=0 


2. (X-5)(X+2)=0 
^ X=5 or X=—2 (refused) 
^ The S.S.= {5} 


(8) log, x°=3 


23108, X23 

^. log, X 2х=3 
г. The S.S. = {3} 

(9 ) log (+1) (X — 1) = log (X+ 5) 
МХ2-1-Х-5 д Х?-х-6=0 
s (X-3) (X+2)=0 

2 (refused) 

| 49 log * T1 - 3-0 
х10Х-10-Х48 :9Х-18 
2Х=2 
г. The S.S. {2} 

(11) log, 2X? = юр, 18 .2х=18 
22-9 „Х=&3 


2 TheS S. 2 (35-3) 
(12) log, (7 X^ – 4) = log, (X^ x 3) 


s7x!'-ae3x!  .4?=4 
^ X= lor = ~ 1 (refused) 
^ The S.S. = {1} 

3'x3 81x3 

(13) log, “= =1 

PES x x xa 18x43 
„2. UN 
220= 44 2385 
5 -13. 
^Тье55.={5} 


(14) log (X + 2) (X - 2) = log 10 – log 2 


г. log (X? — 4) = log 10 = log 5 


9-455 2х? =9 
г. X=3 or Х = -3 (refused) 
г. The S.S. = {3} 


[43 | 


— 
05 log X  log9 ‚ ювХ. 2log3 
5 1022 1084 'log2 2 0р2 
7. log X «log 3 /. Х=З 
^ The S.S. = {3} 
logX _ 1083 1 ae : 
(16) log3 ^ logX 7. (log X) = (log Зу 


2. log X= log 3 then Х= 3 

or log X=- log 3 = log 3! then X= 4 
5 = 4 

s TheS.S.= {3,4} 


(08 3) -3log3 log3[log3- 3] 


QU) дуо» log3-log 1000 log3 =log 3 
ES ~. The S.S. = {3} 
(18) (log X° - log x? - 3 =0 


^. (log X)! -2 log Х-3-0 
7. (log X+ 1) (log X -3) 20 


^ log X=- l orlog X23 
X=0.1 or X= 1000 


: The S.S. = {0.1 › 1000} 


(1) log . 2 +108, 


J log 6-2 
дх=+16 


The negative solution is refused 
х={6 ^ The S.S. - 116) 


( 2) By multipling by (log X) 


sx!26 


2. (log30^ -2 (log Х)-3=0 
2. (log X+ 1) (log X-3) 20 
г. log X=-1 2 Х=0.1 
or log X-3 4^ X= 1000 
г. The $.5.= {0.1 › 1000} 
(3) Multiplying by 2 log X 
2.2 (log X -31og Х-2=0 


^ (21og X+ I) (log X-2) 20 


e Жол 


100} 


| (4) log 7 x log 3° = log 7° x log X? 
7. 6 log 7 log 3 = 6 log 7 log X 


21083 =log X 
г. The S.S. = {3} 
(5) Let log, X=k 


з 


к 
Х-1 “` Х=2 
2 The S.S. = {2} 
(6) (log х) =9 log x 
7. (log X) -91og X=0 
2 log X (Пов x)= 9) 20 
л log X (log X — 3) (log X + 3) 20 


^ log X=0 х= 
orlog X23 ^ X= 1000 
or log X= -3 ^ X=0.001 


2. The S.S.= {1 › 1000 0.001} 


-10Х-25-0 :(Х-5/-0 
л Х 5 г. The S.S. = {5} 
g) BX , logx .lgX. орх -3 
(8)1552 + log4 *log2 *210g2^ 2 
.3lgX -3 .lgx. 
5 63.2 "1082 =~ 
2. log X=log Z^ ' axed 


1 The $8.={4} 


(1) The perimeter = 2 (log, 8 + log, 27) 
2 (log, (8 x 27)) =2 log, 216 


= 2 log, 6 = бст. 


( 2) The perimeter = log -— 5 + log -— 5 + loj 4 
Jio о '® dio 


log үт; 100 


Эн 


=4 log 110 = 4 ст. 


| 


vus _ loga lob loge logd 
LHS.= log b "logc 1064” юра 
=1=RHS. 
Р log3 1025 10516 4log 
»expression 71362 "jog3  log5 = 1062 | 
Higher skills 
(1)() (2)(d (3)@ (4)(O 
Instructions to solve : 
. (1) log 1 + log 2 + log 3 = zero + log (2 x 3) 
| -log6 


> 77 log (1+2 +3) -log 6 
7. log (1 +2 +3) = log 1 + log 2 + log 3 


log 36 xlog5 _ 2 log 6 x log 5 


SE а 
х 
и 
N 
Or 


2) log X= = log 25 

(2) log X 1056 1086 log 25 
log 64 x log6 _ log 64 x log 6 | 

»log y = 20854510 6 сорох = 10 8 


log 36 2108 6 


лу=8 1 X+y=25+8=33 
(3) The expression 
! 1 
+ 
log c + log, a + log, b 


log, b + log, a log, c 
1 
log, а + log, b + log, c 


+ 


1 1 1 
Lis + + —__ 
log abc log abc log, abe 


= log, b + log, € + юр a 


= ов. abe = 1 


ree ug Е 
(4) log, X * log, X * log, X 


- 1 = 
lg,X ^ 


& log, 2 * log, 4+ log, 8+ log, 1 
=log, (2х4х8х 16) =5 
^. log, 1024 5 


;. X5 = 1024 = (4 2 Х=4 


Exponents, logarithms and their applications | 


Answers of Life Applications on Unit Two 


a= L.E. 10000 › п = 3 years »c = L.E. 12597 


sre (BB 


7. The percentage of the profit = 0.08 x 100% = 8% 


1 
)?-1«008 


5 
* п = 5 months 7 = 75 (4.22) 6 „249 


~ The number of rabbits expected over 5 months 


= 249 rabbits 


CE i312 И em. 


3х36х7 
AT 


y-c 


“( 


(1) After 4 weeks 
The number of the organisms (y) = 8192 ( i ) 


=8192(4) 4 
= 1024 organisms 


(2) -- The number of organisms = 256 organism 
2 8192 (1)" * 2256 
„(1 \"-1 256 ly b 
= (5) 78192 = (5) PE 

-1 5 

(H(p xai 
“n=6 
7. The number of organisms will be 256 after 
6 weeks. 


The function of reproduction f : у = 20000 (2)" 
(1) number of cells after 5 hours (y) = 20000 (2)° 
= 640000 cells 


[45] 


(2) -: The number of cells is 2560000 cells 
2. 20000 (2)" = 2560000 >. 2*= 128 

P=? 2217 

2. The number of cells will be 2 million and 560 


thousands of cells after 7 hours. 


Е 
(1) (0) =70 - 4 log, 1 = 70 marks. 
(2) f (7) = 70 - 4 log, 8 = 58 marks. 


(1) f (3600) = 19. х 3600 = 360 pounds. 


(2) f (8000) = 19 х 8000 + 100 log (8000 — 4999) 


= 1147.7266 pounds 


п 

(1) a is the initial number of the population 
»nis the number of years 
^. The number of the population after n years 
= Жү. n 
=a(1 +7) =a007 


2. The number of the population 
after 1 year = a (1.07) 


(2) when the population is doubled 
2. 2a-a(107) 2 2=(1.07)" 
taking the logarithms to the both sides. 
2. nlog 1.07 = log 2 


^. n = 10 years. 
ш 
N 2 10? (1.3/7? 
(1) №2015: 
The number of the population М = 107 (1.3)20'5 - 2016 
= 371293 people. 


(2) When the number of the population 1.4 million 
people 
714 x 10° = 10? (1.3) 
20.3) 09 = 14 
taking the logarithms to the both sides 
7. (t- 2010) log 1.3 = log 14 


1-2010 


z. t-2010=10 J. t= 2020 
ш 
к=к, 0.9)" 2 hk, =k, 0-9)" 
20А 2 (09) 
taking the logarithms to the both sides. 
2. nlog09 = log 0.4 2.0. = 10804 _ 9 years, 


Answers of 


> se 11 


EI Multiple choice questions 


(1) (2)а (3)d (Ae 


(S)First:a Second:c Third:d  Fourth:d 
x [29 [299 [2999 | — | 3 | +— [3.001 |301] 3.1 
(6)First:d Second:d Third:b Fourth: a | |у 9| 59 |599 5999| —.|6 -— [6001 |601| 61 
First : а:с Third:d Fourth: c 
(7)First:d Second :c ird : d 'ourth : b Lim -9 6 
Fifth : d xa 
п 
Essay questions (1) zero (2) does notexist — (3)-1 
[1] (4)2 (5)3 (6)1 
Ё 19 [199 1.999 | —+ | 2 |—| 2.001 |201 [21| | g 
135|1395|13995| — " 51145 
oo 14|-— [14005 405145 ке T 
ла fos (3)2 (4)2 
а a Я E 
[ x 19 [199 1999] —+| 2 |4— | 2001 |201 | 21 | (131 ( 2.) does not exist 
[г со 02560251 025 | — [025| — [0249902490264] | — 
u 
x-2.1 
ая (1)2 (2)1 
a | (3)15 (4)15 
(1) Graphically : о ” 
s Lim (2x-5)=3 
9 (1)1 (2) does not exist 
x х 
Ч B 
r^ (1)undefind (2) = 
" 
5 
A [10] 
(1)undefined (2) does not exist 
- [4 =— [оо fso] 41 m 
EE 2.98 2.998 м — [3002 [302| 3.2 
(1)1 ( 2) does not exist 


^ Lim @x-5)=3 


(48 | 


(3) undefined 


(4)3 


(673 From the graph % 
» we find that : | л 
Lim f oo 4 


х—2 


does not exist. 


Higher skills 


(DO (2) (3) (а) 
Instructions to solve : 


(4) (4) 


(1) Notice that each of the figures (а) » (b) and (d) 
contains a jump at X = 3 therefore the limit of 
the function at X = 3 is not exist 
But at figure (c) there is an open dot at X — 3 
therefore the limit of the function at X = 3 is exist. 

(2) 0—35 z. y — (00) +007 
ie. y — 1042 

(3) <> The curve intersects the X-axis at X — 3 
2. The curve passes through the point (3 › 0) 

+; the function is polynomial 


2 Lim f Q9 e zero 


(4) -- The curve intersects the y-axis at y = 3 
2. The curve passes through the point (0 » 3) 
577 the function is polynomial 
n Lim 709 =3 


х—0 


[БЇ мире choice questions 
(1)e (2)b (3)b (4)с (5)4 (6)b 
(7)b (8)b (9)b (0b (Ша (12) d 
(13)ь (14d (5b (16)с аль (8)c 
(19b (204 (21)с Q2a Q3a (24) с 
Q5e (26)с (Nd (28)4 Q9a (30)а 
(31)b 


— — umits | 
Essay questions 
id: 


Lim (X-5)(%+5)_ 


сту ра = = Lim (х+5) =10 
= U-2U-25 p 
Lim 2-96-02 15). 
(2) i$ = 5-3 pim x52 
-3)(х-4 4 
гээ на SEE His, об 
Lih ЕТ ie ed 
(4) 2125 ох pis yx 3 
зу Lim 5-2. 5 
(59 2532 4x-2 4 
(6) Lim 1659 Lim 4(x+4)=32 
i 2-9 ад 8.2 
(7) Lim aaa E 5+1=7 
(8) Lim (0-0 0+0 _ Lim Х-1-2 
х---1 х(х+1) х—-1 X 
(9) Lim KOFI 00-3. Lim x oce 5) =50 
(10) Lim +3940 _ Lim, ХӨХ 
х-2-3 (Х-3)(Х43) *—-? x-3 
a c TN. 
p $ 
A х(х-2) : ж. | 
Lim = Lim == 
ap pim (Х-2)(Х41) х—2 X+1 3 
Lim &-99*D,. Lim Х-4.-3 
(12) De  x—ix-2 3 
Lim QX-D(X-2 _Lim (x 5.3 
аз) Lim 25:26:23 2242 0727-3 


Lim QX-3(X*D _ Lim ХУ! . 

ae х-4 Qx-30x«3 Х-42Х-3 8 

(15) Lim QXx-0(X*3 _ Lim 2Х-1-1 
x——3 -D+ х——э Х-2 


Lim -20-9 = Lim —L sd 
ae 115, (x-9)x«9) *—9 X49 18 
ч 

um (X+2-2)(X42+2 „Lim X+4 . 

OL XQ 2 X41 = 
(2) kim 4x2=4% _ Lim 400—0 

x—o 5Х х—0 5x 

= Lim 49-0 --4 

а = MET S 
(3) Lim 3-0 -3+0 


х—2 (Х-2)0Х-1) 
„йш. 34. 2А 
x—i2xX«1 5 

(4) Lim 5-3) 543) 
Зах. (Хх +2)(Х-2) 


= Lim +8 = 235 


x——-2 X-2 2 


nl eslaepit | (rl Ola де ctetu, yall 49 


im (Х?-4(Х?+5) 
(pi 00022 
Lim (X-20*20C «5 
DESI FER. c ЖИГИ 
Lim (0+2) (x? 5) 2 36 
(6) Lim Ри 2y cce 2? 


TE x-2 
= Lim (x-2) (X+ 27 = zero 
(7) Lim x42 


x—72 (x «2)(x-2) x? 4) 
i 1 


2l 2н-4 
a-za?) 3 


ium 


(8) L 


im X1-0*2(-0 
х—.1 Х-1 


_ Lim X-D0O732 _ 

— х—1 х-1 

2x3-2x-x?+1 
x1 

_ Lim 2Х02-0-02-1) 

queen x 

(2-1) 2Х-1) 

х—-1 x«l 

ыг (x- 1) 0 Qx- 1) 

up (X+ Dnog-x41) 

= Lim = N@X-) 

СЭЭР gosi 


5 x(x-3) 
an Lim $4Lim Ру 5 +з М 


(10) Lim 


_ Lim (Х+1)(Х-4) 
Лх-ж-1(Х410(Х-1) 


„ Lim X-4 „5 


"x3 xi" 
Lim 1 3 

13) x (== 
б» 1 -1 хэрчинэ 

Lim Є х?+х+1-3 ) 

—'Nax-na*exen 

Lim MEET (Х-1)(Х+2) № 

Nx 1) (x? + x + 1) 


= Lim (x?+2)=3 


* We use the long division in each of the following. 
We divide each of the numerator and denominator 
by the factor which gives zero » we get : 

1) Lim (х-4)(х2+4х+1) 
SD а роте? 
= Lim (х?+4х+1)=33 
(2) Lim (x- Do »x-1) 
x3 (0-1) 0+2) 
„ыш X*ex-1 
Жэн 242 


хх-4)(х?+4х-5) 
рр 


me 


= Lim x(x?«4x-5)- 108 


Lim (X-20?^*x-3) 


(4) 215 = = Lim (х?+х-3)=3 
(X+3) x? -3 x- 1) 
(X43) 0-1) 
x?-3x-1 17 


= Lim 2Х°-х+2 2 
mend -2х+4 
Р 27 
7) Lim, + 
Oxa x3 oen) 


a) Lim (x -3)Wx+3) 
x—9 
(х- s 29 
_ Lim = Lim 1 =} 


шан, © ates) ЗЭЭ хз 
унш, ЕЕ 
UT. х-э (х-142) 


Lim — X-1-4 . . 


7575 (х-54((х-142) 


m UIT „їх+5+2 
ХЭЛ, ео 2+5 +2 


E (x+ 1) ([х+5+2) 


fees Х+5-4 


= Lim ([х+5+2) =4 


Г 


(5) Lim еа 
"т (х-1)({х+з+2) 


= Lim — +t 
7 (х-1)({х+з+2) 
= 1 1 = 1 
c Үх+з+2 4 
= secs M 
me t 


x—3 (Х-3)((4х-343) 3+3) 


((2х+9-3) ([2х+9+3) 
— х(х+1)({2х +9+3) 


2Х+9-9 


m 29-9 ___ 
—* х(х+1){{2х+9 +3) 


РУГЕ ИИТ 
x9 (x41) (f2x+943) 3 
_х@&-5%_ 82225) 


(8) Li MULCA 


x—5 наз) 3) +з) 
= Lim ХО-5((хха-3) 


х—-5 


X+4-9 

= Lim x({x+4+3)=30 
(9) Lim (Үх-1) (хэл) 

* «-noce» хэл) 

= Lim Х-1 
ТЭ (х-лубс+з){{х +1) 
alim. ek 
! x+ (x+) * 


Limits | 


m X73) X+2 (YSX-6+3) 
A ([5x-6-3) ({5х-6+3) 
тё (Х-3)(х+2)({зх-6 +3) 
x—3 5Х-6-9 


= Lim (*-3)(x+2) ({5x-6 +3) 


yes 5(Х-3) 


- (x+2) ([5х-6+3) 


3 5 


ao Г. 


"T a W fi- -х )((15: 1-х) 
(fix ei 
aLim CEOE. 
аа! 2x(frexedi-x) 
ile M VE 
ft Viex+fi-x 2 
2 x +2 х-2+ 
вазала НО 
173 (dx-2 -1)( (хэл «2)(fx-2 +1) 
= Lim 1-0 ((х-241) 
“ГЭ (х-2-1)({х+1 +2) 
„ыш 10-291, 2251 
"3 4x42 Б 2 
a 
Lim шин 3 = 1 (has an existance) 
pe 2 fQ=s 
х Lim f (=f (2)=5 
a 
Lim рев ша . Lim, (x-a)24 
&-1-а=4 ла=-5 


Higher skills 


(1) (а) (2) (а) (3) (d) 


Instructions to solve : 
a)» x(r09*1)2 500 «x? 


Xf ()+X=f 0 +x? 
-Xfeo-feo-x?-x 


-0)1300-Х(Х-1) 


51 


гоо ЕР = x where xel 


Lim 


- x—el 


100-1 


х Lim Х?+ах+ь 
1 


х—1 


» 77 the denominator = zero at X = 1 
*. The numerator = zero at X = 1 


^nI-a-bz0 b= 


. Lim Х°+ах 
x-1 


Lim &?- 1) +a X-a) 5 
a e EE: MR 08 
. Lim (Х-1)(Х®+1)+а(Х-1) 
xi ху 
Lim (Х-10(Х+1+а) | 
5-1 x-i F 
2244-5 <. а = З and henceb =—4 
да-6=7 
(3) 52 Lim f (9-5 10 


‚їл, 09+ Lim в (0 =6 

s Бу multiplying (2) Бу 5 

55 Lim (х) +5 Lim р(х) =30 
+ solving (1) and (3): г. 
. Lim £092 22 


» substituting in (2) : 


Lim soo 9 


exercise 1 


Multiple choice questions 


(1)а (2)d (3)4 (4)a (5)а 
(7)а (8)с (9)a (0b (с 
аза (дс (5b (6c (7d 
(19d (205 (21)а (22)ь (23)а 
(25)с (26)4 

Essay questions 

" im X- зор 

(1) Lim TX =3(2)°=12 

52 


Lim g(X)=6- 


is exist and equals 5 


а-1 


Tim fogs 


(6)d 
(12)b 
(18) 4 
(24) b 


(13) Lim, 5 


(14) Lim, 


-:$c»o- 
5)-1x Lim xt =(-0)х9 
аб Lim, ex we 210)-21 
an мар. Эд 20 =-5 
(18) Lim 62 


-2 BX- 


7 256 


Jam mo M 


- : Limits | 


(10) 3 Lim (X*3 


h—o 3h 


$ 13 
=з Lim (X*t35 -x 
(ху тэх (Х+3Һ)-Х 


(3) Lim X 
2х 


23x5x'-15x* 
(4) Lim - 
e 


" 1) 3 Lim 
(5) Lim ( 3 х—0 3x 
| 
3 : 3 3 
С =2 Lim (1432905 -() 
(6) Lim 205435—1: (1433)-0) 
23.1 4 
(7) Lim гьа ll 
x—+2 5 
2) Lim = 
Q2 Tim. 1^ (x-4)-C2) 


9) 2х0 
СЭ Ня вх 


-Lim — xLim 
-13 — = й 
x—13X«5 xel (143 Lim ХЭС =3х9(-18=27 
-4х10)6-42 далайн 
а 
(142)!19—(1)'9 _ юү 10 
SEE “аху ay 7 0) ме 7 
=W" 7001) 
a) 
] (1° 
(3) Lim = 5(1)#= 


«+з)—1 (X3)-(0) 


(4) Lim 0920-27 =5 (2)* = 80 


х—.0 
44. `= - 
= 5 x4(3) = 18 
а+ањ? а 
у 7 1 
| -4 Lim +4080) 45817 =32 
а+ы—1 (1+4h)-(1) 
Au (2) Lim (€-32€*D), Lim 
(7) (X42) -3 4x33 =108 REN. WS ‘Si 


Lim =——— 
(х+2)—.3 (X*2-3 


(8) 


(x-2)—+-1 


s 
= ім x Lim -Х--3- 
: S x—3 X42 x—3 Х-3 
2-2 Li 2-2 = | х5 х3*= 81 
5 a-2x—1 (1-2Х)-1 х x: 


E +> The limit exists . 6422" 

^? n26 

^. The limit = х20-1 «(2192 

" 
| Exercise (14 

Multiple choice questions 
(1)4 (2)b (3)d (4)d (5)а (6)c 
(7)4 (8)c (9)a (10a (1)с (12)с 
(3c (14b (5d (16b (17)а (18) 4 
(19)а (20а Qib (22b (23) 4 (24)с 
(25)с Q6c (27а (28)а Q9)b (30)с 
Essay questions 
п 
( 1 ) By dividing both of numerator and denominator 

byX 


( 2) By dividing both of numerator and denominator 


byx? 
ы $2. 5 
«X x 
Lim ХХ вю 
x= 3+8 
xe 


(3) By dividing both of numerator and denominator 
by х 


2x35, 
Lim x == 
х= ER 

34 х 
54 


(1) By dividing both of numerator and denominator 


(2) By dividing both of numerator and denominator 


4-2 
х 


by X? swe get: Lim 
x 


(5) AtX—+e 


3 
him, X. 
x—- Х°*+1 


By dividing both of numerator and denominator 


s then | X| —- X 


х 


2+ 


by х“, ме веі: Lim ~ 
Х-»» _5 
x 4 
(8 ) By dividing both of numerator and denominator 
5 
44 


Бух? зме веі: Lim - 
в 


Ч 
(9) By dividing both of numerator and denominator 
1 


1+ 


3 


by X? »weget: Lim 
Tree ; 


—— 


(11) By dividing both of numerator and denominator 
5x =. - 

x 
byX*sweget: Lim —— 


Зани 64 3 


13) Lim (5+ 
х—= X^ 


5 


2 
x 
4 


(14) Lim 


Хов 


By dividing both of numerator and denominator 
4 2 
5--2-6 
х 
by X) swe get: Li m T 
Phi 
x? 


CE 
x 


m (х%?+5Х?+1)у=е°+о=о+ |= 


(16) Li 


(17) Lim. Q- x45) e 
= unspecified quantity 


= Lim X? x Lim (- tt) 


x—- x—- 


zo x |= 


(1) By dividing both of numerator and denominator 


(3+2)(2+3) 


x—- 
_ 3x2 6 ( 
шр гт. жыз) 5 
( 2) By dividing both of numerator and denominator 
3- = + EN 
by X? »we get: Lim IX tes 
x—- 2y 1 
(1+2) 
х 


— Limits | 


(3) Ву dividing both of numerator and denominator 


(243) h 


by X? »we get: Lim 
zs% 


by X? » we get: Lim 


(5) By dividing both of numerator and denominator 


(+1 5-2). 


Бух? 


» we get: 


] by X? »we get: 


by x? » we get: Lim ( 


| (8) By dividing both of numerator and девок 


| REDE 


| by X? »we get: Lin 
CHED 


ре" о 
„О 

= 1х (1+ 1) (3- 1) 

(10) By dividing both of numerator and denominator. 


by x= (х? 


is 
5 


+1) 
weget: Lim 


x—- ‘= 


by X= YX? »weget: Lim ——X 
Kanes 


(3) By dividing both of numerator and denominator 


Бух? = 


Бух »we get: Lim 
х=» 
( 6) By dividing both of numerator and denominator 


by x= x? swe get: Lim 


x—- 


(7) By dividing both of numerator and denominator 


2-3 
х 


s+ 2; 


( 8) By dividing both of numerator and denominator 


by X= MX swe get: Lim 


x—- 


=2 
5 


Mi 
:Li =2 
с — у == 


( 9 ) By dividing both of numerator and denominator 


4 
fs 

x 
by х? «х swe get: Lim dea 
1 х 


(10) By dividing both of numerator and denominator 
3 
by x= =VX >» 
4-33 
we get: Lim А. 8 =3 
х= 
125+ 


-3 


3+ 
х 


| 56 


(11) By dividing both of numerator and denominator 


by Ye e [oe s 


1+ 


4 2 
ЦАР: 
(12) By dividing both of numerator and denominator 


by x=x? > 


we get: Lim 
X— s 


we get: Lim 


x—- 


== 
=+ =! 


dpe (2) He ( 


(2) Lim 7+ Lim 


х=»  x—- 


Bt one 
(х+ 3) 


: х 
(3) Lim су. *Lim 


1 xr 00-31 
чи. $ 3 | 1 
E loc а E 
Nd (1- 
(4) Lim 2-Lim = 
х. > х. 2X47 


(7) Lim (х1-1)(Х-2)-(Х2 41) (Х +2) 


х. xi-4 
= Lim X'-2x'-x42-3)-2x?-x-2 
x—- х1-4 
-4-2 
= Lim = Lim X =-4 
gam xem 
C 


COO _ ы ы ы 


((х7-2-үх? 


(8) Lim 
хә 


и 
- 
B8 


" 
В 
| 


@{хї+х-1-{х?-х+1)({х?ї+х-1+{хї-х+1) 


| (12) 


— Limits | 


+: The limit exists and equals 3 
2. The degree of numerator = the degree of 


denominator 


. Lim 4X 4Х»5 


x—- 3-9Х-8х7 
By dividing both of numerator and denominator 


(9) Lim 
шиг ({хї+х-1 +{х1-х+1) a 
= Lim Х2+Х-1-х?+х-1 
х—= [хт + х2-х+1 
= Lim CES ee Ten 
x— = fx? +x- +{х?-х+1 
2 * 
-Lim — 
Ua -х + L 
1 x? 


az 
1+1 


00) Lim 1451-351 
x—- x 


(тех >) (х7х5х +x) 


(11) Lim 
ga ([x?*5x +x) 
= Lim 55-Х - Lim == 


х—=+{хї+5х+х Xe х1+5Х +X 


by X? > we get: 


UNIT 


| Answers of t Four" 


Multiple choice questions 


(1)с (2)с (3)а (4)a (5)а (6)a 
(7)e (8)a (9)b (10a (IIb (12c 
(3a (14b (15b (169b (17c (Эа 
(19)с (20)а (20а (Q2b Q3c (24)Ь 
QG5c (26)4 (27)а Q8)b (29)4 (30)4 
G)c QG2b (33d (4b (35а (36а 
(97) (Q8) (9c (40)с (41)4 
Essay questions 

а 

+: m (4 Z) = 180° — (80° + 60°) = 40° 

C MANI ME № 

^^ sin 80°  sinG0* віп 40° 

«х. 10 sin 80' = 10 sin 60° 

X= sin 40" = 15 ст. sy жа? 13 ст. 
а 

и m(Z C) = 180° - (112° + 33°) = 35° 

E mE 

^^ sin33* — sin35* 

р 19 іп 33° _ a- 
VETE = 18.04 em. 2pm зс; 


=— C; 
r=" 16.56 cm. 


(1) 7 m(Z X) = 180° - (100° + 40°) = 40° 
X 84 


** sin40* — sin 100° 


х= 6848407 _ 
х= ЫН «44.64 ст. 


s. г= 34.73 ст. 


(3) Area of A XYZ = Хузш Z 
=x 44.64 х 68.4 sin 40° 


= 981.34 cm? 


а 

m (Z B) = 180° — (40° + 80°) = 60° 

2 £ Cis the greatest angle in measure 
2. c is the length of the greatest side 


10 sin 80° 
с=— ll cm. 
sin 60° ^ 


ум (Z В) = 180° — (100° + 15°) = 65° 
^. £B is the smallest angle in measure and hence 


г. b is the length of the smallest side 
b 45 p — 45 sin 15° 


^ sin 15* ^ sin 65° Waéss -13cm. 
хо. 10 ‚_ 10 sin 48° 
sin 48° sin 93° = Sin gge = 74 ст. 
(2) т (/ C) = 180° – (21° + 48°) = 111° 
pees 2 x= 73 sin 11° | 
^ sin 111° 1 Xa age 20m. 


7. The area of the circle = 22 х 7^ = 154 cm? 
The circumference of the circle =2 х 2 x 7 = 44 cm. 


хта 13 == 8.1 ст. > 13 == 45 
2sin 53° 8 sins3*8 — sinC 
. an c 155 53° 8 
+ sin C= 
г m (4 C) = 67° 23 9 or 112° 36 51 
6 „иво Sin 35° 
sin B HD а 


^. m(Z В) =25° 28 43 
and the another solution is refused. 


ш 

т (Z B) = 180° — (67° 22 + 44° 33) = 68° 5 
ЭНЭ —  — зал 
"sin67^22 sin68°S  sin44* 33 

_ 100 sin 67° 22 


=— =99см. 
ae nee s ^5 0n 


P 


T 10 sin ia 33 -76 ст 
2. The perimeter of the triangle = 100 + 99 + 76 
= 275 ст. 
» the area of the triangle = i x 100 x 99 sin 44° 33 


23473 cm? 


^ m (Z A) = 180° — (35° + 70°) = 75° 
а в 
sin75* — sin35* ід 70° 


2. а = 32 зіп 75° = 31 cm. 


=32 


»b = 32 sin 35° = 18 cm. 5c = 32 sin 70° = 30 cm. 
2. The area of the triangle = 4 x 31 x 18 x sin 70° 
=262 cm? 


» the perimeter of the triangle = 31 + 18 + 30 
= 79 ст. 


a 


+s ДАВС is isosceles ~<. m(4 B)=m (ДС) = 30° 
c 


$ - 224 
“ас 


mE 
эх 7 Fin 30° 


д е=24 за 30° = 12cm. ~ Ь= 12cm. 
л The area of A ABC = 4 x 12 х 12 x sin 120° 

2624 cm? 
ш 


m (Z С) = 180° - (15° + 15°) = 150° 


. = = b = 

Sin 15° ^ sin 15° ` sin 150° 
Р е atb+e 
5 One of етае = rise sins a TN 

25 
8 ee 
in 15* 5 sin 15° 4 sin 150° = 2457 

^ 2r22457 ^ r= 12285 cm. 


The area of the circle = 7t (12.285)? = 474 cm? 


i 
7 m (Z C) = 180° - (44° + 66°) = 70° 
CUM № а: _ 8 
sin 44° 


~ sin 66° зіп 70° 

дд 40 

^ sin 44° + sin 66° + sin 70° 
г. а= 10.9 cm. sb = 14.3 cm. c = 14.8 cm. 


— Trigonometry | 


ш 
т (Z A) = 60° + 3 = 20° 
m (2 С) = 180° - (20° + 60°) = 100° 


= adi „о 12sin20 _ 
Заан ^37 зы 1007 4295 


^ Sin 20° 
+ The area of A ABC =4-x 4.2 x 12 sin 60° =22 cm? 


1 9 


7 m (4 A) = 180° — (82° + 56°) = 42° 
+ `2 the area of А АВС = 1 a bsin C 


+ 450 = 1 ab sin 56° 200 


a b a 900 


55 sinaz 7 


sin 82* ' ‘sin 42° аз 56° sin 82° 
900 sin 42* t 
ваб 2 882098: 
ш 
v432- lABx12x06 сАВ-12ст 


тг m (4 A) = 36° 52 (and the other solution is refused 
because the triangle is acute-angled triangle) 


7 m(Z B) e m (Z C) e 180932 _ 715 34 
E eS 
п 36° 52 sin 71° 34 

2 BC = 12x sin 7.6 ст 


sin 71° 


ш 

vo Зас 
эм 60° sin В 

(and the other solution is refused because the triangle 

is acute-angled triangle) 

г. т (2 C) = 180° — (60° + 81° 47 13) = 38° 12 48 

® Perimeter of A АВС 

" sin 60° + sin 81* 47 12 + sin 38° 12 48 

2. Perimeter of A ABC = 20 cm. 


^ m(Z B) =81° 47 12 


- sinC-sinB 


D bass 
"suis n оо ооо 


[59 | 


UNIT 
[20] 
улаС-4 г. т (2 С) = 53° 3 48 
2 т (Z A) = 180° — (30° + 53° 7 48) 
=96° 5212 
ee RD" 
sin 96° 5212 530" зи 53°7 48 
1 4. 5 sin 96° 52 12 
(ee = 10 ст. 


- ЛЫ 
5 53" 748 всп. 

sin 30° 
sarea of A ABC = Jac sin B 
-4х10х8 x sin 30° = 20 cm? 


, 


[21] 

X+y+z ® „АА. 
Хна 2 91237712901 
[22] 
smA;sinB:sinC=2:4:5 ..a:b:c-2:4:5 
^az2msb-4mandc-5m 
Uvc-b-5m-4m-m m=3 


г. а= бст. and b= 12 cm. 


[23] 

"m(ZA):m(ZB):m(ZC)23:4:3 
^4m(ZA)23ksm(ZB)z4ksm(ZC)z3k 
" т(ДА)+т (4 B)«m(Z C) = 180° 


^ 3k+4k+3k=180° 7 k= 18° 
Е 
sin 72° sin 54° 
z.. Perimeter of A ABC 
sin 54* + sin 72* sin 54° 


-. Perimeter of А ABC = 15.9 cm. 


= ams 


vm(LA)* $ т (/ A) *2m(Z A) = 180° 


^ m(ZA)240* »m(Z В) = 60° »m(Z С) = 80° 


. а 
"зіп 40° 
2 а= 20 sin 40° » b = 20 sin 60° 
2 Area of A ABC = } x 20 sin 40° x 20 sin 60° x sin 80° 


= Пост? 


(60 | 


25) 

w 6sin A=4 sin В =3 sin C 

. sinA _ sinB_ sinC 
ite tek 


Pula=2msb=3msc=4m 
2 2m+3m+4m=45 
7. a= 10 cm. and с = 20 ст. 


[26] p 
In AABC : / Sak 
b [ | 
eet 7 E $ 
sinA — sinB — sinC ют Je 
2 / 
КЕ ШЕЕ. 2435 “үр “ 
sin А sinB sinC 
~ sin В = 324 +. m(Z В) = 31° 24 
100 
ssinc= 425 ^ m(Z С) 25° 47 
г. m (Z BAC) = 180° — (31° 24 + 25° 47) = 122° 49 
sy _=100 ~. a= 100 sin 122° 49 = 84 ст. 
sin 122° 49 
gl 
7 ABCD is a parallelogram 
<. m (4 C) = 50° 
In ABDC: 
m (Z BDC) = 180° — (50° + 70°) = 60° 
8 BC DC 


Ээп 50° = sin 60° = 
^. ВС =9 cm. » DC =9.8 ст. 
2. The perimeter of the parallelogram = 2 (ВС + CD) 


= 38 cm. 

@ Энни, 
ВАМ cn AME, ] E | 
= 180° — (44° 38 + 36° 22) = 99° | 

ы | 
‚ 186 . АМ СЕ 
^^ sin99* ^ sin 44° 38 A 185. В 
: _ 18.6 х sin 44° 38 
шинийн inor 
^. AC = 2 (AM) = 26.46 ст. 
-. The area of [7 ABCD 


=2х 4 x 18.6 x 26.46 sin 36° 25 =292 cm? 


_ 


Trigonometry 
D A чи № BBs x 10 sin 80* 
e ы 7 "sin S0* ^ sin 80° ВР S 
In A ABM : М» \ » m (2 АВС) = 90° 
m (Z M) = 50° c В | +. m(Z DBC) =90° - 50° = 40° 
» m (Z В) = 180° — (85° + 50°) = 45° 2 Area of A ABD = 4 x 10 x 10 x sin 80° = 49 cm’. 
s0 -_BM__ „вм = 108i 8S ‚лу, 1 y 10 sin 80° „ 10 sin 80°. o 
RU E sin 4$* ara of ADBC= J x 1098807, 1033807 y sin 40° 
2 BD 22 BM - 282 cm. wee 
» tá of L7 ABCD 1 -. Area of ABCD = 49 + 53 = 102 сш? 
=4 x4x 10 x 14.1 sin 50° 2 216 cm? — - 
— ——— | < 
20] "mre bete ^e 
- Sa, " figure is a regular pentagon / з 
v ADI BC us \ f ^ mG В) =108° ( sof) 
ЖС P P E B 
z (АБС) + ded, | уа ВАС) e m (Z ВСА) TW Ye 
m (4 DCB) = 180° ee s гн 
2 m (Z DCB) = 180° — 120° = 60° АС „1826. : AC =29.5 cm. 
3 т 2 AG 0526, 5 : 
7. m (Z DCA) = 60° — 23° 28 = 36° 33 E ЭР 
In AADC; — 20 = AC GEE Higher skis 
sin 36°35 sin 120° 
Ас. 209292 (040  (2(9 GO (4) 0%) 
элш Кармы Instructions to solve : 
In AABC : m(Z A) = 180° – (62° + 23° 25)=94° 35 | (19... a = е ос 
29 BC sinA sinB sin 
Enc impr] NEN WES 
| ae =: заав х 5866566 
2 
| = =216 


In ABDC: 
m (4 DBC) = 180°— (32° +85°)=63° | 
Š BD . 100 
'' sin 85° ~ sin 63° 
« = 100 sin 15 
< ВО = бзе = 112сш. 
sin AADC: 
m (Z DAC) = 180° — (49° + 87°) = 44° 
б AC  . 100 а — 100 sin 87° 
“Байт зһ ACTU sin gge = 144 cm. 
[32] 
In A ABD: 
~ AB=AD 
г. m(Z ABD) =m (Z ADB) 
= 180° – 80° _ 50° 
2 


"^ GinAsin B sin C 
(2)7 


л acscA=bese В =с 86 С =2г 
s а сс А + Ъ сэс B+ese С=бг 
" atbe+e 
(3) sin A+ sin В + sin C 
. Sin B + sin C + sin A 
sin A + sin В + sin С 
2г=1 


=2г 


=2г 


Arm 


г. The circumference of the circumcircle of 
AABC22Xr-27x i = Tt length unit 
a b с 
СЕГ-ЭР-ЭР ЭНД 
A = С 1 
а b c 2r 
Multiply up and down the first ratio by a » 
the second ratio by b and third ratio by c and by 
adding the antecedents and consequents 
^ asinA+bsinB+csinC _ 1 


a bec 2r 


[61 | 


[Exercise 16) 


Multiple choice questions 

(1)с (2)a (3)b (4)d (5)a (6)b 
(7)d (8)d (9)a (10a (ie (12a 
(13)ь (4b (1554 (19d (17)4 (18)Ь 
9c Q0b QDc Q2b (23)с (24а 
(25)4 (269b (7b Q8)b Q9)b (30)с 


Essay questions 
@ 


= (13) + (16)? — 2 x 13 x 16 cos 95° = 461.26 


^ = 21.5 ст. 


= Y + (57 -2x3x 5 cos 36° 21-98 


^ 3сш. 


2 
- c X*- (ho) 1 
(1) 77 ов Се «3x8 72 
г. m(Z С) = 60° 
(2) The area of the triangle = } x 3 x 5 x sin 60° 
_ 1543 2 
= 4 cm. 


(The length of the third side)? 
=(i0+2) + (10-2) 
-2 (10 +2) (710-2) cos 60° = 22 


2. The length of the third side = 1 22 


a 

v c! = (4)? + (60 -2 x 4 x 6 cos 57° 2259 

4 С =5 ст. 

2. The perimeter of A ABC =4+6+5 = 15 cm. 


1 _ (58) + (34): -06 
HERE T-1 1:77 


г. m (4 А) = 108° 34 


[62] 


(7.6) «GAY (5.8) 


2008 B=" 505) Ga) 


^. m (Z B) =46° 20 
г. m (Z C) = 180° — (108° 34 + 46° 20) =25° 6 


30e) qat 
5y - (14 
«+ cos B= 013) + 15) - (14) 


2 (13) (15) 
^. m (Z B) = 59° 29 
^. The area of A ABC = 1 x 13 x 15 x sin 59° 29 
= 84 cm? 
o 
~ Xis the smallest side in length 
^. Z X is the smallest angle in measure 


(277 + Q4y – (18) 


2x27 x24 i.n Хулгай 


^ cos X= 
зы 
2 sin 40° 48 


2 
2. The area of the circle = Jt ( к= P 3 ) 
2 sin 


2596 cm? 


*' c is the greatest side in length 
л Z C is the greatest angle in measure 


«cos C= D +09 = Qu 
ит 


1 
2 
-. m (Z C) = 120° 

< cos C 513 sinC +8 


= соз 120° ~ 51 3 sin 120° + 8 = zero 


ш 

с=52-(13+17)=22ст. 

г cis the greatest side in length 

-. 2 Cis the greatest angle in measure 


азу + (17) - (22)? 
2 (13) (17) 


^. m (Z C) « 93* 22 
the area of AABC = 4 x 13 x 17 x sin 93° 23 


= 110 cm? 


“cos С = 


ш 
.' X is the greatest side in length 
«<. 2X is the greatest angle in measure 


(18) + (10) — (24.5) 
2x18x10 


г. m(Z X)« 119° 19 


[Аи ед: 
sin 119* 19 


~. The circumference of ће circumcircle of А XYZ 
=2х 22 x 14 - 88cm. 
B 


LetX-4msy-5mandz-6m 


=. cos X= 


77 X is the smallest side in length. 

^. 2 X is the smallest angle in measure 

(5 т) + (6бт)*-(4т)* 3 
2x5mx6m 

2 m(Z X) =41°28 


соз X= 


»letX27m.sy28m.»z-12m. 


977 zis the greatest side in length 
2, £ Z is the greatest angle in measure 


C my + (8 my — (12 m) 


eu Ze UU TmxEm 


me 
112 


^ m (22) =106°4 


ш 
zy «Gy -2x4x5x-l =61 
7 €27.8cm. 
w cosC=-} 7. m(4 C) = 120° 
2. The area of the triangle = + х4х 5 х sin 120° 
253 cm? 
[15] 
т 2sinA=3 sinB=4sin€ г. ЖА В iC 


1с=6:4:3 
Leta=6m>sb=4mandc=3m 


"2 c is the smallest side in length 


^. & Cis the smallest angle in measure. 


Trigonometry | 


(6 т)? + (4 т) – (3 т) 43 


+ совС а Лү бшхёш = 48 


^ m (Z C) 26° 23 


ш 


18:b:023:4:5 
Leta=3k>»b=4ksc=5k 
(3? + (4 ky -(Gky _ 
2х3кх4к 7 
г. ш (/ С) = 90° 
3k+4k+5k=24 


г. а= бст. »b=8cem. ›с = 10 ст. 


7. cosC = 


4 кл 2 


7. The area of AABC = 4 x 6x 8-24 cm? 


ш 
In AABC: А 
"> m(Z А) = 180° — (29° +73°) / NN, 
/ 3 
=78° | рр >" 
ht \ №» 
ET AB Cm dD ba В 
зіп 78° зіп 73° 
20 sin 73° 
л AB = 2081073. 19.55 cm. 
AB = 2088 = 19.55 ст 
> (ADP = (19.55)? + (10)" — 2 х 19.55 х 10 cos 29° 
^. AD = 11.84 cm. 
ш ЗЕ; 
In AABC 
T .G«or-oy 2 
ЕЕ E 
^ m(Z В) =48° И 
In AABD: C 4m D ám B 
(AD) = (9) + (47 — 2 x 9 x 4 cos 48° 1] = 49 
^ AD 27cm. 
In AABC : r= — 7 . = 47 cm. 
2 x sin 48° 1] 
ш 
In ААМВ: >> (АВ) = (8) + (10) -2 x 8 x 10 соз 50° 
<. АВ =8 ст. REA 
o 
InAAMD: ME ст 
EOM 
2 m(Z AMD) = 180°— 50° = 130° М, 


2. (Ару = (8) + (10)? —2 x 8 x 10 cos 130° 
AD = 16 cm. 


In AABC: 
(9) + (13) - 20 
2) (13) 


7. m (Z B) = 129° 52 


у cos B= 


7. m (Z ВАР) = 180° — 129° 52 = 50° 8 


In A ABD : (BDY = (9)? + (13)? — 2 (9) (13) cos 50° 8 


D = 10 em. 


[71] pr: 
InAABD: 

1 (BD) = (307 + (42)? 
-2 x 30 x 42 cos 100° 
^. BD = 55.7 cm. 


т А 


scos ( ADB) = (557) + 42)"- G0)" _ 9 95 


NEL 2x557x42 
эл AD // BC 


7 m (4 DBC) = м (Z ADB) «Alternate angles» 


+. cos (2 ОВС) = 0.85 


2 (CD)? = (55.7)? + (48) — 2 х 55.7 x 48 x 0.85 


^. CD = 29.3 cm. 


[22] 
In A ABC : 
o+- р 
2x9x5 6 P 
»in AADC: 
2 2 2 
-e-u 
RE ITIT. 
4^ cos В =- cos D 


- m(Z В) + т (2 D) = 180° 


cos B= 


+. The figure is a cyclic quadrilateral. 


[23] Г 


In AABC: Р < 
cos (4 ВАС) 3 < 


SE IE 
_ (7 + (16) - (14)? 2] 


PE! 
2x6x16 18: Є 


InABCD: 
2 з na 
cos (2 BDC) = 19 +06! - 14)" р. 


2x10x16 вэ. 
(8) 


^ m (4 ВАС) = м (4 ВОС) and they are drawn on 
the same base. 


/. ABCD is a cyclic quadrilateral. 


[24] 


In AADC: 
cos (4 DAC) 


_ _(12)°+(18)°—(8)* — 101 
ё 2х12х18 = 10! 
»inACAB: 
27° >- (12 
cos (2 CAB) = 7+8 -UD _ 101 


2 (27) (1 
< т (Z DAC) = m (Z САВ) 
2 AC bisects 2 BAD 


[25] 

In AADB : 

AB = (10) - (8) = 6 cm. 
>cos B = 3 
7 m(ZB)=53°8 

In DBC: DB= + pc 
7. DC 2 20 cm. »BC= 103 cm. 

In AABC : m (Z ABC) = 90° + 53° 8 = 143° 8 

2 (АС = (6°  (10* [3 -2 © (103) cos 143° 8 
^ АС «22 cm. 


[26] 
ч (АБ)? = (25) + (16) - 2 x 25 x 16 cos 36° 52 
^. AD = 16 ст. 


s% in AABC: 5 5 
Q5? = (15)? + (20° 7 r 
<. m (4 В)= 90° — 


2. The area of the quadrilateral ABCD 
= the area of A ABC + the area of A ACD 
= 4x20 x 15+ 4 x25 x 16 x sin 36° SÈ = 270 cm? 


= (3 b)? +b?-2 x 3 b xb cos 60° 


=10b-6b°x } =7b? 


хє 7b 
7b «9b! 
2xY7bx3b 6 
^ т (0 В) =19°6 


"^ cos В = 


(19° 6 + 60°) = 100° 54 


^ m (Z A) = 180° 


gl 


1093 = 1 x 5cx sin 120° =8 ст, 


7. b! = (5) + (8 -2 x 5 х 8 cos 120° = 129 


^ В = И.36 ст, 
(1136) + ¢ 
cos A= 2x 1136x8 m(Z A) = 22° 24 
[29] 
*/Р-а=8 ст. »P—b=6cm. ›Р-с=4 ст 
(by adding) 
^ 3P-(a+b+c)=18 7 3P-2P=18 
л Р=18 а= 10 ст 
эЬ = 12 ст. эс = 14 ст 


*/ The length of the longest side in the triangle is c 


Ри. 
а 


2х Юх12 
EJ 
7 Р-а=26 P+ а = 98 (by subtracting) 


/.2а=72 ^ Р= 62 ст. 


-4 - m (4 C) = 78° 28 


л а= 36 ст. 
7. The perimeter = 124 ст. 


»v"bz28em. ~. c= 124- (36+ 28) = 60 em. 


^" the length of the shortest side in the triangle is b 


36? + 60° — 28° 


2x36 x 60 - m(ZB)«17* 51 


^ cos B= 


gl 
vb:cz3:4sletb23moc-4ám 
>‘ the area of A ABC = 64 cm? 

1 


^ z *3mx4m x sin 30° = 64 


я 
х = cos 30° 


s 


-2x 


4 
3 


32 
Үз 


Trigonometry | 


^ а=9.5 ст. 
7. The perimeter of A АВС = 41.8 cm. 


[22] 


7 sinA: sinB:sinC=3:5;7 


7а:0:с=3:5:7 


and let: а= 3 т ›Ь = 5 из апа с = 7 т 


~“. cos A: cos B: cos С 


= Sm)’ + (7 т) (3 m? (3 ә) + (7 mf -(5 ту 
2x5mx7m 5 2x3mx7m 


Gm) + (5 my - (7 my 31:12. 
Е B :—{=!3:11:-7 
2 34 =12 + (6+6) +с 8 ст. »b= 14 ст. 


“г The smallest angle is opposite to the smallest side 


2) + (14) - (8) 
77 2x12x14 


. т (Z C) = 34* 46 19 
^. The area of A ABC = 4 x 12 x 14 sin 34* 46 19 


4^ cos C 


2479 cm! 
[34] 


vysi-2:xex «zx 
ху! 


=z .xX-z:x 


vy =: +? -2 Хао У 
^xXs2zXco Y 
лү 

135) 


The answer of Ziad is wrong because the sine rule 


у m(ZY) = 60" 


makes the sine of the acute or obtuse angle always 
positive » although the angle is obtuse » and using 
the cosine rule in Karim's answer confirm that. 


Higher skills 


(1) (©) (2) (d) (3) (4) ©) 
Instructions to solve : 
brea 
(1) совА= So 
х e с2а? = 2becos А 
Сес ру / Nes Lg Y | oed) OW ole cust заре] 65 | 


UNIT 


9 (6 c! - a) tan A =2 be cos x SA. 
=2besinA 
=4x(4besina) 
=4x12=48 


b ec -a +2be 
P bc 


=2cosA+2=2(4)+2=3 


эз 
КС 
at P d 


A coa eb ec! =a’ + Ба? + са? 
лБ ec = ba! + ca? 

7. (b+c) (b^ be c) =a" (b+c) 

ла = bec n Б la sbe 


г. cosA= 


гт (Z А) = 60° 
(4) Let the side length of the small square = L 


~. The side length of the big square = 3 L 
2 ХЕ = +12 -Y2n 
›вХ =L?+@GL) =10L 


»BE-4L 1 : | 
(121) + (По) - вы 
4. cos (Д BXE) = 
2 х(21.хү101. 
22:41 2-1 
4512 45 | Ч 
Р Wh em. 
7. sin (2 ВХЕ)--2- 
15 


(039 


| First | Multiple choice questions 


(1)d (2)e (3)c 

(4)First:a Second :d (5)a (6)b 
(7)а (8)a (9)a (10b (Dd 
(66. 


Essay questions 


m (Z B) = 180° — (67° + 46°) = 67° 


+) ——— € 
'sin67* зіп 67° віп 46° 


а= И ст. and c = 8.6 ст. 


а 

m (Z С) = 180° — (60° + 40°) = 80° 
— — 98 

7 зіп 60° sin 40° sin 80° 


г. be594 ст. »с=9.1 ст. 


(3 | 
m (4 С) = 180° — (49° 11 + 67° 17) = 63° 32 
н AE. ИШ 

sin49^ 1] віп67° 17 віп 63° 32 
ла=9.5 ст. »b = 11.6 cm. 
о 
m(Z A) = 80° »m (Z B) =40° »m (4 С) = 60° 
x ME = AG 0B 
** Sin 80° 81140” sin 60° 


2 ВС =102 ст. »AC = 67 em. » 
the area of АВС = 4 BC x CA x sin 60° = 30 cm? 
a 


m (Z 7) = 180° — (75° 12 + 48° 15) = 56° 33 
YZ XZ 40 


7. YZ=464 cm. » XZ = 35.8 ст. 
The height = YZ x sin Y = 34.6 cm. 


(XY)? = (13)? + (16)? — 2 х 13 х 16 cos 60° 


Y 21217 = 147 ст. 


Trigonometry | 


2 cos x = 9 217-0 »cos B = 28) +7! - Gsy* 
2x16x 2x28x17 
г. т (Z X) =49° 5] = m(ZY)=70°9 + m (ZB) «99* 115m (Z C) = 28° 39 
di aus м 2 2 2 
с? = (5) + (T -2 (5) (7) cos 65° «67 cm. cos А = 097102 D гот (/ А) =53° È 
? GY -(677-(77 A T р 
| cos Ba НАИВ <. m(Z В) =71° 50 Ч Ё à 
2x$x67 _ scos В =U * (9) -UN ^ m (Z B) = 59° 29 
^. m (Z A) = 180° — (71° 50 + 65°) = 43° 10 35350618 


25 вак — [m (26m 6723 


= (6) + (6 — 2 x 6 x cos 153° 12 ш a agat 
2(8) (4) 


а= И 67 cm. cos А = vem (ZA) «30° 43 


эт (В) = т (2 С) = 180°— 153° 12 
даг © 2 scos B= 


— = =: 2 (5) (4) 
E 


2. m (Z C) = 180° — (30° 45 + 125° 0) = 24* 9 
m (Z M) = 1.274 „68° 43 P= si 


^ m (4 B) = 125° 


+. m? = (12.5) + (7.25) -2x 12.5 x 7.25 cos 68° 43 


~ m= 11.96 om. 
«cos L= 01902 +72 (12,57 | 
2x1196x725 | 
л m (Z L) «76° 53 атм =34°23 | 
[10] ” GA ^m(ZzC)s45* 
ам) = (48.5) (46) —2 x 48.5 x 46 x (- 0.6) [15] ji MUT 
LN = 84.53 ст. and cos L = СВ ЗАО | cos x = ua + оо xe cm (ZX) =56° 13 
^ m (4 L) =25° 48 »m(Z M) = 126° 53 | cos y = 0975 Q5) — aor 
^. m (Z № 2 27^ 20 галан 


лот(2 Y) =93° 49 +m (ZZ) = 29° 56 


| (1) cos А = €? : Ку B 


Е 10 с 
> 2 2 “= n ЗА = 
усов В = 19 + Q7) – (24) ЯЛА sin C s 
2x15x27 А " 
Ч ^ m(ZA)268 44 or m(ZA)=111° 16 
г. m(Z В) = 62° 11 


- m(ZC)254*16 or m(Z С) = 11* 44 
9 е 


` 5іп 57° sinC 


д m(ZA)=52° 1 ив г. sin В = 35in 50° 
ут 50° sinB  sinC 4 


эт (0 С) = 180° - (62° И + 33° 33) = 84 16 


= 8.7 ст. огс 


3: 
(2) соѕА =“ 


(67 | 


UNIT 


4 


г. m (Z B) = 35° 4 or m (Z В) = 144° 56 (refused) 


д m(Z C) =94° 56 
e "Уу 1 
ESAE mt 7 с=5.2 ст. 


12 вэ. 
SinA sinB 


10 sin 116* 
12 


г. m (Z A) = 48° 30 or m (Z A) = 131° 30 (refused) 


^sinA- 


» m (Z В) = 180° — (48° 30 + 116°) = 15° 30 
b 12 


. —= - 2. b=3.6 cm. 
sin 15°30 sin 116 
г £ Ais obtuse »a» b 
7. There is a unique solution 
mE ээ 1 . шин 101209 
* Sin 120° ^ sin В АЕ 25 
" т (ДВ) = 35° 


эт (Z C) = 180° - (35° + 120°) = 25° 


^ С=7.3 см. 


(2) 7 ZAisobtuse »a«b 
-. The conditions don't satisfy the existence of 
any triangle at all. 
(3) 2 Ais acute эВ = 28 sin 42° = 18.7 cm. 
318.7 < 20 «28 
2. There are two solutions to the triangle 
xr ung Вы = = 
~. т (0 В) = 70° orm (Z В) = 110° 
у m (2 C) = 180° — (70° + 42°) = 68° 
огт (4 С) = 180° — (110° + 42°) = 28° 
ОТИС ИНЕ лэ 
зіп С зіп 42° 
^ €2277 ст. or cs 14 ст. 
(4) — Z Ais acute » = 7 sin 60° = 6.1 ст. 
ла<ћ 
68 | 


7. The conditions don't satisfy the existence of 
any triangle at all. 


(5) ZAisacute за>с 
2. There is a unique solution 
"ул TEC В „15° 
^ Win27 ^ sinc санаатын 
г. m (Z B) = 180° - (15° + 27°) = 138° 
ЭРХ mn k 
~ sin 138° ^ sin 27° 56177 cm. 


g 


w т (4 А) = 110° 


180° — 110° _ 350 


2 


“b= 


^mí(ZB)2m(ZC)- 
b c 


n 110° ^ sin 35° ^ sin 35° 


4.9 cm. 


а 
т (Z В) = 53° 8 and m (2 C) =22° 37 
г. m (Z A) = 104° 15 


а Se 2 № с 


п 104° 18 sin 5398 sin22*37 


b = 17.3 cm. and с = 8.3 ст. 


[22] 


The area of A АВС 


~ 1013 


^b! = (5) + (85 -2 x 5x 8 соз 120° 


х Sc sin 120° 2. с =8 ст. 


b= 11.36 cm. 
“анд 01367 + (87 - Y 
А пб 


г. т (/ С) = 37° 36 


т (Z А)=22° 24 


c ____ а+Ь+с 
sin С ^ sin A+ sin B + sin C 


—— — —— 3 
' sin48* ^ sin 60° ^ sin 72° 256 


^ a= 14.5 ст. sb = 16.9 ст. эс = 18.6 ст. 


[24] 
Let sin A=3 m »sinB-4mandsinC - 6m 
_ а+ь+е 
13m 


= 16 cm. and c = 24 cm. 


2 

г. cos А = (16) + Q4) - (12) 
2x16 x24 

(12) + Q4y - (16) 


г. т (СА) =26° 23 
2х12х24 


© B= 


-m(ZB)e3620 <. ш(20)-117:17 


[25] 


21 25 
SinÀ ^ sinB "sinc =28 


г. m (2 A) =48° 33 › m (Z B) = 63* 14 


^m(ZC)e68 1] — ле=28 sin 68° I] 226cm. 


Answers of Life Applications on ош 
ay 
7 m(Z A) = 180° — (33° + 52°) = 95° 
АС 20 BC 


7 sin 52* ^ sin 33° ^ sin 95° ppm m 


Le. The distance between the ship and the 
lighthouse (A) = 29 km. 


> BC = 36.6 km. 


i.e. The distance between the ship and the 
lighthouse (B) = 36.6 km. 


* m (Z ВАС) = 42° — 20° 33 
^InAABC;—AB .-. 50 _ 
эш 20° 35  sin21*25 


7. АВ =48.1 m. 


1*25 


sin AABD : —AD_ = 481 


sin 42° sin 90° 


Trigonometry 


^ AD =32.2 m. 


2. The height of the minaret = 32.2 m. 


а 

и m(Z Y) = 180° — (40° + 105°) = 35° 

scia ci E ‚ у? _ 95ї135° 
"''sin35* | sin 105° Е не sc алс 


2. The distance between position X and position Z 
=5.3 km. 
7 The area of A XYZ = 4 х9 x 5.3 sin 40° = 15 km: 
п 
+: (The magnitude of displacement)? 
28 +922 х8 х 9 cos 80° 
2. The magnitude of displacement = 11 km. 
ua 
ч (The distance)" 
= (15)? + (17 - 2 х 15 x 17 cos 45° 


2. The distance = 12.4 m. 


cos C= 


(210)° + (140)? - (300) 
2х 210 х 140 
^. m (Z C) = 116° 34 
2 The area of the land = 4 x 210 x 140 x sin 116° 34 


= 13148 m? 


&E 
ч (АС)? = (2.15) + (2.5)? -2 (2.15) (2.5) cos 130° 
АС =42 km. 


А 25 
эу time = капе „ү = 25х60 = 3 minutes 
p 17 50 


4.2 


x 60 = 4.2 minutes 
3 60 


7. The total time = 3 + 2.58 + 4.2 = 9.8 minutes 
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